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Ê þáèëåþ Ñâåòëàíû Ìèõàéëîâíû Áàóýð19 àïðåëÿ 2014 ãîäà ïðîôåññîð êàôåäðû ãèäðîóïðóãîñòè, äîêòîðôèçèêî-ìàòåìàòè÷åñêèõ íàóê Ñâåòëàíà Ìèõàéëîâíà Áàóýð îòìåòè-ëà ñâîé þáèëåé.Âñÿ íàó÷íàÿ è ïåäàãîãè÷åñêàÿ äåÿòåëüíîñòü Ñâåòëàíû Ìèõàé-ëîâíû ñâÿçàíà ñ Ëåíèíãðàäñêèì (Ñàíêò-Ïåòåðáóðãñêèì) ãîñóäàð-ñòâåííûì óíèâåðñèòåòîì. Çäåñü îíà ïðîøëà ïóòü îò ñòóäåíòêè äîïðîôåññîðà, ñòàëà âûñîêîêâàëèôèöèðîâàííûì èññëåäîâàòåëåì âîáëàñòè ìåõàíèêè òîíêîñòåííûõ êîíñòðóêöèé, â òîì ÷èñëå â îáëà-ñòè ïðèëîæåíèé òåîðèè ïëàñòèí è îáîëî÷åê ê èññëåäîâàíèþ çàäà÷áèîìåõàíèêè. Ñâåòëàíîé Ìèõàéëîâíîé îïóáëèêîâàíî áîëåå äâóõñîòíàó÷íûõ ðàáîò, âêëþ÷àÿ 9 êíèã.Íåâîçìîæíî ïåðåîöåíèòü ðîëü Ñâåòëàíû Ìèõàéëîâíû â äåÿ-òåëüíîñòè ñåìèíàðà �Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîø-íîé ñðåäû�. Îíà è ìíîãî÷èñëåííûå ó÷åíèêè åå øêîëû ó÷àñòâó-þò â ðàáîòå ñåìèíàðà ñ åãî ïåðâîãî çàñåäàíèÿ 19 îêòÿáðÿ 2004 ã.Çà ïðîøåäøèå 10 ëåò èìè ñäåëàíû äåñÿòêè äîêëàäîâ. Èç ñåìèó÷åíèêîâ Ñâåòëàíû Ìèõàéëîâíû, ñòàâøèìè êàíäèäàòàìè ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, øåñòåðî ÿâëÿþòñÿ àêòèâíûìè ó÷àñòíèêàìèñåìèíàðà. Êðîìå òîãî, îíà ÿâëÿåòñÿ ÷ëåíîì ðåäàêöèîííîé êîëëåãèèìåæâóçîâñêîãî ñáîðíèêà òðóäîâ ñåìèíàðà �Êîìïüþòåðíûå ìåòîäûâ ìåõàíèêå ñïëîøíîé ñðåäû�.Ðåçóëüòàòû àêòèâíîé è óñïåøíîé íàó÷íîé äåÿòåëüíîñòè Ñâåò-ëàíû Ìèõàéëîâíû ïðèçíàíû â íàøåé ñòðàíå è ìèðå. Îíà ÿâëÿåò-ñÿ ÷ëåíîì Íàöèîíàëüíîãî êîìèòåòà ïî òåîðåòè÷åñêîé è ïðèêëàä-íîé ìåõàíèêå Ðîññèéñêîé Ôåäåðàöèè, Àìåðèêàíñêîãî ìàòåìàòè÷å-ñêîãî îáùåñòâà, Íàó÷íîãî ñîâåòà ïî áèîìåõàíèêå ÐÀÍ, âõîäèò âðåäêîëëåãèþ �Ðîññèéñêîãî æóðíàëà áèîìåõàíèêè�. Ñâåòëàíå Ìè-õàéëîâíå ïðèñâîåíî çâàíèå �Ïî÷åòíûé ðàáîòíèê âûñøåãî îáðàçî-âàíèÿ�. Ñâåòëàíà Ìèõàéëîâíà è åå ó÷åíèêè ÿâëÿþòñÿ ïîñòîÿííûìè



ó÷àñòíèêàìè êðóïíåéøèõ ìåæäóíàðîäíûõ íàó÷íûõ êîíôåðåíöèé;÷àñòî ïî ïðîñüáå îðãàíèçàòîðîâ êîíôåðåíöèèé îíà ðóêîâîäèò ìèíè-ñèìïîçèóìàìè ïî àêòóàëüíûì ïðîáëåìàì áèîìåõàíèêè è ìåõàíèêèòîíêîñòåííûõ êîíñòðóêöèé.Îò èìåíè âñåõ ó÷àñòíèêîâ ñåìèíàðà, åå êîëëåã è ó÷åíèêîâ, ïî-çäðàâëÿåì Ñâåòëàíó Ìèõàéëîâíó Áàóýð ñ þáèëååì è æåëàåì åéäàëüíåéøåé ïëîäîòâîðíîé íàó÷íîé è ïåäàãîãè÷åñêîé äåÿòåëüíîñòè.Ðåäêîëëåãèÿ
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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅÂ ÎÔÒÀËÜÌÎËÎÃÈÈÑ. Ì. Áàóýð, Å. Á. ÂîðîíêîâàÏðåäìåòîì íàñòîÿùåãî îáçîðà ñòàëè ìàòåìàòè÷åñêèå ìîäåëè, ïî-ñòðîåííûå â ñîòðóäíè÷åñòâå ñ âðà÷àìè�îôòàëüìîëîãàìè. Êðàòêî îïèñà-íû ìîäåëè ðàñ÷åòà íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ îáîëî÷êèãëàçà ïîñëå âûïîëíåíèÿ îïåðàöèé, ñâÿçàííûõ ñ ëå÷åíèåì îòñëîéêè ñåò-÷àòêè, ìîäåëè òåîðèè àêêîìîäàöèè,Îáñóæäàþòñÿ ìàòåìàòè÷åñêèå ìîäåëè, îïèñûâàþùèå ïðîöåññ îïðå-äåëåíèÿ èñòèííîãî âíóòðèãëàçíîãî äàâëåíèÿ (ÂÃÄ) ïðè ïîìîùè àïïëà-íàöèîííûõ ìåòîäîâ. Ïðåäñòàâëåíû ìîäåëè, êîòîðûå ïîçâîëÿþò îöåíèòüâëèÿíèå: îòêëîíåíèé ôîðìû ðîãîâèöû è ñêëåðû îò ñôåðè÷åñêîé ôîðìûíà ïîêàçàòåëè ÂÃÄ, òîëùèíû ðîãîâèöû íà ïîêàçàòåëè âíóòðèãëàçíîãîäàâëåíèÿ. Îòìå÷àåòñÿ, ÷òî ìîäåëè áèîìåõàíèêè ãëàçà ïîìîãëè ïîëó-÷èòü ðÿä íîâûõ ðåçóëüòàòîâ â ìåõàíèêå äåôîðìèðóåìîãî òâåðäîãî òå-ëà, íàïðèìåð ðåøèòü çàäà÷è îá óñòîé÷èâîñòè ñôåðè÷åñêîé îáîëî÷êè,íàõîäÿùåéñÿ ïîä äåéñòâèåì ñîñðåäîòî÷åííîé ñèëû è âíóòðåííåãî íîð-ìàëüíîãî äàâëåíèÿ; îá óñòîé÷èâîñòè îñåñèììåòðè÷íîé ôîðìû ðàâíîâå-ñèÿ êîëüöåâûõ íåîäíîðîäíûõ îðòîòðîïíûõ ïëàñòèí, íàõîäÿùèõñÿ ïîääåéñòâèåì íîðìàëüíîãî äàâëåíèÿ; îá óñòîé÷èâîñòè ñåãìåíòà îðòîòðîï-íîé îáîëî÷êè, íàõîäÿùåãîñÿ ïîä äåéñòâèåì íîðìàëüíîãî âíóòðåííåãîäàâëåíèÿ è ïðèëîæåííîãî ãðóçà ñ ïëîñêèì îñíîâàíèåì; î äåôîðìàöèèòðàíñâåðñàëüíî-èçîòðîïíûõ ñôåðè÷åñêèõ è öèëèíäðè÷åñêèõ ñëîåâ, íà-õîäÿùèõñÿ ïîä äåéñòâèåì âíóòðåííåãî è âíåøíåãî äàâëåíèÿ. Ñðàâíåíèåýòèõ ðåøåíèé ñ ðåøåíèÿìè, ïîëó÷àþùèìèñÿ ïî íåêëàññè÷åñêèì òåîðè-ÿì îáîëî÷åê, ïîçâîëèëî îöåíèòü òî÷íîñòü íåêîòîðûõ òåîðèé.1. ÂâåäåíèåÁîëåå äâàäöàòè ëåò íà êàôåäðå òåîðåòè÷åñêîé è ïðèêëàä-íîé ìåõàíèêè Ñàíêò-Ïåòåðáóðãñêîãî óíèâåðñèòåòà â ñîòðóäíè÷å-ñòâå ñ âðà÷àìè âåäóòñÿ ðàáîòû ïî ìîäåëèðîâàíèþ íåêîòîðûõ ïðî-öåññîâ â îôòàëüìîëîãèè. Ðàññìîòðåííûå çàäà÷è áûëè ïîñòàâëå-íû è îáñóæäàëèñü ñî ñïåöèàëèñòàìè Ñàíêò-Ïåòåðáóðãñêîãî ôè-ëèàëà ÌÍÒÊ �Ìèêðîõèðóðãèÿ ãëàçà� èì. àêàä. Ñ.Í. Ôåäîðîâà,ñî ñïåöèàëèñòàìè êàôåäðû è êëèíèêè îôòàëüìîëîãèè ÐîññèéñêîéÂîåííî-ìåäèöèíñêîé àêàäåìèè, ðàáîòàþùèìè ïîä ðóêîâîäñòâîìÄîêëàä íà ñåìèíàðå 22 àïðåëÿ 2014 ã.c© Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâà, 2014



6 Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâàäîêò. ìåä. íàóê, ïðîô. Â.Â. Âîëêîâà, ñî ñïåöèàëèñòàìè Ìîñêîâ-ñêîãî ÍÈÈ ãëàçíûõ áîëåçíåé èì. Ãåëüìãîëüöà. Ðåçóëüòàòû ðàáîòûäîêëàäûâàëèñü íà ìíîãî÷èñëåííûõ ðîññèéñêèõ è ìåæäóíàðîäíûõêîíôåðåíöèÿõ êàê ïî ìåõàíèêå, òàê è ïî ïðîáëåìàì îôòàëüìîëî-ãèè.Ãëàç ïðåäñòàâëÿåò ñîáîé óíèêàëüíûé îðãàí ÷åëîâåêà, åãî ôóíê-öèîíèðîâàíèå îïðåäåëÿåòñÿ çàêîíàìè è ãèäðîìåõàíèêè, è òåðìîäè-íàìèêè, è îïòèêè (ðèñ. 1). Îòíîñèòåëüíî íåäàâíî äëÿ èññëåäîâàíèÿñîñòîÿíèÿ ãëàçà ñòàëè ïðèìåíÿòüñÿ ìåòîäû ìåõàíèêè äåôîðìèðóå-ìîãî òâåðäîãî òåëà. Â 2000 ã. â Ìîñêîâñêîì ïåäèàòðè÷åñêîì èíñòè-òóòå ââåäåí êóðñ áèîìåõàíèêè ãëàçà; íà îñíîâå ÷èòàåìîãî êóðñà èèññëåäîâàíèé, ïðîâîäèìûõ â èíñòèòóòå, êîëëåêòèâîì àâòîðîâ èçäà-íà ìîíîãðàôèÿ [61]. Ïåðâûé ðàçäåë ýòîãî ó÷åáíèêà ïîñâÿùåí îñíîâ-íûì îïðåäåëåíèÿì è ïîíÿòèÿì ìåõàíèêè äåôîðìèðóåìîãî òâåðäîãîòåëà.

Ðèñ. 1. Ñòðîåíèå ãëàçà.Íîâûå çíàíèÿ â îáëàñòè áèîìåõàíèêè ãëàçà ïîçâîëÿþò óëó÷-øèòü äèàãíîñòèêó ðàçëè÷íûõ çàáîëåâàíèé, ðàçâèâàòü íîâûå ìåòî-äû òåðàïåâòè÷åñêîãî è õèðóðãè÷åñêîãî ëå÷åíèÿ ãëàçà. Â ñâÿçè ñýòèì ê ìàòåìàòè÷åñêîìó îïèñàíèþ ãëàçà â öåëîì è åãî îòäåëüíûõýëåìåíòîâ â ÷àñòíîñòè îáðàùàëèñü óæå ïðè ðåøåíèè ìíîãèõ îô-òàëüìîëîãè÷åñêèõ ïðîáëåì, è äàæå ýòè ñóùåñòâåííî óïðîùåííûå



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 7ìîäåëè îêàçûâàëèñü ïîëåçíûìè äëÿ âðà÷åé�îôòàëüìîëîãîâ, ðàç-ðàáàòûâàþùèõ íîâûå ìåòîäèêè ëå÷åíèÿ è äèàãíîñòèêè. Â 1998 ã.íà XIII Ìåæäóíàðîäíîì êîíãðåññå èññëåäîâàòåëåé ãëàçà ïî ïðåä-ëîæåíèþ îäíîãî èç âåäóùèõ îôòàëüìîëîãîâ Ðîññèè Â.Â. Âîëêîâàâïåðâûå áûëà îðãàíèçîâàíà ñåêöèÿ áèîìåõàíèêè ãëàçà. Íà÷èíàÿ ñ2001 ã. â Ìîñêâå â ÍÈÈ ãëàçíûõ áîëåçíåé èì. Ãåëüìãîëüöà ïðîâî-äÿòñÿ ñåìèíàðû è êîíôåðåíöèè ïî áèîìåõàíèêå ãëàçà.Â òå÷åíèå ÷åòâåðòè âåêà áûë ðàññìîòðåí ðÿä ìàòåìàòè÷åñêèõìîäåëåé, ñâÿçàííûõ ñ äåôîðìèðîâàíèåì ýëåìåíòîâ ãëàçà. Îïèøåìêðàòêî ñòðóêòóðó ãëàçà (ñì. ðèñ. 1). Ãëàç ÷åëîâåêà â ïåðâîì ïðè-áëèæåíèè øàðîâèäíîé ôîðìû, èìååò òðè îñíîâíûå îáîëî÷êè: íà-ðóæíóþ ïëîòíóþ êàïñóëó, âêëþ÷àþùóþ â ñåáÿ ñêëåðó è ðîãîâè-öó, ñîñóäèñòóþ îáîëî÷êó è âíóòðåííþþ î÷åíü òîíêóþ îáîëî÷êó �ñåò÷àòêó. Ïðîáëåìû âîçíèêíîâåíèÿ è ëå÷åíèÿ îòñëîéêè ñåò÷àòêè,ðàçâèòèÿ îòñëîéêè ñîñóäèñòîé îáîëî÷êè, ãëàóêîìàòîçíîé àòðîôèèçðèòåëüíîãî íåðâà, àêêîìîäàöèè, ñâÿçàííûå ñ äåôîðìèðîâàíèåì ñî-ñòàâíûõ ýëåìåíòîâ ãëàçà, îñòàþòñÿ âàæíûìè ïðîáëåìàìè õèðóðãèè[31]. Â ïîñëåäíåå âðåìÿ â ñâÿçè ñ ðàçâèòèåì ðåôðàêöèîííîé õèðóð-ãèè, ìåíÿþùåé ïàðàìåòðû ðîãîâèöû ãëàçà, âîçíèêëè òàêæå çàäà÷è,ñâÿçàííûå ñ èçìåíåíèåì ìåõàíè÷åñêèõ ñâîéñòâ ðîãîâèöû ïîñëå ðå-ôðàêöèîííûõ îïåðàöèé, à òàêæå ïðèîáðåòàþò îñîáîå çíà÷åíèå âî-ïðîñû ñòàíäàðòèçàöèè èçìåðåíèÿ âíóòðèãëàçíîãî äàâëåíèÿ (ÂÃÄ),èçó÷åíèå âëèÿíèÿ ðàçëè÷íûõ ïàðàìåòðîâ ãëàçíîãî ÿáëîêà íà ïîêà-çàòåëè òîíîìåòðîâ, ïîçâîëÿþùèå îáúÿñíèòü è îïèñàòü èçìåíåíèåïîêàçàòåëåé âíóòðèãëàçíîãî äàâëåíèÿ ïîñëå îïåðàöèé è ââåäåíèÿèíúåêöèé.Ïîñòðîåííûå ìàòåìàòè÷åñêèå ìîäåëè íåîäíîêðàòíî îáñóæäà-ëèñü íà ñåìèíàðå �Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðå-äû� [3, 9, 33, 35, 37, 38, 41, 43, 42, 47, 49, 50, 51, 56, 64, 68, 69, 70, 71].2. Ìîäåëè ëå÷åíèÿ îòñëîéêè ñåò÷àòêèÏåðâîé çàäà÷åé, ñ êîòîðîé ê íàì îáðàòèëèñü âðà÷è â êîíöå 80-õãîäîâ, áûëà çàäà÷à ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ îïåðàöèé ïîëå÷åíèþ îòñëîéêè ñåò÷àòêè. Îòñëîéêà ñåò÷àòêè � ýòî ïàòîëîãè÷å-ñêîå ñîñòîÿíèå, ïðè êîòîðîì ñåò÷àòêà òåðÿåò êîíòàêò ñ ñîñóäèñòîé



8 Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâàîáîëî÷êîé è îòõîäèò îò íåå âíóòðü ïîëîñòè ãëàçà. Â áîëüøèíñòâåñëó÷àåâ îòñëîéêà ñåò÷àòêè ïîäëåæèò õèðóðãè÷åñêîìó ëå÷åíèþ ñýâàêóàöèåé æèäêîñòè èç îáðàçîâàâøåéñÿ ïîëîñòè (èëè áåç ïóíê-öèè) è âäàâëèâàíèåì íàðóæíûõ ñëîåâ îáîëî÷êè ãëàçà äî ñîâìå-ùåíèÿ èõ ñ îòñëîèâøåéñÿ ñåò÷àòêîé. Äëÿ âäàâëèâàíèÿ ñêëåðàëü-íîé îáîëî÷êè ïðèìåíÿëè ðàçëè÷íûå ïðèåìû: êðóãîâîå âäàâëèâà-íèå íèòüþ èëè ëåíòîé ïî ïàðàëëåëè, òàê íàçûâàåìûé öèðêëÿæ(ðèñ. 2), ëîêàëüíîå ïëîìáèðîâàíèå, èëè êîìáèíèðîâàííàÿ íàãðóç-êà öèðêëÿæà è ïëîìáû. ×ðåçìåðíîå çàòÿãèâàíèå öèðêëÿæíîé ëåí-

Ðèñ. 2. Ìîäåëèðîâàíèå ëå÷åíèÿ îòñëîéêè ñåò÷àòêè ãëàçà.òû èëè øâîâ íàä ïëîìáîé ÿâëÿåòñÿ îäíèì èç âàæíåéøèõ ôàêòî-ðîâ, êîòîðûå ìîãóò âûçâàòü ïîñëåîïåðàöèîííûå îñëîæíåíèÿ: ïîâû-øåíèå âíóòðèãëàçíîãî äàâëåíèÿ, ïðîäàâëèâàíèå ëåíòû èëè ïëîì-áû ñêâîçü ñêëåðó â ïîëîñòü ãëàçà, îòñëîéêó ñîñóäèñòîé îáîëî÷-êè, âîçíèêíîâåíèå äîïîëíèòåëüíûõ ñêëàäîê. Ïîíÿòíî ïîýòîìó, ÷òîìàòåìàòè÷åñêîå ìîäåëèðîâàíèå èãðàåò âàæíóþ ðîëü ïðè ðàçðà-áîòêå è ïëàíèðîâàíèè ïðîòèâîîòñëîå÷íûõ îïåðàöèé. Ðàññìàòðè-âàëñÿ ðÿä ìîäåëåé ðàñ÷åòà íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòî-ÿíèÿ îáîëî÷êè ãëàçà ïîñëå âûïîëíåíèÿ ïðîòèâîîòñëîå÷íûõ îïåðà-öèé [3, 19, 27, 29, 54, 55, 57, 58, 78, 82, 94].



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 9Ïðîñòåéøàÿ ìîäåëü íàðóæíîé îáîëî÷êè ãëàçà ïðåäñòàâëÿåò ñî-áîé óïðóãóþ èçîòðîïíóþ òîíêîñòåííóþ ñôåðè÷åñêóþ îáîëî÷êó ïî-ñòîÿííîé òîëùèíû h è ðàäèóñà R, øèðîêî èñïîëüçóåìûé âàðèàíòöèðêëÿæà � ïåðåòÿãèâàíèå ãëàçà íèòüþ (èëè ëåíòîé) â ïëîñêî-ñòè ýêâàòîðà θ = 0. Ïðè ýòîì îáîëî÷êà íàõîäèòñÿ ïîä äåéñòâèåìâíóòðèãëàçíîãî äàâëåíèÿ p è ïîâåðõíîñòíîãî äàâëåíèÿ q ñî ñòîðî-íû öèðêëÿæíîé íèòè (ëåíòû). Â ñèëó ñèììåòðèè äåéñòâóþùèõ íàãëàç íàãðóçîê ðàññìàòðèâàëèñü îñåñèììåòðè÷íûå äåôîðìàöèè îáî-ëî÷êè. Ó÷èòûâàëîñü èçìåíåíèå âíóòðèãëàçíîãî äàâëåíèÿ ãëàçà pïîñëå öèðêëÿæà ïî ñðàâíåíèþ ñ íà÷àëüíûì äàâëåíèåì p0:
p = p0 +K

∆V2 −∆V1

V −∆V1
, V =

4

3
πR3. (1)Çäåñü V � íà÷àëüíûé îáúåì ñòåêëîâèäíîãî òåëà, ∆V2 � óìåíüøå-íèå åãî çà ñ÷åò öèðêëÿæà, ∆V1 � óìåíüøåíèå âñëåäñòâèå óäàëåíèÿñóáðåòèíàëüíîé æèäêîñòè (îáúåì îòñëîéêè), K � ìîäóëü îáúåìíî-ãî ñæàòèÿ ñòåêëîâèäíîãî òåëà (â ïðåäïîëîæåíèè î åãî íåñæèìàå-ìîñòè K = ∞).Ïðè óäàëåíèè îò ëåíòû íàïðÿæåííîå ñîñòîÿíèå áåçìîìåíòíî, àâ åå îêðåñòíîñòè îíî ïðåäïîëàãàëîñü áûñòðîìåíÿþùèìñÿ. Äîïîë-íèòåëüíîå ïåðåìåùåíèå wk, èìåþùåå õàðàêòåð êðàåâîãî ýôôåêòàè çàòóõàþùåå ïðè óäàëåíèè îò ëåíòû, îïðåäåëÿëîñü èç óðàâíåíèÿêðàåâîãî ýôôåêòà

µ4 d
4wk

dθ4
− 2µ2γ

d2wk

dθ2
+ wk = q∗(θ), (2)ãäå

µ4 =
h2

12(1− ν2)R2
, γ =

pR

4Ehµ2
, q∗ =

qR2

Eh
,

µ � ìàëûé ïàðàìåòð òîíêîñòåííîñòè îáîëî÷êè.Ó÷èòûâàÿ ñîîòíîøåíèÿ, ñâÿçûâàþùèå íàòÿæåíèÿ ëåíòû N , ååóäëèíåíèå δl, ñðåäíåå ïî øèðèíå ëåíòû åå äàâëåíèå qcp íà ãëàç èñðåäíèé ïðîãèá wcp îáîëî÷êè ãëàçà ïîä ëåíòîé, äëÿ ôóíêöèè íà-ãðóçêè ìîæíî ïîëó÷èòü âûðàæåíèå
q∗(θ) = bξ(θ)

(
∆l

2π
− wk

cp +
a(1− ν)

2(1 + a)
Ik − a∆V1

4πR2(1 + a)

)
, (3)
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Ik1 =

∫ ∞

θ0

wk(θ) dθ, ∆∗l =
∆l

2π
− a∆V1

4πR2(1 + a)
,ïðè÷åì óãîë θ0 õàðàêòåðèçóåò øèðèíó öèðêëÿæíîé ëåíòû

H = 2R sin θ0, ïàðàìåòð a ó÷èòûâàåò æåñòêîñòü ñòåêëîâèäíîãî òå-ëà (äëÿ íåñæèìàåìîãî ñòåêëîâèäíîãî òåëà a/(1 + a) = 1), ïàðà-ìåòð b ó÷èòûâàåò æåñòêîñòü ëåíòû íà ðàñòÿæåíèå. Òàêèì îáðàçîì,ïîëó÷àåòñÿ èíòåãðîäèôôåðåíöèàëüíîå óðàâíåíèå (2) îòíîñèòåëüíîôóíêöèè wk(θ).Ïîñëå îïðåäåëåíèÿ ôóíêöèè wk(θ) ïðåäëîæåííàÿ ìîäåëü ïîç-âîëÿåò íàéòè ñëåäóþùèå âåëè÷èíû, âàæíûå ïðè ïëàíèðîâàíèèîïåðàöèè: ïîâûøåíèå âíóòðèãëàçíîãî äàâëåíèÿ, èçìåíåíèÿ ÏÇÎ(ïåðåäíå-çàäíåé îñè � îïòè÷åñêîé äëèíû ãëàçà), îöåíèòü íàïðÿ-æåííî-äåôîðìèðîâàííîå ñîñòîÿíèå îáîëî÷êè ãëàçà â îêðåñòíîñòèöèðêëÿæíîé ëåíòû è îïðåäåëèòü âëèÿíèå ïàðàìåòðîâ ëåíòû (øè-ðèíû, æåñòêîñòè, íà÷àëüíîãî óêîðî÷åíèÿ) íà âñå ýòè âåëè÷èíû.Åñëè öèðêëÿæ íàëîæåí óçêîé ëåíòîé èëè íèòüþ è ïðåíåáðå÷üðàñïðåäåëåíèåì äàâëåíèÿ ïî øèðèíå ëåíòû, òî óäàåòñÿ ïîëó÷èòüïðèáëèæåííîå àíàëèòè÷åñêîå ðåøåíèå çàäà÷è [19, 29, 57, 82].Ïðè áîëüøèõ îòñëîéêàõ èíîãäà öèðêëÿæ âûïîëíÿåòñÿ øèðî-êîé ëåíòîé. Òîãäà ïðåäïîëîæåíèå, ÷òî ðåøåíèå áûñòðî çàòóõàåòïðè óäàëåíèè îò öèðêëÿæíîé ëåíòû, íå ÿâëÿåòñÿ îïðàâäàííûì, èçàäà÷à î íàïðÿæåííî-äåôîðìèðîâàííîì ñîñòîÿíèè îáîëî÷êè ãëàçàâ ýòîì ñëó÷àå ðåøàëàñü íà îñíîâå ñèñòåìû óðàâíåíèé îñåñèììåò-ðè÷íîé äåôîðìàöèè ñôåðè÷åñêîé îáîëî÷êè, íàõîäÿùåéñÿ ïîä äåé-ñòâèåì âíóòðåííåãî äàâëåíèÿ p è äàâëåíèÿ ñî ñòîðîíû ëåíòû q(θ).Ðåøåíèå ñòðîèëîñü â âèäå ðÿäîâ ïî ïîëèíîìàì Ëåæàíäðà Pm(x)[29, 57, 58].Ïðîâåäåíû ðàñ÷åòû äëÿ çíà÷åíèé ïàðàìåòðîâ, ñîîòâåòñòâóþ-ùèõ ðåàëüíûì îïåðàöèÿì. Øèðèíà ñòàíäàðòíîé óçêîé ëåíòû, èñ-ïîëüçóåìîé â Ðîññèè äëÿ öèðêëÿæà, áûëà 2.5 ìì. Ñðàâíåíèå ñ ðå-çóëüòàòàìè ðàñ÷åòà ïî ôîðìóëàì äëÿ òàêîé ëåíòû ïîêàçàëî õîðî-øåå ñîâïàäåíèå ñ êëèíè÷åñêèìè äàííûìè. Äëÿ ëåíòû øèðèíîé 9 ììäåôîðìàöèè (ïðîãèá ïîä ëåíòîé è óäëèíåíèå ÏÇÎ) íà 15�18% îò-ëè÷àëèñü îò ðåçóëüòàòîâ, ïîëó÷åííûõ ïî ñîîòíîøåíèÿì äëÿ óçêîéëåíòû. Èçìåíåíèÿ ÂÃÄ îòëè÷àëèñü òîëüêî íà 1�2%.



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 11Èíòåðåñíî, ÷òî ñòàíäàðòíàÿ øèðèíà óçêîé ëåíòû, èñïîëüçóå-ìîé äëÿ öèðêëÿæà â Ãåðìàíèè, � 3 ìì, â ñâÿçè ñ ýòèì ïî ïðîñüáåêîëëåã è îôòàëüìîëîãîâ èç Ãåðìàíèè áûëè ïðîâåäåíû òàêæå ðàñ-÷åòû äëÿ ëåíò, èñïîëüçóåìûõ â Ãåðìàíèè. Ïðîâåäåíû ñðàâíåíèÿ ñêëèíè÷åñêèìè äàííûìè. Ðåçóëüòàòû áûëè ïðåäñòàâëåíû íà êîíôå-ðåíöèÿõ EVER-2004 è ARVO-2005 (êîíôåðåíöèè, êîòîðûå ïðîâîäèòEuropean Association for Vision and Eye Research è Association forResearch in Vision and Ophthalmology) [93].Òåîðèÿ îáîëî÷åê, ïîñòðîåííàÿ íà ãèïîòåçàõ Êèðõãîôà�Ëÿâà,ìîæåò ïðèâîäèòü ê çàìåòíûì ïîãðåøíîñòÿì ïðè ðàñ÷åòå íå î÷åíüòîíêèõ îáîëî÷åê, íàõîäÿùèõñÿ ïîä äåéñòâèåì íåïëàâíûõ íàãðóçîê,ïðè÷åì íàèáîëüøàÿ ïîãðåøíîñòü ïðè ýòîì âîçíèêàåò çà ñ÷åò òî-ãî, ÷òî ïîëàãàþòñÿ ðàâíûìè íóëþ ïîïåðå÷íûå ñäâèãè. Â ñâÿçè ñýòèì ïîëó÷åííûå ðåçóëüòàòû ñðàâíèâàëèñü ñ ðàñ÷åòàìè ïî ãåîìåò-ðè÷åñêè íåëèíåéíîé òåîðèè òèïà Òèìîøåíêî. Ïðè ýòîì íåëèíåéíàÿñèñòåìà óðàâíåíèé ðåøàëàñü ìåòîäîì èòåðàöèé [29, 57]. Ðåçóëüòàòûðàñ÷åòîâ ñðàâíèâàëèñü ñî çíà÷åíèÿìè, âû÷èñëåííûìè ïî ëèíåéíûìóðàâíåíèÿì. Äëÿ óçêîé ëåíòû âåëè÷èíû ìàêñèìàëüíîãî ïðîãèáà èèçìåíåíèÿ ÏÇÎ ïî÷òè íå ðàçëè÷àþòñÿ, îäíàêî íåñêîëüêî áîëüøåèçìåíÿþòñÿ ôîðìà äåôîðìàöèè è îáúåì äåôîðìèðîâàííîé îáîëî÷-êè. Â èòîãå ïîëó÷àåì âíóòðèãëàçíîå äàâëåíèå íà 8�10% áîëüøå, ÷åìçíà÷åíèå, ïîëó÷åííàÿ ïðè ðåøåíèè ëèíåéíûõ óðàâíåíèé. Äëÿ øè-ðîêîé ëåíòû (9 ìì) èçìåíåíèå ÏÇÎ, âû÷èñëåííîå ïî íåëèíåéíûìóðàâíåíèÿì, îêàçûâàåòñÿ íà 6�10% ìåíüøå, ÷åì çíà÷åíèå, îïðåäå-ëÿåìîå ïî ëèíåéíûì óðàâíåíèÿì, íî òàê æå, êàê è â ñëó÷àå óçêîéëåíòû, èçìåíåíèÿ ôîðìû äåôîðìàöèè è îáúåìà äåôîðìèðîâàííîéîáîëî÷êè ïðèâîäÿò ê áîëåå âûñîêîìó (íà 7�12%) çíà÷åíèþ âíóò-ðèãëàçíîãî äàâëåíèÿ.Èç-çà áîëüøîé îòíîñèòåëüíîé òîëùèíû ñêëåðàëüíîé îáîëî÷-êè (∼ 0.1) áûë ïðîâåäåí òàêæå ðàñ÷åò íàïðÿæåííî-äåôîðìèðîâàí-íîãî ñîñòîÿíèÿ ñêëåðàëüíîé îáîëî÷êè ãëàçà íà îñíîâå óðàâíåíèéòðåõìåðíîé òåîðèè óïðóãîñòè. Óðàâíåíèÿ âçÿòû â ôîðìå, ïðåäëî-æåííîé Ï.Ô. Ïàïêîâè÷åì. Îïðåäåëåíû ïåðåìåùåíèÿ ñôåðè÷åñêîéîáîëî÷êè è ìàêñèìàëüíûå çíà÷åíèÿ íàïðÿæåíèé [58].Ïðîâåäåíî èññëåäîâàíèå èçìåíåíèÿ êîýôôèöèåíòà ðèãèäíîñòèãëàçà (â îôòàëüìîëîãèè êîýôôèöèåíòîì ðèãèäíîñòè ãëàçà íàçûâà-þò ñîîòíîøåíèå ìåæäó èçìåíåíèåì ÂÃÄ è ñîîòâåòñòâóþùèì åìó



12 Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâàèçìåíåíèåì îáúåìà ãëàçíîãî ÿáëîêà) ïîñëå öèðêëÿæà [29].Êàê óæå îòìå÷àëîñü, îäíîé èç ôîðì ïîñëåîïåðàöèîííîãî îñëîæ-íåíèÿ ìîæåò áûòü �îáðàçîâàíèå ñêëàäîê�, íàðóøàþùåå êðîâîîáðà-ùåíèå, ïðèâîäÿùåå ê îòåêàì, ïîýòîìó ðàññìàòðèâàëàñü çàäà÷à îëîêàëüíîé óñòîé÷èâîñòè ãëàçà ïðè íàëîæåíèè öèðêëÿæíîãî øâà[82]. Â îêðåñòíîñòè ëèíèè, ïî êîòîðîé ïðîõîäèò öèðêëÿæíàÿ ëåí-òà, îáîëî÷êà ãëàçà ìîäåëèðóåòñÿ òîíêîé ñôåðè÷åñêîé îáîëî÷êîé, àöèðêëÿæ � íàëîæåíèåì íà áåçìîìåíòíîå ñîñòîÿíèå îáîëî÷êè êðàå-âîé íàãðóçêè ïî ýêâàòîðó. Îñåñèììåòðè÷íûé ïðîãèá îáîëî÷êè ãëà-çà, âûçâàííûé äàâëåíèåì ëåíòû, îïðåäåëÿåòñÿ èç óðàâíåíèé êðà-åâîãî ýôôåêòà (2). Äëÿ ïîñòðîåíèÿ ñìåæíîé íåîñåñèììåòðè÷íîéôîðìû ðàâíîâåñèÿ èñïîëüçóåòñÿ ñèñòåìà óðàâíåíèé ïîëîãèõ îáî-ëî÷åê Äîííåëëà, à äëÿ ðåøåíèÿ çàäà÷è � ìåòîä àñèìïòîòè÷åñêîãîèíòåãðèðîâàíèÿ. Îïðåäåëÿåòñÿ êðèòè÷åñêîå óêîðî÷åíèå íèòè èëèëåíòû, ïðèâîäÿùåå ê íåîñåñèììåòðè÷íûì ïðîãèáàì. Èññëåäîâàíèåíà óñòîé÷èâîñòü ïîêàçàëî, ÷òî, ïî-âèäèìîìó, äëÿ öèðêëÿæà îïàñíîèñïîëüçîâàòü íåðàñòÿæèìûå íèòè. Áîëåå öåëåñîîáðàçíî ïðèìåíÿòüñèëèêîíîâûå ëåíòû èëè æãóòû. Ñëåäóåò îòìåòèòü, ÷òî îò íåðàcòÿ-æèìûõ íèòåé â òàêèõ îïåðàöèÿõ îòêàçàëèñü â ñåðåäèíå 90-õ ãîäîâ.Èíîãäà äëÿ ëå÷åíèÿ îòñëîéêè ñåò÷àòêè ãëàçà èñïîëüçóåòñÿ ïðè-øèâàíèå ê ñêëåðå ïëîìáû. Ñàìîñòîÿòåëüíîå ëîêàëüíîå ïëîìáèðî-âàíèå ïðîâîäÿò â îñíîâíîì ïðè åäèíè÷íûõ ðàçðûâàõ. Âåëè÷èíàïëîìáû îïðåäåëÿåòñÿ ðàçìåðàìè ðàçðûâà. Ìàòåðèàë ïëîìáû îáû÷-íî æåñò÷å ìàòåðèàëà îáîëî÷êè ãëàçà. Â ðàáîòàõ [54, 78, 94] îïåðà-öèÿ ïëîìáèðîâàíèÿ ðàññìàòðèâàëàñü êàê çàäà÷à êîíòàêòíîãî âçà-èìîäåéñòâèÿ îäíîðîäíîé óïðóãîé îáîëî÷êè ñ àáñîëþòíî æåñòêèìîñåñèììåòðè÷íûì øòàìïîì (ðèñ. 3, a).Íà ðèñ. 3, á ïðåäñòàâëåíî ðàñïðåäåëåíèå áåçðàçìåðíûõ êîíòàêò-íûõ íàïðÿæåíèé σ/E ïîä øòàìïîì ïðè áåçðàçìåðíûõ ïðèæèìíûõóñèëèÿõ Y/ER [54, 94]. Ðàññìàòðèâàëñÿ øòàìï â ôîðìå ýëëèïñîè-äà âðàùåíèÿ ñ ïîëóîñÿìè a = b = 12 ìì, c = 3 ìì, γ = π/4 ðàä,
x1 = 0.3 ìì. Àíàëèç ðåçóëüòàòîâ ðàñ÷åòà ïîêàçûâàåò, ÷òî ñ óâå-ëè÷åíèåì ïðèæèìíûõ óñèëèé íàðÿäó ñ ðîñòîì ïëîùàäêè êîíòàê-òà ïðîèñõîäèò ñìåùåíèå ìàêñèìóìà êîíòàêòíûõ íàïðÿæåíèé ïîäïëîìáîé îò öåíòðà (ðèñ. 3, á, êðèâàÿ 1) â ñòîðîíó ãðàíèöû êîíòàêòà(ðèñ. 3, á, êðèâàÿ 2). Ïðè äàëüíåéøåì âîçðàñòàíèè ïðèæèìíûõ óñè-ëèé êîíòàêòíûå íàïðÿæåíèÿ â îêðåñòíîñòè öåíòðà êîíòàêòà óáû-



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 13a á

Ðèñ. 3. Ëîêàëüíîå ïëîìáèðîâàíèå (a) è ðàñïðåäåëåíèå êîíòàêòíûõíàïðÿæåíèé (á ).âàþò äî íóëÿ (ðèñ. 3, á, êðèâàÿ 3), è âîçìîæåí ïåðåõîä îò êðóãîâîéçîíû êîíòàêòà ê êîëüöåâîé ñ ïîòåðåé êîíòàêòà â îêðåñòíîñòè öåí-òðà. Ýòî ÿâëÿåòñÿ ñëåäñòâèåì áîëüøåãî ðàäèóñà êðèâèçíû ïëîìáûïî ñðàâíåíèþ ñ ðàäèóñîì óïðóãîé îáîëî÷êè ãëàçà.Ðàññìàòðèâàëàñü òàêæå çàäà÷à î ïëîìáèðîâàíèè ãëàçà êàê çà-äà÷à êîíòàêòíîãî âçàèìîäåéñòâèÿ îäíîðîäíîé óïðóãîé îáîëî÷êèñ æåñòêèì êîëüöîì [78]. Íàéäåíà ôóíêöèÿ Ãðèíà. Êðàåâàÿ çàäà-÷à, ñîîòâåòñòâóþùàÿ èíòåãðàëüíîìó óðàâíåíèþ êîíòàêòà, ñâåäå-íà ê ñèñòåìå àëãåáðàè÷åñêèõ óðàâíåíèé, ïðè ÷èñëåííîì ðåøåíèèêîòîðîé èñïîëüçóþòñÿ àñèìïòîòè÷åñêèå ïðèáëèæåíèÿ ñîáñòâåííûõôóíêöèé óðàâíåíèé ñôåðè÷åñêîé îáîëî÷êè � ôóíêöèè Ëåæàíäðà.Ïîëó÷åíî ðàñïðåäåëåíèå êîíòàêòíûõ íàïðÿæåíèé, ðàññ÷èòàíû íà-ïðÿæåíèÿ è äåôîðìàöèè îáîëî÷êè ãëàçà.3. Ìîäåëè îòñëîåíèÿ ñîñóäèñòîé îáîëî÷êèÏîñëå îïåðàöèé, ñîïðîâîæäàþùèõñÿ âñêðûòèåì ãëàçíîãî ÿáëî-êà, èíîãäà âîçíèêàþò îñëîæíåíèÿ, ñâÿçàííûå ñ îòñëîåíèåì ñîñó-



14 Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâàäèñòîé (ñðåäíåé) îáîëî÷êè ãëàçà. Â ñâÿçè ñ ýòèì ðàññìàòðèâàëàñüìåõàíè÷åñêàÿ ìîäåëü ðàçâèòèÿ îòñëîéêè ñîñóäèñòîé îáîëî÷êè, êî-òîðóþ ìîæíî ïðåäñòàâèòü êàê îäíó èç ôîðì ðàçðóøåíèÿ � â âèäåìàêðîòðåùèíû, ðàñïðîñòðàíÿþùåéñÿ ïî ïîâåðõíîñòè ðàçäåëà, ò.å.òðåùèíû ðàññëîåíèÿ [17, 29]. Â ÷àñòíîñòè, â çîíàõ ñæàòèÿ ìîæåòïðîèçîéòè îòñëîåíèå, ïðè÷èíîé êîòîðîãî ÿâëÿåòñÿ ìåñòíàÿ ïîòå-ðÿ óñòîé÷èâîñòè. Èñïîëüçóÿ ýíåðãåòè÷åñêèé êðèòåðèé Ãðèôôèòñà,ïîëàãàåì, ÷òî íèæíÿÿ ãðàíèöà îïàñíîãî íàïðÿæåíèÿ îòñëàèâàíèÿîïðåäåëÿåòñÿ èç ñîîòíîøåíèÿ
U1 = U2 +W, (4)ãäå U1 � óïðóãàÿ ýíåðãèÿ ñæàòèÿ, íàêîïëåííàÿ â ñëîå òîëùèíîé h0ïåðåä âûùåëêèâàíèåì, U2 � ýíåðãèÿ ýòîãî ñëîÿ ïîñëå âûùåëêèâà-íèÿ � ýíåðãèÿ èçãèáà,W = 2γS � ðàáîòà ðàçðóøåíèÿ (S � ïëîùàäüïîâåðõíîñòè îòðûâà, à γ � óäåëüíàÿ ðàáîòà ðàçðóøåíèÿ). Ïðåäïî-ëàãàëîñü, ÷òî îáîëî÷êà íàõîäèòñÿ ïîä äåéñòâèåì âíåøíåãî äàâëå-íèÿ è ïðè ëîêàëüíîé ïîòåðå óñòîé÷èâîñòè ñôåðè÷åñêîé îáîëî÷êèïîä äåéñòâèåì ðàâíîìåðíîãî äàâëåíèÿ îáðàçóåòñÿ îäíà âìÿòèíà;íà ïåðâîé ñòàäèè ðàçâèòèÿ âìÿòèíû, âïëîòü äî ðàññëîåíèÿ, ïîâåäå-íèå óïðóãîé ñôåðû ìîæåò áûòü îïèñàíî òåîðèåé ïîëîãèõ îáîëî÷åê.Ïî ýíåðãåòè÷åñêîìó êðèòåðèþ (4) îöåíèâàëèñü ñæèìàþùèå íàïðÿ-æåíèÿ â îáîëî÷êå ãëàçà, ñîîòâåòñòâóþùèå îòñëîåíèþ ñëîÿ òîëùè-íû h0. Êîíñòàíòà Ãðèôôèòñà γ, õàðàêòåðèçóþùàÿ ïðî÷íîñòü ñâÿ-çè ñêëåðû è ñîñóäèñòîé îáîëî÷êè, îïðåäåëÿëàñü ýêñïåðèìåíòàëüíîíà ýíóêëåèðîâàííûõ ãëàçàõ â ëàáîðàòîðèè ïðî÷íîñòè ïîëèìåðîâÁ.À. Çèìèíûì. Îêàçàëîñü, ÷òî ìèíèìàëüíîå çíà÷åíèå σkr äîñòè-ãàåòñÿ ïðè òîëùèíå, ñîîòâåòñòâóþùåé ñðåäíåé òîëùèíå ñîñóäèñòîéîáîëî÷êè, è, òàêèì îáðàçîì, ýòîò ñëîé ÿâëÿåòñÿ íàèáîëåå ñêëîííûìê îòùåïëåíèþ. Êðèòè÷åñêîå çíà÷åíèå íàïðÿæåíèÿ, ñîîòâåòñòâóþ-ùåå ýòîìó ñëîþ, ñëåäóåò, ïî-âèäèìîìó ðàññìàòðèâàòü êàê íèæíþþãðàíèöó îïàñíîãî íàïðÿæåíèÿ, âûçûâàþùåãî ðàññëîåíèå. Ýòà âå-ëè÷èíà îêàçàëàñü çíà÷èòåëüíî ìåíüøå ïðåäåëüíûõ ðàçðóøàþùèõíàïðÿæåíèé äëÿ ñêëåðû. Ñëåäîâàòåëüíî, ïðè óäàðå â îáëàñòü ãëàçàáîëåå âåðîÿòåí íå ðàçðûâ ñêëåðû, à îòñëîéêà ñîñóäèñòîé îáîëî÷êèñ ïîñëåäóþùèì ðàçðûâîì ñåò÷àòêè èëè ñîñóäèñòîé îáîëî÷êè.Ðàññìàòðèâàëàñü òàêæå óïðîùåííàÿ ìîäåëü ðîñòà èìåþùåéñÿòðåùèíû � óïðóãàÿ ñòàòè÷åñêàÿ çàäà÷à îòñëîåíèÿ îò ïîëóïðî-



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 15ñòðàíñòâà òîíêîé áàëêè èëè òîíêîé ïëàñòèíêè ïîä äåéñòâèåì âíóò-ðåííåãî äàâëåíèÿ. Â êëèíè÷åñêèõ èññëåäîâàíèÿõ íàáëþäàþòñÿ ðàç-ëè÷íûå (íå òîëüêî ñèììåòðè÷íûå) ôîðìû îòñëîåíèÿ, ÷òî ìîæåòáûòü îáóñëîâëåíî ðàçëè÷íûìè ôàêòîðàìè. Â ñâÿçè ñ ýòèì ðàñ-ñìîòðåíà çàäà÷à î ïîòåðå óñòîé÷èâîñòè ñôåðè÷åñêîé îáîëî÷êè ïîääåéñòâèåì ñîñðåäîòî÷åííîé ñèëû è âíóòðåííåãî äàâëåíèÿ [81]. Äëÿýòîãî ñíà÷àëà ñ ïîìîùüþ àñèìïòîòè÷åñêèõ è ÷èñëåííûõ ìåòîäîâîïðåäåëÿëèñü áîëüøèå äåôîðìàöèè â îêðåñòíîñòè ïðèëîæåíèÿ ñî-ñðåäîòî÷åííîé ñèëû è äàëåå îïðåäåëÿëàñü òî÷êà áèôóðêàöèè îñå-ñèììåòðè÷íîãî ðàâíîâåñèÿ ñôåðè÷åñêîé îáîëî÷êè. Îïðåäåëÿëîñüâëèÿíèå âíóòðåííåãî äàâëåíèÿ íà âåëè÷èíó è ôîðìó ïîòåðè óñòîé-÷èâîñòè.Â ñëó÷àå êîãäà âíóòðåííåå äàâëåíèå ðàâíî íóëþ, íàèìåíüøåìóïàðàìåòðó ñîñðåäîòî÷åííîé ñèëû ñîîòâåòñòâóþò òðè âîëíû. Åñòå-ñòâåííî, êðèòè÷åñêîå çíà÷åíèå ñîñðåäîòî÷åííîé ñèëû óâåëè÷èâàåò-ñÿ ñ ðîñòîì âíóòðåííåãî äàâëåíèÿ. Íî ïðè ìàëûõ çíà÷åíèÿõ âíóò-ðåííåãî äàâëåíèÿ ôîðìà ïîòåðè óñòîé÷èâîñòè íå ìåíÿåòñÿ. Ïðèçíà÷åíèè p âíóòðåííåãî äàâëåíèÿ p > 3.56Eh2/
(
R2
√
12(1− ν2)

)ïðîèñõîäèò ïîòåðÿ óñòîé÷èâîñòè ñ ÷åòûðüìÿ âîëíàìè â îêðóæíîìíàïðàâëåíèè. Èíòåðåñíî îòìåòèòü, ÷òî ïðè ðàçíûõ çíà÷åíèÿõ âíóò-ðåííåãî äàâëåíèÿ ðàçìåðû çîíû áîëüøèõ äåôîðìàöèé îêàçûâàþòñÿðàâíûìè.4. Äåôîðìàöèÿ ðåøåò÷àòîé ïëàñòèíêè äèñêàçðèòåëüíîãî íåðâàÈçâåñòíî, ÷òî ïðè ïîâûøåíèè âíóòðèãëàçíîãî äàâëåíèÿ òàêèåÿâëåíèÿ, êàê îòå÷íîñòü çðèòåëüíî-íåðâíûõ àêñîíîâ, èõ äåçîðãàíè-çàöèÿ è äð., âåäóùèå çà ñîáîé àòðîôèþ (ðàçðóøåíèå) çðèòåëüíîãîíåðâà è ïðèâîäÿùèå ê äåôåêòàì ïîëÿ çðåíèÿ, ïðîèñõîäÿò â îáëà-ñòè ðåøåò÷àòîé ïëàñòèíêè äèñêà çðèòåëüíîãî íåðâà. Ðåøåò÷àòîéïëàñòèíêîé (ÐÏ) íàçûâàåòñÿ ó÷àñòîê ñêëåðû íåäàëåêî îò çàäíåãîïîëþñà ãëàçà. Ñïëîøíîãî äåôåêòà ñêëåðû â ýòîì ìåñòå íåò, èìå-þòñÿ åå èñòîí÷åíèå è ìíîæåñòâî ìåëêèõ îòâåðñòèé, ÷åðåç êîòîðûåïðîõîäÿò ïó÷êè çðèòåëüíîãî íåðâà.



16 Ñ. Ì. Áàóýð, Å. Á. ÂîðîíêîâàÊàê îòìå÷àþò îôòàëüìîëîãè, ïåðâûå ïðèçíàêè ãëàóêîìàòîç-íîé ýêñêàâàöèè (ïðîãèáà) äèñêà çðèòåëüíîãî íåðâà, êàê ïðàâèëî,ïîÿâëÿþòñÿ ðàíüøå äåôåêòîâ â ïîëå çðåíèÿ. Íà÷àëüíûå èçìåíå-íèÿ äèñêà çðèòåëüíîãî íåðâà èìåþò çíà÷åíèå äëÿ äèàãíîñòèêèãëàóêîìû, à èõ äèíàìèêà âàæíà äëÿ îöåíêè ýôôåêòèâíîñòè ïðî-âîäèìîé òåðàïèè. Âñå ýòî äåëàåò âàæíûì èçó÷åíèå íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ÐÏ ïðè èçìåíåíèè ÂÃÄ è èíäèâèäó-àëüíûõ îñîáåííîñòåé ñòðîåíèÿ ðåøåò÷àòûõ ïëàñòèí, êîòîðûå ìîãóòóâåëè÷èòü ïðåäðàñïîëîæåííîñòü ê ãëàóêîìàòîçíûì ïîâðåæäåíèÿì.Â ðÿäå ðàáîò äåôîðìàöèè ÐÏ ãëàçà èçó÷àëèñü íà îñíîâå êëèíè÷å-ñêèõ íàáëþäåíèé, íî ïðåäñòàâëÿåò òàêæå èíòåðåñ ïîñòðîåíèå ìàòå-ìàòè÷åñêèõ ìîäåëåé, àäåêâàòíî îïèñûâàþùèõ ïîâåäåíèå ÐÏ äèñêàçðèòåëüíîãî íåðâà ïðè èçìåíåíèè ÂÃÄ.Ðåøåò÷àòàÿ ïëàñòèíêà â 5 � 6 ðàç òîíüøå ñêëåðû è îñëàáëå-íà ìíîæåñòâîì îòâåðñòèé, åå óäîáíî ðàññìàòðèâàòü êàê êðóãëóþèëè áëèçêóþ ê êðóãëîé ïëàñòèíó ñ æåñòêî çàäåëàííûì êðàåì. Â[64, 80] ïðîâåäåíî ñðàâíåíèå ðåøåíèé çàäà÷è î äåôîðìàöèè ñîñòàâ-íîé îáîëî÷êè (ñêëåðû è ÐÏ) è çàäà÷è î äåôîðìàöèè ïëàñòèíêèïîä äåéñòâèåì íîðìàëüíîãî äàâëåíèÿ. Îòäåëüíî ðåøàëèñü çàäà÷èäëÿ ñëó÷àÿ èçîòðîïíûõ è òðàíñâåðñàëüíî-èçîòðîïíûõ ñâîéñòâ ÐÏ.Ðàñ÷åòû ïîêàçàëè, ÷òî, êàê è îòìå÷àåòñÿ â êëèíè÷åñêèõ äàííûõîôòàëüìîëîãîâ, äèàìåòð ñêëåðàëüíîãî êîëüöà ïðàêòè÷åñêè íå ìå-íÿåòñÿ, è ïðîãèáû ïëàñòèíêè, ïîëó÷åííûå ïðè ðàññìîòðåíèè ñî-ñòàâíîé îáîëî÷êè è æåñòêî çàùåìëåííîé ïëàñòèíêè, îòëè÷àþòñÿìåíüøå, ÷åì íà 1%. Òàêèì îáðàçîì, äåôîðìàöèþ ÐÏ ìîæíî èçó-÷àòü îòäåëüíî îò äåôîðìàöèè ñêëåðàëüíîé îáîëî÷êè, ÷òî îáëåã-÷àåò ó÷åò îñîáåííîñòåé ñòðîåíèÿ ÐÏ � åå àíèçîòðîïèþ è íåîäíî-ðîäíîñòü. Ïðè ðàñ÷åòàõ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿïåðôîðèðîâàííûõ ïëàñòèí îáû÷íî ïîñëåäíèå çàìåíÿþòñÿ íåêîòî-ðûìè ñïëîøíûìè ïëàñòèíàìè ñ ïðèâåäåííûìè ïàðàìåòðàìè. Èìå-þùèåñÿ äàííûå î ñðåäíåé ãëóáèíå ýêñêàâàöèè äèñêà çðèòåëüíîãîíåðâà ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ÂÃÄ ïîçâîëÿþò îöåíèòü ïðè-âåäåííûé ìîäóëü ÐÏ.Êàê îòìå÷àåòñÿ â îôòàëüìîëîãè÷åñêîé ëèòåðàòóðå, ó áîëüøèí-ñòâà ëþäåé (80 � 90%) ÐÏ èìåþò íåðàâíîìåðíóþ ïî ðàäèóñó èïî óãëó ìåõàíè÷åñêóþ ñòðóêòóðó, îñîáåííîñòü êîòîðîé ìîæåò ïåðå-



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 17äàòü ìîäóëü óïðóãîñòè âèäà
E(r, θ) = E1(r) + E2(r) cos 2θ, (5)ãäå E1, E2 � óáûâàþùèå ôóíêöèè ðàäèàëüíîé êîîðäèíàòû.ÐÏ ðàññìàòðèâàåòñÿ â ìàòåìàòè÷åñêèõ ìîäåëÿõ êàê òðàíñâåð-ñàëüíî-èçîòðîïíàÿ â îáùåì ñëó÷àå íåîäíîðîäíàÿ êðóãëàÿ ïëàñòèí-êà [8, 29, 33, 73, 83, 84].Çàäà÷à î ïðîãèáå êðóãëûõ öèëèíäðè÷åñêè îðòîòðîïíûõ èòðàíñâåðñàëüíî-èçîòðîïíûõ íåîäíîðîäíûõ (ïî ðàäèóñó è ïî óãëó)ïëàñòèí ðåøàëàñü â ðàìêàõ ëèíåéíîé è ãåîìåòðè÷åñêè íåëèíåé-íîé îáùåé óòî÷íåííîé òåîðèè Ñ.À. Àìáàðöóìÿíà [2], òåîðèè àíè-çîòðîïíûõ îáîëî÷åê ñðåäíåé òîëùèíû Ïàëèÿ � Ñïèðî (ÏÑ) [62]è óòî÷íåííîé èòåðàöèîííîé òåîðèè Ðîäèîíîâîé � Òèòàåâà � ×åð-íûõà (ÐÒ×) [65]. Òåîðèÿ ÐÒ×, â îòëè÷èå îò äðóãèõ òåîðèé, îñ-íîâàííûõ íà ìåõàíè÷åñêèõ ãèïîòåçàõ, ïðåäëàãàåò ìàòåìàòè÷åñêèéïîäõîä ê ðåøåíèþ òðåõìåðíûõ óðàâíåíèé òåîðèè óïðóãîñòè.Ïîëó÷åíû ñîîòíîøåíèÿ äëÿ ïðîãèáà ïëàñòèí ïî ïðèáëèæåííûììîäåëÿì, îñíîâàííûì íà ãèïîòåçàõ Êèðõãîôà-Ëÿâà (ÊË) è Òèìî-øåíêî � Ðåéññíåðà (ÒÐ), à òàêæå ñ ïîìîùüþ òåîðèè Àìáàðöóìÿíà,òåîðèé ÏÑ è ÐÒ× [86, 96].Ïî êëàññè÷åñêîé òåîðèè ÊË áåçðàçìåðíûé ïðîãèá ïëàñòèíû ïîääåéñòâèåì äàâëåíèÿ q çàâèñèò òîëüêî îò ìåõàíè÷åñêèõ ïàðàìåòðîâñðåäèííîé ïîâåðõíîñòè è äëÿ æåñòêî çàùåìëåííîãî êðàÿ èìååò âèä

w̄KL =





1

8(n2 − 9)

(
4rn+1

n+ 1
− r4 +

n− 3

n+ 1

)
, äëÿ n 6= 3 ,

(
4r4 ln r − r4 + 1

)
/192, äëÿ n = 3 .

(6)Çäåñü w̄KL = wKL
/
q, r = rdm/R,w = wdm/R � áåçðàçìåðíàÿ ðà-äèàëüíàÿ êîîðäèíàòà è ïðîãèá ñðåäèííîé ïîâåðõíîñòè, n2 = Eθ/Er� îòíîøåíèå ìîäóëåé óïðóãîñòè ïëàñòèíû â îêðóæíîì (Eθ) è ðà-äèàëüíîì (Er) íàïðàâëåíèÿõ, q = qdmR4/(Drh) � áåçðàçìåðíûéïàðàìåòð íàãðóçêè, ãäå Dr = h3/(12(1− νrθνθr)).



18 Ñ. Ì. Áàóýð, Å. Á. ÂîðîíêîâàÒåîðèè ÒÐ è Àìáàðöóìÿíà äàþò äëÿ ïðîãèáà ñîîòâåòñòâåííî
wTR/q = w̄KL +

aT2
2
(r2 − 1) , aT2 = − 3Dr

4hR2Grz
, (7)

wA/q = w̄KL + aA2
rn+1 − 1

n+ 1
+

aA1
2(n2 − 1)

(
2rn+1

n+ 1
− r2 +

n− 1

n+ 1

)
, (8)

aA1 =
h2

10R2
(ν∗31 − ν∗32)−

4(n2 − 1)

5
aA2 , aA2 = − 3Dr

4hR2Grz
,ãäå Grz � ìîäóëü æåñòêîñòè íà ñäâèã â ïëîñêîñòè (r, z).Òåîðèè ÏÑ è ÐÒ× ïîçâîëÿþò ó÷åñòü ðàñïðåäåëåíèå íàïðÿæåíèéè ïåðåìåùåíèé, âîçíèêàþùèõ â ïëàñòèíå, ïî åå òîëùèíå. Îäíàêîâûðàæåíèÿ äëÿ íàïðÿæåíèé íå çàâèñÿò îò ñâîéñòâ ïëàñòèíû.Âûðàæåíèå äëÿ ïðîãèáà ñðåäèííîé ïîâåðõíîñòè, ïîëó÷àþùåå-ñÿ ïî òåîðèè ÏÑ, èìååò âèä, àíàëîãè÷íûé (8), ñ êîýôôèöèåíòàìè

a1 è a2:
aP1 =

h2

8R2
(ν∗31 − ν∗32)− (n2 − 1)aP2 , aP2 = − Dr

2hR2Grz
.Çäåñü ν∗31 , ν∗32 � ïàðàìåòðû, çàâèñÿùèå îò ñâîéñòâ ïëàñòèíû, ââå-äåííûå, íàïðèìåð, â [65].Ôîðìóëû ïî òåîðèè ÐÒ× èìåþò áîëåå ãðîìîçäêèé âèä è ïðèâå-äåíû â [86, 96].Ðåøåíèå çàäà÷è î ïðîãèáå îðòîòðîïíîé ïëàñòèíû, ìîäåëèðóþ-ùåé ÐÏ ãëàçà, ïîëó÷åííîå ïî íåêëàññè÷åñêèì òåîðèÿì, ñðàâíèâà-ëîñü ñ ÷èñëåííûì ðåøåíèåì òðåõìåðíîé çàäà÷è òåîðèè óïðóãîñòè,ïîëó÷åííûì ìåòîäîì êîíå÷íûõ ýëåìåíòîâ (ÌÊÝ) ñ ïîìîùüþ ïðè-êëàäíîãî ïàêåòà COMSOL Multiphysics (v. 4.4). Ðåçóëüòàòû ñðàâ-íåíèÿ äëÿ íîðìàëüíûõ ïåðåìåùåíèé ïðèâåäåíû íà ðèñ. 4, äëÿ íà-ïðÿæåíèé � íà ðèñ. 5.Òåîðèè îáîëî÷åê ÏÑ è ÐÒ× ïðè äàâëåíèÿõ, ñîîòâåòñòâóþùèõâíóòðèãëàçíîìó äàâëåíèþ, äàþò âåëè÷èíû ïðîãèáîâ, áëèçêèå ê ðå-çóëüòàòàì, ïîëó÷åííûì ÌÊÝ. Çíà÷åíèÿ íîðìàëüíûõ íàïðÿæåíèé,ïîëó÷åííûõ ïî òåîðèè ÐT×, áëèæå ê çíà÷åíèÿì, ïîëó÷åííûì â ïà-êåòå COMSOL Multiphysics (v. 4.4).
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Eθ/Er = 25, Er/Ez = Grθ/Grz = 2
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Eθ/Er = 25, Er/Ez = Grθ/Grz = 20
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 FEMÐèñ. 4. Áåçðàçìåðíûé íîðìàëüíûé ïðîãèá ñðåäèííîé ïîâåðõíîñòè äëÿ

Er/Ez = Grθ/Grz = 2 (ñëåâà) è Er/Ez = Grθ/Grz = 20 (ñïðàâà) ïî ðàç-ëè÷íûì òåîðèÿì ïëàñòèí (ïóíêòèðíûå ëèíèè) è ÌÊÝ (ñïëîøíàÿ ëèíèÿ).
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 Amb, RTCh−th
 PS−th
 FEM (n=1)
 FEM (n=3/2)Ðèñ. 5. Ðàñïðåäåëåíèå íîðìàëüíûõ (ñëåâà) è ñäâèãîâûõ íàïðÿæåíèé(ñïðàâà) â êðóãëîé ïëàñòèíå (h/R=0.2).Ðàñ÷åòû äåôîðìàöèè ÐÏ, ïðîâåäåííûå íà îñíîâå ìîäåëåé îäíî-ñëîéíûõ ïëàñòèí, íå ïîçâîëÿþò îáúÿñíèòü òîò ôàêò, ÷òî àòðîôèÿçðèòåëüíîãî íåðâà ïðè ïîâûøåíèè äàâëåíèÿ, ïî äàííûì îôòàëüìî-ëîãîâ, âîçíèêàåò èìåííî íà �íàðóæíîì ñëîå�, ïðè âûõîäå èç îáîëî÷-êè ãëàçà. Çàäà÷à î äåôîðìàöèè ìíîãîñëîéíîé îáîëî÷êè âðàùåíèÿñ óïðóãèìè ñâÿçÿìè ìåæäó ñëîÿìè ïîä äåéñòâèåì âíóòðåííåãî äàâ-ëåíèÿ â ðàìêàõ îáùåé íåëèíåéíîé òåîðèè òîíêèõ óïðóãèõ îáîëî÷åêðåøåíà â áåçìîìåíòíîé ïîñòàíîâêå â [29, 30], â ìîìåíòíîé ïîñòà-íîâêå â ðàáîòå [39] (ðèñ. 6). Ðàññìàòðèâàëñÿ ñëó÷àé ÷èñòîãî èçãèáàîáîëî÷êè, ïðè êîòîðîì âîëîêíà ïàðàëëåëüíûõ ïîâåðõíîñòåé, ëå-æàùèõ ïî îäíó ñòîðîíó ñðåäèííîé ïîâåðõíîñòè, ðàñòÿãèâàþòñÿ, àïî äðóãóþ � ñæèìàþòñÿ, ò.å. îäíà ïîëîâèíà íîðìàëüíîãî âîëîêíàñæèìàåòñÿ, à äðóãàÿ � ðàñòÿãèâàåòñÿ. Äëÿ ó÷åòà òàêîé íåðàâíîìåð-íîñòè äåôîðìàöèè íîðìàëüíûõ âîëîêîí áûëè ââåäåíû ïàðàìåòðû
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λξ è κξ, ÷òî ïîçâîëèëî â ÿâíîé ôîðìå ó÷åñòü äåôîðìàöèîííûå èç-ìåíåíèÿ òîëùèíû îáîëî÷êè, êîòîðûå äëÿ íåêîòîðûõ ìàòåðèàëîâìîãóò áûòü çíà÷èòåëüíûìè. Ðàññòîÿíèåì ìåæäó ñëîÿìè ïðåíåáðå-ãàëè.
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Ðèñ. 6. Ñõåìà èçãèáà ìíîãîñëîéíîé îáîëî÷êè (ñëåâà). Ïðîåêöèè èíòåí-ñèâíîñòè âíåøíåé íàãðóçêè íà k-é ñëîé îáîëî÷êè (ñïðàâà).Ïðåäïîëàãàëîñü, ÷òî ñëîè ìîãóò ïðîñêàëüçûâàòü äðóã ïî äðóãó.Íàïðÿæåíèÿ êàñàòåëüíîãî âçàèìîäåéñòâèÿ ñëîåâ îáîëî÷êè ïðèíè-ìàëèñü â âèäå
qk1 = αk(s

k+1
0 − sk0)(r − r∗) . (9)Íà êðàþ ïëàñòèíû ïðèíèìàëèñü óñëîâèÿ óïðóãîé çàäåëêè:

T k
1 = ck(s− sk0) ïðè r = r∗ , (10)ãäå s � äëèíà äóãè, îòñ÷èòûâàåìàÿ îò âåðøèíû êóïîëà, ôóíêöèè

sk0(s), k = 1, . . . , n, � äóãîâûå êîîðäèíàòû òî÷êè s k-ãî ñëîÿ äîäåôîðìàöèè, n � ÷èñëî ñëîåâ, T k
1 � ìåðèäèîíàëüíîå óñèëèå â k-ìñëîå, îòíåñåííîå ê åäèíèöå äëèíû ïîñëå äåôîðìàöèè. Òàêèì îáðà-çîì, çàäà÷à ñâîäèòñÿ ê ñèñòåìå 2n+ 2 äèôôåðåíöèàëüíûõ óðàâíå-íèé îòíîñèòåëüíî íåèçâåñòíûõ T k
1 (s), sk0(s), ϕ(s), r(s), ãäå r, ϕ �ðàññòîÿíèå äî îñè âðàùåíèÿ è óãîë ìåæäó íîðìàëüþ ê îáîëî÷êå èîñüþ âðàùåíèÿ ñîîòâåòñòâåííî. Ðàñ÷åòû ïðîâîäèëèñü äëÿ äâóõ- èòðåõñëîéíûõ ïëàñòèí ïðè ðàçëè÷íûõ ïàðàìåòðàõ ck è αk.



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 21Â ðàáîòå [46] ïîêàçàíî ïîÿâëåíèå �òî÷åê ïåðåãèáà�, ò.å. òî÷åê, âêîòîðûõ èçãèáàþùèå ìîìåíòû ìåíÿþò çíàê è óãëû äîñòèãàþò ìàê-ñèìàëüíîãî çíà÷åíèÿ. Äëÿ áîëåå ìÿãêèõ è òîíêèõ îáîëî÷åê, à òàêæåïðè óâåëè÷åíèè íàãðóçêè òî÷êè ïåðåãèáà ñìåùàþòñÿ ê âíåøíåìóêðàþ îáîëî÷êè.Â øèðîêîì äèàïàçîíå èçìåíåíèÿ ïàðàìåòðîâ ck è αk ïðè ó÷å-òå îñîáåííîñòåé ñòðîåíèÿ ðåøåò÷àòîé ïëàñòèíêè (ïîñëåäíèé �íà-ðóæíûé� ñëîé ÿâëÿåòñÿ áîëåå ïëîòíûì è ìàññèâíûì: hN > hk ïðè
k < N , à òàêæå áîëåå æåñòêèì) ïîëó÷àåòñÿ, ÷òî, êàê è â ðàáîòå [29],íàèáîëåå ñèëüíûå îòíîñèòåëüíûå ñìåùåíèÿ óâåëè÷èâàþòñÿ ê êðàþïëàñòèíû. Ýòî ñîîòâåòñòâóåò òîìó ôàêòó, ÷òî �íà÷àëüíûå äèñòðî-ôè÷åñêèå èçìåíåíèÿ â íåðâíûõ âîëîêíàõ îïðåäåëÿþòñÿ íà óðîâíåçàäíåãî êðàÿ ðåøåò÷àòîé ïëàñòèíêè ñêëåðû�.Â ðåçóëüòàòå ðàññìîòðåíèÿ ìîìåíòíîé ïîñòàíîâêè çàäà÷è [46]óäàëîñü ïîëó÷èòü ÷èñëåííûå ðåçóëüòàòû è ôîðìó ïðîãèáà, ñîãëà-ñóþùóþñÿ ñ êëèíè÷åñêèìè äàííûì [97].Â ðÿäå ñëó÷àåâ ïðè ñèëüíîì óâåëè÷åíèè âíóòðèãëàçíîãî äàâ-ëåíèÿ ïî êðàþ ÐÏ ìîãóò îáðàçîâûâàòüñÿ ñêëàäêè è âîçíèêàòüîòåêè [32]. Áîëüøèå ïðîãèáû êðóãëîé ïëàñòèíû ñîïðîâîæäàþòñÿïîÿâëåíèåì â îêðåñòíîñòè êðàÿ ïëàñòèíû ñæèìàþùèõ íàïðÿæå-íèé. Óâåëè÷åíèå èíòåíñèâíîñòè òàêèõ íàïðÿæåíèé è îäíîâðåìåííîñóæåíèå çîíû, â êîòîðîé îíè ïîÿâëÿþòñÿ, ñîçäàþò ïðåäïîñûëêèäëÿ ïåðåõîäà ïëàñòèíû â íåîñåñèììåòðè÷íîå ñîñòîÿíèå, ÷òî ìîæåòáûòü îäíèì èç âîçìîæíûõ îáúÿñíåíèé �îòåêîâ è ñêëàäîê�. Âïåð-âûå âîïðîñ î ñóùåñòâîâàíèè íåñèììåòðè÷íûõ ðåøåíèé ó ñèììåò-ðè÷íî çàãðóæåííîé êðóãëîé ïëàñòèíû áûë ðàññìîòðåí Ä.Þ. Ïà-íîâûì è Â.È. Ôåîäîñüåâûì â ðàáîòå [63]. Ìåòîäîì Ãàë¼ðêèíà äëÿáîëüøèõ ïðîãèáîâ ïëàñòèíû, çàãðóæåííîé ïîñòîÿííûì äàâëåíèåì,àâòîðû ïîëó÷èëè íåêîòîðîå ðåøåíèå, ñîîòâåòñòâóþùåå íåñèììåò-ðè÷íûì ôîðìàì ðàâíîâåñèÿ. Ïîçæå Í.Ô. Ìîðîçîâ ñòðîãî äîêà-çàë ñóùåñòâîâàíèå íåñèììåòðè÷íîãî ðåøåíèÿ â ýòîì ñëó÷àå [59],à åäèíñòâåííîñòü òàêîãî ðåøåíèÿ áûëà äîêàçàíà W.O. Piechocki â[95]. Â ðàáîòå L.S. Cheo, E.L. Reiss [88] äëÿ êðóãëîé ïëàñòèíû ïðèðàçëè÷íûõ óñëîâèÿõ çàêðåïëåíèÿ è íàãðóæåíèÿ îïðåäåëåíû çíà-÷åíèÿ êðèòè÷åñêîé íàãðóçêè, ïðè êîòîðîé ïðîèñõîäèò ïåðåõîä îòñèììåòðè÷íîé ôîðìû ðàâíîâåñèÿ ê íåîñåñèììåòðè÷íîé. Âåëè÷èíàêðèòè÷åñêîé íàãðóçêè, ïîëó÷åííàÿ Cheo è Reiss, ïî÷òè â 3 ðàçà



22 Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâàáîëüøå íàãðóçêè, îïðåäåëåííîé Ïàíîâûì è Ôåîäîñüåâûì. Ôîðìûïîòåðè óñòîé÷èâîñòè òàêæå îòëè÷àþòñÿ: ïî êðàþ ïëàñòèíû îáðàçó-åòñÿ 14 ([88]) è 8 ([63]) âîëí ñîîòâåòñòâåííî. Êàê îòìå÷àåòñÿ â [88],îøèáî÷íûå ðåçóëüòàòû áûëè ïîëó÷åíû â [63], òàê êàê íåäîñòàòî÷íîòî÷íî áûëî îïðåäåëåíî äîêðèòè÷åñêîå îñåñèììåòðè÷íîå ñîñòîÿíèå.Âëèÿíèå íåîäíîðîäíîñòè ìàòåðèàëà ïëàñòèíû íà âåëè÷èíó êðèòè-÷åñêîé íàãðóçêè, ïðè êîòîðîé ïðîèñõîäèò ïåðåõîä îò ñèììåòðè÷-íîé ôîðìû ðàâíîâåñèÿ ê íåîñåñèììåòðè÷íîé áûëî ðàññìîòðåíî â[12, 43, 85, 87].Ñëåäóÿ [88], ðåøåíèå óðàâíåíèé, îïèñûâàþùèõ äåôîðìàöèèêðóãëîé íåîäíîðîäíîé ïëàñòèíû, ïðåäñòàâëÿëèñü â âèäå
w(r, θ) = ws(r) +wn(r) cosnθ , F (r, θ) = Fs(r) + Fn(r) cosnθ , (11)ãäå ôóíêöèè ws, Fs îïèñûâàþò äîêðèòè÷åñêîå ñèììåòðè÷íîå ðå-øåíèå, à ôóíêöèè wns(r, θ) = wn(r) cosnθ, Fns(r, θ) = Fn(r) cosnθ� çàêðèòè÷åñêîå ñîñòîÿíèå ïëàñòèíû (n � ÷èñëî âîëí â îêðóæíîìíàïðàâëåíèè, îáðàçîâàâøèõñÿ ïîñëå ïîòåðè óñòîé÷èâîñòè).Ïîñëå ðàçäåëåíèÿ ïåðåìåííûõ (11) èñõîäíàÿ íåëèíåéíàÿ ñèñòå-ìà óðàâíåíèé ðàñïàäàåòñÿ íà äâå: íåëèíåéíóþ, äëÿ îïðåäåëåíèÿñèììåòðè÷íîãî ðåøåíèÿ ws(r), Fs(r), è ëèíåéíóþ ñèñòåìó óðàâíå-íèé îòíîñèòåëüíî wn(r), Fn(r), òàê êàê ôóíêöèè wns, Fns ïîëàãà-þòñÿ ìàëûìè ñðàçó ïîñëå ïåðåõîäà ïëàñòèíû â íåîñåñèììåòðè÷íîåñîñòîÿíèå. Äëÿ êàæäîãî ÷èñëà âîëí â îêðóæíîì íàïðàâëåíèè n áó-äåì èñêàòü òàêèå çíà÷åíèÿ íàãðóçêè pn, ïðè êîòîðûõ ñóùåñòâóþòîòëè÷íûå îò íóëÿ ôóíêöèè wn(r), Fn(r). Êðèòè÷åñêîé íàãðóçêîéâûáåðåì pcr = min

n
pn.Íà ðèñ. 7 ïðåäñòàâëåíî èçìåíåíèå êðèòè÷åñêîé íàãðóçêè ïðè èç-ìåíåíèè ñòåïåíè íåîäíîðîäíîñòè ïëàñòèíû â ñëó÷àå, åñëè ìîäóëèóïðóãîñòè ìåíÿþòñÿ ïî çàêîíàì E = E

(1)
0 e−q1r è E = E

(2)
0 e−q2r

2 .Ïàðàìåòðû E
(i)
0 è qi, (i = 1, 2) âûáèðàëèñü òàê, ÷òîáû ñðåäíåå çíà-÷åíèÿ ìîäóëÿ óïðóãîñòè ïëàñòèíû îñòàâàëîñü ïîñòîÿííûì. Çíà÷å-íèÿ q = 0 ñîîòâåòñòâóþò ïëàñòèíå ñ ïîñòîÿííûì ìîäóëåì óïðó-ãîñòè. Ñ ðîñòîì íåîäíîðîäíîñòè ïîòåðÿ óñòîé÷èâîñòè îñåñèììåò-ðè÷íûõ ôîðì ðàâíîâåñèÿ ïðîèñõîäèëà ïðè áîëåå íèçêîé íàãðóçêå(äî 7 ðàç) è ñ îáðàçîâàíèåì áîëüøåãî ÷èñëà ñêëàäîê â îêðóæíîìíàïðàâëåíèè, ÷åì äëÿ îäíîðîäíîé ïëàñòèíû [85].



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 23Òàêèì îáðàçîì, ñ ìåõàíè÷åñêîé òî÷êè çðåíèÿ îòåêè è ñêëàäêèïî êðàþ ÐÏ ìîãóò áûòü îáúÿñíåíû ïîòåðåé îñåñèììåòðè÷íûõ ôîðìðàâíîâåñèÿ ïðè êðàòêîâðåìåííîì ïîâûøåíèè äàâëåíèÿ.
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0.14Ðèñ. 7. Èçìåíåíèå êðèòè÷åñêîé íàãðóçêè ïðè èçìåíåíèè ñòåïåíè íåîäíîðîä-íîñòè ïëàñòèíû q ïî çàêîíàì E = E0e−qr (ñïëîøíàÿ ëèíèÿ) è E = E0e−qr2(ïóíêòèðíàÿ ëèíèÿ) . p0cr � êðèòè÷åñêàÿ íàãðóçêà äëÿ îäíîðîäíîé ïëàñòèíû.5. Ìîäåëè òåîðèè àêêîìîäàöèèÄî ñèõ ïîð îäíîé èç ñàìûõ àêòóàëüíûõ ïðîáëåì áèîìåõàíèêèãëàçà îñòàåòñÿ ìåõàíèçì àêêîìîäàöèè [7, 31]. Àêêîìîäàöèÿ � ýòîïðèñïîñîáëåíèå ãëàçà ê ÿñíîìó âèäåíèþ ïðåäìåòîâ, íàõîäÿùèõñÿíà ðàçëè÷íûõ ðàññòîÿíèÿõ. Äîñòèãàåòñÿ àêêîìîäàöèÿ èçìåíåíèåìêðèâèçíû (ãåîìåòðè÷åñêîé ôîðìû) õðóñòàëèêà ãëàçà (ìÿãêîé îáî-ëî÷êè, êîòîðóþ â ïåðâîì ïðèáëèæåíèè ìîæíî ñ÷èòàòü çàïîëíåííîéíåñæèìàåìîé æèäêîñòüþ). Åäèíîé îáùåïðèíÿòîé òåîðèè àêêîìî-äàöèè äî ñèõ ïîð íå ñóùåñòâóåò, â ñâÿçè ñ ÷åì ïîÿâëÿþòñÿ íîâûåòåîðèè, ÷àñòî ïðîòèâîðå÷àùèå ïåðâîé êëàññè÷åñêîé òåîðèè àêêî-ìîäàöèè, ñîçäàííîé Ãåëüìãîëüöåì, cîãëàñíî êîòîðîé â ïðîöåññå àê-



24 Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâàêîìîäàöèè ó÷àñòâóåò òîëüêî õðóñòàëèê è ðåñíè÷íàÿ ìûøöà, ïðèñîêðàùåíèè êîòîðîé ïðîèñõîäèò óâåëè÷åíèå êðèâèçíû õðóñòàëèêà(ðèñ. 8, (à, á) 9). Îäíàêî, êàê îòìå÷àåòñÿ â ðàáîòå Â.Â. Âîëêîâà[31], ñåé÷àñ ïðè èçó÷åíèè ïðîöåññà àêêîìîäàöèè âàæíî ïðèíèìàòüâî âíèìàíèå ôàêòû, ïîëó÷åííûå â êëèíè÷åñêîé ïðàêòèêå çà ïîñëåä-íèå 20-30 ëåò. �Ñòàëî ÿñíî, ÷òî íåëüçÿ ñáðàñûâàòü ñî ñ÷åòîâ ðîëüñòðóêòóð, íå èìåþùèõ ïðÿìîãî îòíîøåíèÿ ê õðóñòàëèêó (ñêëåðû,ñòåêëîâèäíîãî òåëà, íàðóæíûõ ìûøö ãëàçà)�.à á
Ðèñ. 8. Òåîðåòè÷åñêàÿ ìîäåëü àêêîìîäàöèè.Ñîâìåñòíî ñ ìåõàíèêàìè èç Êîðîëåâñêîãî òåõíè÷åñêîãî óíèâåð-ñèòåòà (Ñòîêãîëüì, Øâåöèÿ) áûëè îïóáëèêîâàíû ðàáîòû, â êîòî-ðûõ ïðîöåññ àêêîìîäàöèè áûë ñìîäåëèðîâàí ìåòîäîì êîíå÷íûõýëåìåíòîâ â ïàêåòå ABAQUS ñ ó÷åòîì íîâûõ êëèíè÷åñêèõ äàííûõ[91, 92]. Âûïîëíåííûå ðàáîòû ïîäòâåðäèëè îñíîâíûå âûâîäû òåî-ðèè Ãåëüìãîëüöà è îïðîâåðãëè âîçíèêøèå â êîíöå ÕÕ â. òåîðèèàêêîìîäàöèè Øàõàðà è Ôóêóñàêó [66].6. Îá îïåðàöèÿõ íà ðîãîâèöå ãëàçàÑ íà÷àëà 90-õ ãîäîâ XX ñòîëåòèÿ äëÿ êîððåêöèè çðåíèÿ ñòà-ëè øèðîêî ïîëüçîâàòüñÿ ðåôðàêöèîííûìè îïåðàöèÿìè ËÀÇÈÊ èÔÐÊ, çàêëþ÷àþùèìèñÿ â óäàëåíèè îïðåäåëåííîãî ñëîÿ â öåíòðåðîãîâèöû ãëàçà äëÿ òîãî, ÷òîáû ñäåëàòü åå áîëåå ïîëîãîé. Ïðèýòîì îäíèìè èç âàæíåéøèõ âîïðîñîâ îñòàþòñÿ èçó÷åíèå áèîìå-õàíè÷åñêèõ ñâîéñòâ ðîãîâîé îáîëî÷êè ïîñëå âûøåóêàçàííûõ îïå-
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Ðèñ. 9. Íà÷àëüíîå è äåôîðìèðîâàííîå ñîñòîÿíèå õðóñòàëè-êà ãëàçà.ðàöèé, èññëåäîâàíèå èçìåíåíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñî-ñòîÿíèÿ âíåøíåé îáîëî÷êè ãëàçà, à òàêæå èçìåíåíèÿ êîýôôèöèåí-òà çàïàñà ïðî÷íîñòè ðîãîâèöû ïîñëå èçìåíåíèÿ åå òîëùèíû. Îöåí-êà èçìåíåíèÿ êîýôôèöèåíòà çàïàñà ïðî÷íîñòè ðîãîâèöû êàê ïîëî-ãîé ñôåðè÷åñêîé îáîëî÷êè, íàõîäÿùåéñÿ ïîä äåéñòâèåì âíóòðåí-íåãî íîðìàëüíîãî äàâëåíèÿ, íà îñíîâå ëèíåéíîé òåîðèè îáîëî÷åêñäåëàíà â [20]. Ðàáîòû [48, 76] ïîñâÿùåíû èçó÷åíèþ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ñîïðÿæåííûõ îäíîðîäíûõ èçîòðîï-íûõ è òðàíñâåðñàëüíî-èçîòðîïíûõ ñôåðè÷åñêèõ îáîëî÷åê, íàõîäÿ-ùèõñÿ ïîä äåéñòâèåì íîðìàëüíîãî äàâëåíèÿ. Ñðàâíèâàëèñü àíàëè-òè÷åñêèå è ÷èñëåííûå ðåøåíèÿ, ïîëó÷åííûå â ïðèêëàäíîì ïàêåòåANSYS. Èçó÷àëîñü âëèÿíèå ãåîìåòðè÷åñêèõ è ìåõàíè÷åñêèõ ïàðà-ìåòðîâ íà ïðîãèá ðîãîâèöû, ïðîâåäåíà îöåíêà èçìåíåíèÿ êîýôôè-öèåíòà çàïàñà ïðî÷íîñòè ðîãîâèöû ïîñëå ðåôðàêöèîííûõ îïåðà-öèé. Àíàëèòè÷åñêèå ðåçóëüòàòû, ïîëó÷åííûå ïî ðàçëè÷íûì òåîðè-ÿì îáîëî÷åê, îòëè÷àþòñÿ ìåíåå ÷åì íà 10%.Â ïîñëåäíåå âðåìÿ âñå ÷àùå ñòàëè ïðîâîäèòüñÿ îïåðàöèè ïîêîððåêöèè íå òîëüêî ìèîïèè (áëèçîðóêîñòè), íî è ãèïåðìåòðîïèè(äàëüíîçîðêîñòè). Â ýòîì ñëó÷àå ìåíÿåòñÿ òîëùèíà ðîãîâèöû íå âöåíòðàëüíîé çîíå, à ïî êîëüöó â îêðåñòíîñòè öåíòðà äëÿ òîãî, ÷òî-áû óìåíüøèòü ðàäèóñ êðèâèçíû ðîãîâèöû, ñäåëàòü åå áîëåå �âûïóê-ëîé�. Áîëüøîå êîëè÷åñòâî òàêèõ îïåðàöèé ïðîâîäèòñÿ â ×åáîêñàð-ñêîì ôèëèàëå ÌÍÒÊ �Ìèêðîõèðóðãèè ãëàçà� èì. àêàä. Ñ.Í. Ôåäî-



26 Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâàðîâà. Ïîñòðîåíà ìàòåìàòè÷åñêàÿ ìîäåëü [11], ïîçâîëÿþùàÿ îöåíèòüèçìåíåíèå íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ è ïîêàçàòåëåéâíóòðèãëàçíîãî äàâëåíèÿ ïîñëå ðåôðàêöèîííûõ îïåðàöèé ïî êîð-ðåêöèè ãèïåðìåòðîïèè.7. Ìàòåìàòè÷åñêèå ìîäåëè òîíîìåòðèè � ìåòîäîâèçìåðåíèÿ âíóòðèãëàçíîãî äàâëåíèÿÈçâåñòíî, ÷òî âïåðâûå âàæíîå çíà÷åíèå èçìåðåíèÿ ÂÃÄ ïîä-÷åðêíóë Àëüáðåõò ôîí Ãðåôå â 1862 ã., èçó÷àÿ ïðè÷èíû âîçíèê-íîâåíèÿ ãëàóêîìû [32, 34, 60]. Îí òàêæå ñîçäàë ïåðâûé òîíîìåòðèìïðåññèîííîãî òèïà. Ïðè èìïðåññèîííîì ìåòîäå íà ðîãîâèöó ïðî-èçâîäÿò äàâëåíèå êîíöîì íåêîòîðîãî øòèôòà íåáîëüøîãî äèàìåò-ðà, à î äåôîðìàöèè ñóäÿò ïî ãëóáèíå îáðàçóåìîé ïîëîãîé ÿìêè. ×åììÿã÷å ãëàç, ò.å. ÷åì íèæå ÂÃÄ, òåì áîëüøå ðîãîâèöà äåôîðìèðóåòñÿïîä âëèÿíèåì îäíîé è òîé æå ñèëû. Â ìîíîãðàôèè [34], èçäàííîéâ 1991 ã., îòìå÷àåòñÿ, ÷òî â èñòîðèè ðàçâèòèÿ òîíîìåòðèè òðàäè-öèîííî âûäåëÿþò ÷åòûðå ïåðèîäà. Íà÷àëüíûé ïåðèîä (1862�1884),â òå÷åíèå êîòîðîãî èçìåðåíèå ÂÃÄ íîñèëî ýêñïåðèìåíòàëüíûé õà-ðàêòåð. Âòîðîé ïåðèîä (1884�1913) ñâÿçàí c ñîçäàíèåì À.Í. Ìàêëà-êîâûì òîíîìåòðà, ïîëîæèâøåãî íà÷àëî ðàçâèòèþ àïïëàíàöèîííîéòîíîìåòðèè [53], ïðè êîòîðîé ãëàç äåôîðìèðóåòñÿ ãðóçîì ñ ïëîñ-êèì îñíîâàíèåì, â ðåçóëüòàòå ÷åãî îáðàçóåòñÿ �êðóæîê ñïëþùèâà-íèÿ èëè àïïëàíàöèè� [60]. Èçìåðåíèå ÂÃÄ ìîæåò ïðîèçâîäèòüñÿ ïîâåëè÷èíå äåôîðìàöèè ïðè îäèíàêîâîé ñèëå äàâëåíèÿ íà ãëàç ëèáîïî âåëè÷èíå äàâëåíèÿ íà ãëàç ïðè îäíîé è òîé æå çîíå êîíòàêòà. Âòîíîìåòðå Ìàêëàêîâà èñïîëüçîâàëèñü ãðóçû âåñîì 5 èëè 10 ãðàì-ìîâ. Òðåòèé ïåðèîä (1913�1950) ñâÿçûâàþò �ñ øèðîêèì âíåäðåíèåìòîíîìåòðèè â ïîâñåäíåâíóþ ïðàêòèêó�, ÷åòâåðòûé ïåðèîä � �îçíà-ìåíîâàëñÿ çàâåðøåíèåì êàëèáðîâêè è ñòàíäàðòèçàöèè èìïðåññèîí-íîãî òîíîìåòðà Øèîòöà, àïïëàíàöèîííîãî òîíîìåòðà Ìàêëàêîâà èñîçäàíèåì àïïëàíàöèîííîãî òîíîìåòðà Ãîëüäìàíà (1954)� [34], íà-çâàííîãî ïî èìåíè øâåéöàðñêîãî îôòàëüìîëîãà Ãàíñà Ãîëüäìàíà(1899�1991), êîòîðûé åãî èçîáðåë, áûñòðî ñòàâøåãî ìåæäóíàðîä-íûì ñòàíäàðòîì â îôòàëüìîëîãèè. Äàííûå, ïîëó÷àåìûå ýòèì òî-íîìåòðîì, ñòàëè íàçûâàòü �çîëîòûì ýòàëîíîì�. Ïðè èçìåðåíèè ÂÃÄ



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 27ïî Ãîëüäìàíó ñîçäàåòñÿ íåáîëüøàÿ çîíà êîíòàêòà (â ïåðâûõ òîíî-ìåòðàõ äèàìåòð çîíû ñïëþùèâàíèÿ ñîñòàâëÿë 2.03 ìì [34], ïîçæå �3.06 ìì), è î âåëè÷èíå ÂÃÄ ñóäÿò ïî ñèëå, êîòîðàÿ òðåáóåòñÿ, ÷òî-áû ñäåëàòü ïëîñêîé ýòó ÷àñòü ðîãîâèöû. Ïðè òàêîé ìàëîé çîíå êîí-òàêòà ïðåäïîëàãàëîñü, ÷òî âëèÿíèå ñèë óïðóãîñòè ðîãîâèöû î÷åíüìàëî, è òîãäà ìîæíî ñ÷èòàòü, ÷òî ñèëà, âûçûâàþùàÿ ñïëþùèâàíèåðîãîâèöû, äåëåííàÿ íà ïëîùàäü êîíòàêòà, áóäåò ðàâíà äàâëåíèþâíóòðè ìÿãêîé îáîëî÷êè. Äèàìåòð àïïëàíàöèè 3.06 ìì áûë âûáðàíâ ñâÿçè ñ òåì, ÷òî îí îáåñïå÷èâàåò ñîîòíîøåíèå, êîãäà âíåøíåå äàâ-ëåíèå íà ðîãîâèöó â 1 ã ñîîòâåòñòâóåò âíóòðèãëàçíîìó äàâëåíèþ â10 ìì ðò. ñò.Ñåé÷àñ (ïîñëå 1991 ã.), áåçóñëîâíî ìîæíî âûäåëèòü ïÿòûé ïå-ðèîä ðàçâèòèÿ òîíîìåòðèè, ñâÿçàííûé ñ ïîÿâëåíèåì ðåôðàêöèîí-íîé õèðóðãèè, òàê êàê �çàâåðøåíèå êàëèáðîâêè� òîíîìåòðîâ áûëîîñíîâàíî íà ýêñïåðèìåíòàëüíûõ äàííûõ, ò. å. íà �ñðåäíèõ� ïîêà-çàòåëÿõ [34]. Äèàìåòð ãëàçíîãî ÿáëîêà ÷åëîâåêà äåéñòâèòåëüíî âà-ðüèðóåòñÿ â î÷åíü ìàëûõ ïðåäåëàõ è â ñðåäíåì ðàâåí 24 ìì. Òîë-ùèíà ðîãîâèöû ïåðåìåííà, íî â öåíòðàëüíîé çîíå ìèíèìàëüíà èâ ñðåäíåì ðàâíà 0.52 ìì [60]. Îäíàêî â ïîñëåäíåå äåñÿòèëåòèå ïî-ÿâèëèñü ïðèáîðû, êîòîðûå ïîçâîëÿþò ïðè îáñëåäîâàíèè ïàöèåí-òà òî÷íåå îïðåäåëèòü ãåîìåòðè÷åñêèå ïàðàìåòðû ðîãîâèöû, è, êàêñëåäñòâèå, ïîÿâèëîñü ìíîãî ðàáîò, îáñóæäàþùèõ ÷óâñòâèòåëüíîñòüïîêàçàòåëåé òîíîìåòðà Ãîëüäìàíà, ñ÷èòàâøåãîñÿ îäíèì èç ñàìûõòî÷íûõ òîíîìåòðîâ, ê òîëùèíå ðîãîâèöû â öåíòðàëüíîé çîíå. Îñî-áåííî ñèëüíî ýòà çàâèñèìîñòü ïðîÿâëÿåòñÿ ïîñëå îïåðàöèé ïî êîð-ðåêöèè çðåíèÿ, òàê êàê ïðè ýòèõ îïåðàöèÿõ ñóùåñòâåííî ìåíÿþòñÿòîëùèíà è êðèâèçíà ðîãîâèöû [89]. Â ðàáîòå [67] ïðåäñòàâëåíû ðå-çóëüòàòû îïðåäåëåíèÿ óðîâíÿ âíóòðèãëàçíîãî äàâëåíèÿ ñ èñïîëüçî-âàíèåì ðàçëè÷íûõ ìåòîäèê èçìåðåíèÿ ïîñëå ðàçëè÷íûõ ðåôðàêöè-îííûõ îïåðàöèé. Áûëè îòìå÷åíû çíà÷èòåëüíûå ðàñõîæäåíèÿ çíà-÷åíèé ÂÃÄ, ïîëó÷åííûõ ðàçëè÷íûìè òîíîìåòðàìè íà îäíîì è òîìæå ãëàçó (äî 12 ìì ðò. ñò.). Êàê îòìå÷åíî â ðàáîòå èçâåñòíîãî îô-òàëüìîëîãà Ñ.Þ. Êàëüôà åùå â 1928 ã. [44], �åñëè ìû îáðàòèìñÿê ìåòîäèêå èññëåäîâàíèÿ ÂÃÄ, òî ìû äîëæíû ïðèçíàòü, ÷òî íàøèòîíîìåòðè÷åñêèå îïðåäåëåíèÿ íå ñòîëüêî äàþò íàì çàêëþ÷åíèå îâíóòðèãëàçíîì äàâëåíèè, ñêîëüêî î ðåàêöèè ãëàçíûõ îáîëî÷åê íàïðèëîæåíèå ê ãëàçó òîíîìåòðà�. Òàêèì îáðàçîì, ïîíÿòíî, ÷òî ñåé-



28 Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâà÷àñ ñòàëè àêòóàëüíûìè âîïðîñû òåîðèè òîíîìåòðèè, ñîçäàíèå ìî-äåëåé, ïîçâîëÿþùèõ îöåíèòü âëèÿíèå ðàçëè÷íûõ ïàðàìåòðîâ ãëàçàíà ïîêàçàòåëè ÂÃÄ.Ðîãîâèöà ãëàçà áëèçêà ê ìÿãêîé îáîëî÷êå (ò.å. ê îáîëî÷êå, íå ñî-ïðîòèâëÿþùåéñÿ èçãèáó). Èçâåñòíî, ÷òî ìîäóëè óïðóãîñòè è ñêëå-ðû è ðîãîâèöû â òàíãåíöèàëüíîì íàïðàâëåíèè íà äâà ïîðÿäêà áîëü-øå ìîäóëÿ óïðóãîñòè â íàïðàâëåíèè òîëùèíû îáîëî÷êè [40, 72].Ïðè èçìåðåíèè ÂÃÄ àïïëàíàöèîííûìè ìåòîäàìè (ðèñ. 10) ðàçëè÷à-þò òîíîìåòðè÷åñêîå äàâëåíèå: pt = W/S, ãäåW � âåñ ïðèëàãàåìîãîãðóçà (èëè ïðèêëàäûâàåìàÿ ñèëà), S � ïëîùàäü çîíû êîíòàêòà.
Ðèñ. 10. Òîíîìåòðè÷åñêîå äàâëåíèå.Â íàñòîÿùåå âðåìÿ èñòèííîå âíóòðèãëàçíîå äàâëåíèå ïðè èñ-ïîëüçîâàíèè òîíîìåòðà Ìàêëàêîâà îïðåäåëÿþò ñ ïîìîùüþ ñïåöè-àëüíûõ òàáëèö, â îñíîâå êîòîðûõ äëÿ îïðåäåëåíèÿ âíóòðèãëàçíîãîäàâëåíèÿ ëåæàò ýìïèðè÷åñêèå ôîðìóëû, ñâÿçûâàþùèå âåëè÷èíóèçìåíåíèÿ âíóòðèãëàçíîãî äàâëåíèÿ pt − p0 ïðè íàãðóæåíèè ãëàçàòîíîìåòðîì (p0 � èñòèííîå äàâëåíèå, ò.å. äàâëåíèå äî íàãðóæåíèÿòîíîìåòðîì) è îáúåì ∆V ñåãìåíòà ðîãîâèöû, îñíîâàíèå êîòîðîãîðàâíî êðóãó, ñîâïàäàþùåìó ñ çîíîé êîíòàêòà òîíîìåòðà è ðîãîâè-öû. Îáúåì ∆V íàçûâàþò îáúåìîì ñìåùåííîé æèäêîñòè. Íèêàêèõàíàëèòè÷åñêèõ ìîäåëåé ïðè ýòîì íå ðàññìàòðèâàëîñü.Íàøè ïåðâûå ìîäåëè àïïëàíàöèîííîé òîíîìåòðèè áûëè ïðåä-ñòàâëåíû â ðàáîòàõ [25, 26, 77] (ðèñ. 11). Â ïåðâîé ìîäåëè ãëàç ðàñ-ñìàòðèâàëñÿ êàê äâå ñîïðÿæåííûå îáîëî÷êè ñ ðàçíûìè ñâîéñòâàìè



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 29� ðîãîâèöà è ñêëåðà. Âî âòîðîé ìîäåëè ãëàç ðàññìàòðèâàëñÿ êàêìÿãêàÿ (áåçìîìåíòíàÿ) ñôåðè÷åñêàÿ îáîëî÷êà.

Ðèñ. 11. Äâà ñîïðÿæåííûõ ñôåðè÷åñêèõ ñåãìåíòà, ìîäåëèðóþùèõãëàçíîå ÿáëîêî.Ïðåäïîëàãàëîñü, ÷òî ñêëåðà è ðîãîâèöà èìåþò ôîðìó ñôåðè-÷åñêèõ ñåãìåíòîâ ðàçíîãî ðàäèóñà. Â ðàáîòå [25] ïðîâîäèëñÿ àíà-ëèç âëèÿíèÿ óïðóãèõ è ãåîìåòðè÷åñêèõ ñâîéñòâ ñêëåðû è ðîãîâèöûíà èçìåíåíèå äàâëåíèÿ â ãëàçó ïðè åãî íàãðóæåíèè. Ïðåäïîëàãà-ëîñü, ÷òî ãëàç äî íàãðóæåíèÿ çàïîëíåí íåñæèìàåìîé æèäêîñòüþñ äàâëåíèåì p0. Â ïåðâîé ìîäåëè ðîãîâèöà, êîòîðàÿ ïðè íàãðóæå-íèè èñïûòûâàåò áîëüøèå äåôîðìàöèè (ñì. ðèñ. 11), òàêæå ïðåäïî-ëàãàëàñü áåçìîìåíòíîé ìÿãêîé îáîëî÷êîé. (Èçâåñòíî, ÷òî ìîäóëüóïðóãîñòè ðîãîâèöû Er â íåñêîëüêî ðàç ìåíüøå ìîäóëÿ óïðóãîñòèñêëåðû Es.) Â ýòîì ñëó÷àå ïî çîíå êîíòàêòà îïðåäåëÿëîñü äàâëåíèåâíóòðè íàãðóæåííîé îáîëî÷êè p (p = pt = P/S). Ïðåäïîëàãàëîñüòàêæå, ÷òî ëèíèÿ äåéñòâèÿ ïðèëîæåííîé ê îáîëî÷êå âíåøíåé ñèëû(âåñà ãðóçà) ïðîõîäèò ÷åðåç öåíòðû îáîèõ ñôåðè÷åñêèõ ñåãìåíòîâ,â ðåçóëüòàòå äåéñòâèÿ ãðóçà ñêëåðà äåôîðìèðóåòñÿ òàê, ÷òî óãîë
ϕs, ïîä êîòîðûì èç öåíòðà ñêëåðû âèäíà ëèíèÿ êîíòàêòà, îñòàåòñÿíåèçìåííûì, à ñôåðè÷åñêèé ñåãìåíò, ìîäåëèðóþùèé ñêëåðó, îñòà-åòñÿ ñôåðè÷åñêèì ñåãìåíòîì, íî ñ èçìåíåííûì ðàäèóñîì � Rs. Äå-ôîðìàöèÿ ðîãîâèöû, òàê æå êàê è äåôîðìàöèÿ îáîëî÷êè âî âòîðîéìîäåëè, îïèñûâàëèñü íåëèíåéíûìè óðàâíåíèÿìè. Ïîëàãàëîñü, ÷òî



30 Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâàóìåíüøåíèå îáúåìà ∆V ïîä ñåãìåíòîì ACDB â ðåçóëüòàòå äåé-ñòâèÿ ãðóçà
∆V = π

∫ sb

0

(
r20 sinϕ0 − r2λ1 sinϕ

)
ds0,êîìïåíñèðóåòñÿ ðàñòÿæåíèåì ñêëåðû:

∆V = Λ(p− p0), Λ =
3(1− νs)R

0
s

2Eshs
Vs.Çäåñü îñíîâíàÿ ïåðåìåííàÿ s0 � äëèíà äóãè îáðàçóþùåé îáîëî÷-êè â íåíàãðóæåííîì ñîñòîÿíèè, îòñ÷èòûâàåìàÿ îò îñè ñèììåòðèè;

r′ = λ1; r, ϕ � ðàññòîÿíèå äî îñè ñèììåòðèè è óãîë ìåæäó íîð-ìàëüþ ê îáîëî÷êå è îñüþ ñèììåòðèè; Λ � ïîäàòëèâîñòü îáîëî÷êèïðè ïîâûøåíèè äàâëåíèÿ. Íà îñíîâå ðàñ÷åòîâ, ïðîâåäåííûõ â [25]äëÿ ìíîãèõ ïàðàìåòðîâ, îòìå÷àåòñÿ, ÷òî èñïîëüçóåìàÿ íà ïðàêòè-êå ñâÿçü ìåæäó èñòèííûì âíóòðèãëàçíûì äàâëåíèåì è äèàìåòðîìïëîñêîé ÷àñòè îáëàñòè äåôîðìàöèè ðîãîâèöû ãëàçà ïðè èçìåðåíèèïî ìåòîäó Ìàêëàêîâà óäîâëåòâîðèòåëüíî îïèñûâàåòñÿ ðåøåíèÿìèìîäåëüíûõ çàäà÷. Îòìå÷àåòñÿ, ÷òî ñâÿçü p0 = f(d) ñëàáî çàâèñèòîò óïðóãèõ ñâîéñòâ îáîëî÷åê ãëàçà. Îäíàêî óòâåðæäåíèå î òîì, ÷òîèçìåíåíèå äàâëåíèÿ âíóòðè îáîëî÷êè ïðè åå íàãðóæåíèè ñîâïàäà-åò ñ èçìåíåíèåì äàâëåíèÿ â òîé æå îáîëî÷êå ïîñëå ââåäåíèÿ â íååäîïîëíèòåëüíîãî îáúåìà æèäêîñòè, ðàâíîãî êîëè÷åñòâó �ñìåùåí-íîé æèäêîñòè�, íå ñîãëàñóåòñÿ ñ ðåøåíèÿìè ìîäåëüíûõ çàäà÷. Ðå-çóëüòàòû ðàñ÷åòîâ ïîêàçàëè òàêæå, ÷òî íà èñòèííîå çíà÷åíèå ÂÃÄîêàçûâàþò âëèÿíèå ïàðàìåòðû íå òîëüêî ðîãîâèöû, íî è ñêëåðû.Èçâåñòíî, ÷òî ó ëþäåé ñ ìèîïèåé (áëèçîðóêîñòüþ) è ãèïåðìåò-ðîïèåé (äàëüíîçîðêîñòüþ) ãëàç èìååò ôîðìó ýëëèïñîèäà, ïîëóîñèêîòîðîãî ìîãóò ñóùåñòâåííî îòëè÷àòüñÿ. Ïðè÷åì ó ëþäåé ñ ìèîïè-åé äëèíà �ïåðåäíå-çàäíåé îñè� è îáúåì ãëàçà áîëüøå, ÷åì ó ëþäåé ñíîðìàëüíûì çðåíèåì è ó ëþäåé ñ ãèïåðìåòðîïèåé. Â ñâÿçè ñ ýòèìâ ðàáîòàõ [18, 28], ïðîäîëæàÿ èññëåäîâàíèÿ [25], òàêæå îáñóæäà-ëàñü ìàòåìàòè÷åñêàÿ ìîäåëü èçìåðåíèÿ ÂÃÄ ïî ìåòîäó Ìàêëàêîâà,ðîãîâèöà ïî-ïðåæíåìó ìîäåëèðîâàëàñü ñôåðè÷åñêèì ñåãìåíòîì, àñêëåðà � ñåãìåíòîì áîëåå îáùåé ôîðìû � ýëëèïñîèäàëüíûì.Åñëè ïðèíÿòü, ÷òî îáúåì ýëëèïñîèäàëüíîãî ñåãìåíòà ñ ïîëóîñÿ-ìè a è b ðàâåí îáúåìó ñôåðè÷åñêîãî ñåãìåíòà ðàäèóñà Rs, òî ìîæíî



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 31ïîëó÷èòü çàâèñèìîñòü èñòèííîãî ÂÃÄ îò ñîîòíîøåíèÿ ïîëóîñåé ýë-ëèïñîèäàëüíîãî ñåãìåíòà.Ðàñ÷åòû, ïðîâåäåííûå ïðè ðàçëè÷íûõ ïàðàìåòðàõ, ïîêàçàëè,÷òî îäèíàêîâîé çîíå êîíòàêòà ãðóçà è ðîãîâèöû â äàëüíîçîðêèõãëàçàõ (ñïëþñíóòûé ýëëèïñîèä) ñîîòâåòñòâóåò íåñêîëüêî áîëüøååÂÃÄ, ÷åì â ãëàçàõ ñ íîðìàëüíûì çðåíèåì. Â áëèçîðóêèõ ãëàçàõ (âû-òÿíóòûé ýëëèïñîèä) èñòèííîå çíà÷åíèå ÂÃÄ íåçíà÷èòåëüíî (ìåíü-øå ÷åì íà 1 ìì ðò. ñò.), íèæå, ÷åì â ãëàçàõ ñ íîðìàëüíûì çðå-íèåì. Îäíàêî åñëè ìû áóäåì ó÷èòûâàòü, ÷òî ó ëþäåé ñ ìèîïèåéîáúåì ãëàçà îáû÷íî áîëüøå, ÷åì ó ëþäåé ñ íîðìàëüíûì çðåíèåì èó ëþäåé ñ ãèïåðìåòðîïèåé, òî ìîæíî ïîëó÷èòü çàâèñèìîñòü, ïðåä-ñòàâëåííóþ íà ðèñ. 12, êîòîðàÿ õîðîøî ñîãëàñóåòñÿ ñ êëèíè÷åñêèìèäàííûìè [18]. Íà ðèñ. 12 ÏÇÎ � äëèíà �ïåðåäíå-çàäíåé îñè�= 2a,
b = 12 ìì, âåñ òîíîìåòðà P = 10 ã.)

Ðèñ. 12. Çàâèñèìîñòü èñòèííîãî ÂÃÄ îò îáúåìà ãëàçà.Òàêèì îáðàçîì, â çîíå ðåàëüíîãî âíóòðèãëàçíîãî äàâëåíèÿ (p =
14−20 ìì ðò. ñò.) ìîäåëü ñîïðÿæåííûõ îáîëî÷åê õîðîøî îïèñûâàåòçàâèñèìîñòü ïîêàçàòåëåé ÂÃÄ, ïîëó÷åííûõ ìåòîäîì Ìàêëàêîâà, îòîáúåìà ãëàçà. Ðåçóëüòàòû ïîêàçàëè òàêæå, ÷òî ïîêàçàòåëè ÂÃÄ,ïîëó÷åííûå ïðè P = 10 ã (ýòîò ãðóç íàèáîëåå ÷àñòî èñïîëüçóåòñÿâ íàøèõ ìåäèöèíñêèõ ó÷ðåæäåíèÿõ), ñëàáî çàâèñÿò îò òîëùèíûðîãîâèöû.



32 Ñ. Ì. Áàóýð, Å. Á. ÂîðîíêîâàÊàê óæå îòìå÷àëîñü, ïðè àïïëàíàöèîííîé òîíîìåòðèè èçìåðå-íèå ÂÃÄ ìîæåò ïðîèçâîäèòüñÿ ïî âåëè÷èíå äåôîðìàöèè ïðè çàäàí-íîì ãðóçå (ïî ìåòîäó Ìàêëàêîâà) èëè ïî âåëè÷èíå äàâëåíèÿ íà ãëàçïðè îäíîé è òîé æå çîíå êîíòàêòà (ïî ìåòîäó Ãîëüäìàíà). Ñ òî÷-êè çðåíèÿ ìàòåìàòèêè ýòî ïðÿìàÿ è îáðàòíàÿ çàäà÷è ïðè îäíîé èòîé æå ìåõàíè÷åñêîé ìîäåëè. Òî åñòü îïèñàííàÿ âûøå è ïîäðîáíîïðåäñòàâëåííàÿ â ðàáîòàõ [25, 26] ìîäåëü ñîïðÿæåííûõ îáîëî÷åêìîæåò áûòü èñïîëüçîâàíà è äëÿ îïèñàíèÿ òîíîìåòðà Ãîëüäìàíà.Îäíàêî è â ýòîì ñëó÷àå, òàê êàê ðîãîâèöà ðàññìàòðèâàëàñü êàêìÿãêàÿ îáîëî÷êà, ðåçóëüòàòû ðàñ÷åòîâ ãîâîðÿò î òîì, ÷òî ïîêàçà-òåëè ÂÃÄ äîëæíû áûòü íå ÷óâñòâèòåëüíû ê òîëùèíå ðîãîâèöû, íîýòî íå ñîîòâåòñòâóåò äàííûì îôòàëüìîëîãîâ.Â íàñòîÿùåå âðåìÿ âî ìíîãèõ ðàáîòàõ [6, 24] îáñóæäàåòñÿ ÷óâ-ñòâèòåëüíîñòü ïîêàçàòåëåé òîíîìåòðà Ãîëüäìàíà ê òîëùèíå ðîãî-âèöû â öåíòðàëüíîé çîíå.Â ðàáîòå [6] íà îñíîâå àíàëèçà ãðóïïû èç 1100 ïàöèåíòîâ ïðåäëà-ãàëîñü â çàâèñèìîñòè îò òîëùèíû ðîãîâèöû, ïîëó÷åííîé ïðè ïîìî-ùè êåðàòîïàõèìåòðèè � ïðîöåäóðû èçìåðåíèÿ òîëùèíû ðîãîâèöûâ öåíòðàëüíîé çîíå, âûäåëèòü 5 óñëîâíûõ ãðóïï: I � �óëüòðàòîí-êèå�, II � �òîíêèå�, III � �íîðìàëüíûå�, IV � �òîëñòûå�, V � �óëü-òðàòîëñòûå� ðîãîâèöû. Ñ ó÷åòîì äàííûõ [6] â ðàáîòå [24] â êàæäîéóñëîâíîé ãðóïïå ïðîâåäåí ñðàâíèòåëüíûé àíàëèç ïîêàçàòåëåé ÂÃÄ,ïîëó÷åííûõ íà îäíèõ è òåõ æå ãëàçàõ ðàçíûìè ìåòîäàìè. Ðåçóëü-òàòû ïîêàçàëè, ÷òî äàííûå ÂÃÄ, ïîëó÷åííûå ìåòîäîì Ìàêëàêîâàñóùåñòâåííî ìåíåå ÷óâñòâèòåëüíû ê çíà÷åíèþ òîëùèíû ðîãîâèöû,÷åì äàííûå, ïîëó÷åííûå òîíîìåòðîì Ãîëüäìàíà.Ðîãîâèöà, êàê è ñêëåðà, áëèçêà ê ìÿãêîé îáîëî÷êå, íî óïðóãèìèñâîéñòâàìè îáëàäàåò è ïðè èçãèáå. Ïî äàííûì [40], è ñêëåðà, è ðî-ãîâèöà áëèçêè ê òðàíñâåðñàëüíî-èçîòðîïíûì îáîëî÷êàì, ó êîòîðûõìîäóëü óïðóãîñòè â íàïðàâëåíèè òîëùèíû îáîëî÷êè ñóùåñòâåííîìåíüøå òàíãåíöèàëüíîãî ìîäóëÿ.Â ñâÿçè ñ ýòèì áûëî âûïîëíåíî êîíå÷íî-ýëåìåíòíîå ìîäåëèðî-âàíèå çàäà÷è â ïðîãðàììíîì ïàêåòå ANSYS-âåðñèÿ 9.0 [24, 27, 76].Óïðóãàÿ ñèñòåìà �ðîãîâèöà � ñêëåðà� ïðåäñòàâëÿëà ñîáîé ñîïðÿæå-íèå äâóõ ñôåðè÷åñêèõ îáîëî÷åê ñ ðàçíûìè äèàìåòðàìè è ðàçíûìèóïðóãèìè ñâîéñòâàìè. Ðàñ÷åòû ïîêàçàëè, ÷òî âîçìóùåíèå, âíîñè-ìîå â óïðóãóþ ñèñòåìó (�ðîãîâèöà � ñêëåðà�) òîíîìåòðîì Ãîëüä-



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 33ìàíà, ëîêàëèçîâàíî âáëèçè îáëàñòè êîíòàêòà è íà ñòûêå ðîãîâèöûñî ñêëåðîé óæå äîâîëüíî ìàë�o, ò.å. â ýòîì ñëó÷àå äåôîðìèðîâàíèåðîãîâèöû â îñíîâíîì çàâèñèò îò óïðóãèõ ñâîéñòâ è ãåîìåòðèè ðîãî-âèöû. Ïîýòîìó áåç ïîòåðè òî÷íîñòè ñèñòåìà �ðîãîâèöà � ñêëåðà� âðÿäå ðàáîò çàìåíåíà òðàíñâåðñàëüíî-èçîòðîïíîé ñôåðè÷åñêîé îáî-ëî÷êîé ïîñòîÿííîé òîëùèíû, èìåþùåé ðàäèóñ ðîãîâèöû. Îäíàêîïðè ìîäåëèðîâàíèè èçìåðåíèÿ ÂÃÄ òîíîìåòðîì Ìàêëàêîâà, îñî-áåííî ãðóçîì 10 ã, ò.å. â ñëó÷àå, êîãäà çîíà êîíòàêòà îêàçûâàåò-ñÿ çíà÷èòåëüíî áoëüøåé, îáîëî÷êà ñêëåðû ìîæåò îêàçûâàòü ñóùå-ñòâåííîå âëèÿíèå íà ïðîöåññ äåôîðìèðîâàíèÿ. Ïîýòîìó â ðàáîòàõ[13, 23, 79] êîðíåîñêëåðàëüíàÿ îáîëî÷êà ìîäåëèðóåòñÿ ñîïðÿæåííû-ìè îáîëî÷êàìè. Çàäà÷à ðåøàëàñü â ïðåäïîëîæåíèè îñåâîé ñèììåò-ðèè.Ðàñ÷åòû ïîêàçàëè, ÷òî, ÷åì ìåíüøå çîíà êîíòàêòà ãðóçà è îáî-ëî÷êè (çà ñ÷åò âåëè÷èíû ãðóçà èëè âíóòðåííåãî äàâëåíèÿ), òåìáîëüøå äîëÿ óñèëèé, èäóùèõ íà èçãèáíûå äåôîðìàöèè [13]. Òîëùè-íà ðîãîâèöû ñóùåñòâåííî âëèÿåò èìåííî íà èçãèáíûå äåôîðìàöèèîáîëî÷êè. Òàêèì îáðàçîì, òàê êàê ïðè èçìåðåíèè ÂÃÄ òîíîìåòðîìÃîëüäìàíà äèàìåòð çîíû êîíòàêòà 3.06 ìì, à ïðè èçìåðåíèè òîíî-ìåòðîì Ìàêëàêîâà (5 è 10 ã) ïðè �ñðåäíèõ� äàâëåíèÿõ (îò 10 äî30 ìì ðò. ñò.) äèàìåòð çîíû êîíòàêòà áîëüøå, òî ïîêàçàòåëè ÂÃÄïðè èçìåðåíèè òîíîìåòðîì Ãîëüäìàíà ñóùåñòâåííî áîëåå ÷óâñòâè-òåëüíû ê èçìåíåíèþ òîëùèíû ðîãîâèöû, ÷åì ïîêàçàòåëè ÂÃÄ ïðèèçìåðåíèè òîíîìåòðîì Ìàêëàêîâà. Áîëåå òîãî, ðàñ÷åòû ïîêàçûâà-þò òàêæå, ÷òî âëèÿíèå òîëùèíû ðîãîâèöû íà ïîêàçàòåëè ÂÃÄ ïðèèçìåðåíèè òîíîìåòðîì Ìàêëàêîâà âåñîì 5 ã áîëüøå, ÷åì íà ïîêàçà-òåëè ÂÃÄ ïðè èçìåðåíèè òîíîìåòðîì âåñîì 10 ã. Ýòî ïîäòâåðäèëèè êëèíè÷åñêèå äàííûå [24]. Àíàëèçó ïîäâåðãàëàñü íåáîëüøàÿ ãðóï-ïà ïàöèåíòîâ. Òîëùèíà ðîãîâèöû ïàöèåíòîâ ìåíÿëàñü îò 0.456 äî0.608 ìì. Ïðîâîäèëñÿ àíàëèç ïîêàçàòåëåé ÂÃÄ, ïîëó÷åííûõ íà îä-íîì è òîì æå ãëàçó òîíîìåòðàìè Ìàêëàêîâà âåñîì 5 è 10 ãðàììîâ.Ïîêàçàòåëè ÂÃÄ, ïîëó÷åííûå òîíîìåòðîì 10 ã., ìåíÿëèñü â äèàïà-çîíå îò 18 äî 20 ìì. ðò. ñò. Ïîêàçàòåëè ÂÃÄ, ïîëó÷åííûå íà òåõ æåãëàçàõ òîíîìåòðîì 5 ã, ìåíÿëèñü â äèàïàçîíå îò 12 äî 17 ìì ðò. ñò.Ðåçóëüòàòû ðàñ÷åòîâ ïðè ðàçíûõ ìîäóëÿõ óïðóãîñòè ïîêàçàëè,÷òî íà äåôîðìàöèè îáîëî÷åê, à çíà÷èò, è íà ïîêàçàòåëè ÂÃÄ íàè-áîëåå ñóùåñòâåííîå âëèÿíèå îêàçûâàåò ìîäóëü ñäâèãà â ïëîñêîñòè,



34 Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâàïåðïåíäèêóëÿðíîé ê ïîâåðõíîñòè, à ýòîò ìîäóëü â òðàíñâåðñàëüíî-èçîòðîïíîé îáîëî÷êå íå çàâèñèò îò òàíãåíöèàëüíîãî ìîäóëÿ óïðó-ãîñòè. Äëÿ ðîãîâèöû, ñîñòîÿùåé èç íåñêîëüêèõ ñëîåâ, ýòîò ìîäóëüõàðàêòåðèçóåò ñâÿçü ýòèõ ñëîåâ, è èçâåñòíî òîëüêî, ÷òî ýòîò ìîäóëüèìååò ìàëîå çíà÷åíèå.Â ðàáîòå [45] ïîñòðîåíû ìîäåëè àïïëàíàöèîííîé òîíîìåòðèè(òîíîìåòð Ìàêëàêîâà è Ãîëüäìàíà) ñ ó÷åòîì ìíîãîñëîéíîñòè ðîãî-âèöû. Ñðàâíåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ ïðè ìîäåëèðîâàíèè àï-ïëàíàöèîííûõ ìåòîäîâ òîíîìåòðèè äëÿ ìíîãîñëîéíîé ðîãîâèöû, ñðåçóëüòàòàìè, ïîëó÷åííûìè òåì æå ìåòîäîì äëÿ îäíîðîäíîé ðîãî-âèöû, íî ñ îñðåäíåííûìè çíà÷åíèÿìè óïðóãèõ ïàðàìåòðîâ ñîñòàâ-ëÿþùèõ åå ñëîåâ, ïîêàçàëî, ÷òî çîíà êîíòàêòà â ïåðâîì ñëó÷àå áîëü-øå, à ñëåäîâàòåëüíî, âåëè÷èíà èñòèííîãî âíóòðèãëàçíîãî äàâëåíèÿìåíüøå.Èçâåñòíî íåñêîëüêî ðàçíîâèäíîñòåé îïåðàöèé ïî êîððåêöèè çðå-íèÿ, â ÷èñëî êîòîðûõ âõîäÿò ôîòîðåôðàêöèîííàÿ êåðàòýêòîìèÿ(ÔÐÊ) è ëàçåðíûé êåðàòîìèëåç (ËÀÇÈÊ, LASIK). Õîòÿ â îáîèõñëó÷àÿõ èñïîëüçóåòñÿ îäèí è òîò æå ýêñèìåðíûé ëàçåð, òåõíèêèîïåðàöèè ñóùåñòâåííî ðàçëè÷àþòñÿ. Ïðè ÔÐÊ âîçäåéñòâèþ ëàçåð-íîãî ëó÷à ïîäâåðãàåòñÿ íàðóæíàÿ ïîâåðõíîñòü ðîãîâèöû. Ïðè îïå-ðàöèè ËÀÇÈÊ ïåðåäíèå ñëîè ðîãîâèöû ïîñëå ñïåöèàëüíîãî ðàçðåçàïðèïîäíèìàþòñÿ, ïðè ýòîì îáíàæàþòñÿ áîëåå ãëóáîêèå ñëîè, êîòî-ðûå è ìîäåëèðóþòñÿ ýêñèìåðíûì ëàçåðíûì ëó÷îì. Â ðåçóëüòàòåòàêîãî âîçäåéñòâèÿ îáðàçóåòñÿ åùå îäèí äîïîëíèòåëüíûé ñëîé.Ìîäåëü ìíîãîñëîéíîé îáîëî÷êè [22] ïîçâîëèëà îáúÿñíèòü êëè-íè÷åñêèå äàííûå, ïðåäñòàâëåííûå îôòàëüìîëîãàìè â ðàáîòå [52]è ïîêàçûâàþùèå, ÷òî ïîñëå ðåôðàêöèîííûõ îïåðàöèé ïðîèñõîäèòñíèæåíèå ïîêàçàòåëåé âíóòðèãëàçíîãî äàâëåíèÿ, èçìåðåííûõ òîíî-ìåòðàìè Ãîëüäìàíà è Ìàêëàêîâà. Ïðè ýòîì ïîñëå îïåðàöèè ËÀ-ÇÈÊ íàáëþäàþòñÿ áîëåå íèçêèå ïîêàçàòåëè âíóòðèãëàçíîãî äàâëå-íèÿ, ÷åì ïîñëå îïåðàöèè ÔÐÊ ïðè îäèíàêîâîì èçìåíåíèè òîëùèíûè êðèâèçíû ðîãîâèöû, ÷òî ìîæåò áûòü îáúÿñíåíî ïîÿâëåíèåì äî-ïîëíèòåëüíîãî ñëîÿ, âîçíèêàþùåãî ïðè îïåðàöèÿõ ËÀÇÈÊ.Â ðàáîòå îôòàëüìîëîãîâ [1] îòìå÷àåòñÿ, ÷òî òîíîìåòð Ìàêëà-êîâà ÿâëÿåòñÿ ìåíåå ÷óâñòâèòåëüíûì ê òîëùèíå, íî åñëè ðîãîâèöàÿâëÿåòñÿ �ñëèøêîì ïëîñêîé�, ò.å. åñëè ðàäèóñ êðèâèçíû ñòàíîâèò-ñÿ ñëèøêîì áîëüøèì, òî òîíîìåòð Ìàêëàêîâà ìîæåò äàâàòü çà-



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 35íèæåííûå ïîêàçàòåëè ÂÃÄ. Â ðàáîòå [75] ðàññìàòðèâàëàñü çàäà÷àî íàïðÿæåííî-äåôîðìèðîâàííîì ñîñòîÿíèè è ïîòåðå óñòîé÷èâîñòèòðàíñâåðñàëüíî-èçîòðîïíîãî ñåãìåíòà ïåðåìåííîé òîëùèíû, íàõî-äÿùåãîñÿ ïîä äåéñòâèåì âíóòðåííåãî äàâëåíèÿ è ãðóçà ñ ïëîñêèìîñíîâàíèåì. Ðåçóëüòàòû ðàñ÷åòîâ ïðè ïàðàìåòðàõ, áëèçêèõ ê ïàðà-ìåòðàì ðîãîâèöû, ïîêàçàëè, ÷òî ïðè áîëüøèõ ðàäèóñàõ êðèâèçíûâîçìîæíî íàðóøåíèå êîíòàêòà ãðóçà è îáîëî÷êè â öåíòðå çîíû êîí-òàêòà è óâåëè÷åíèå âíåøíåãî ðàäèóñà êîíòàêòà, ÷òî è ïðèâîäèò êçàíèæåííûì ïîêàçàòåëÿì ÂÃÄ.8. Î çàâèñèìîñòè �îáúåì�äàâëåíèå� äëÿ ãëàçíîãîÿáëîêà. Èçìåíåíèå ÂÃÄ ïðè ââåäåíèè èíúåêöèé âñòåêëîâèäíîå òåëîÎäíèì èç ñîâðåìåííûõ ñïîñîáîâ ëå÷åíèÿ íåêîòîðûõ ãëàçíûõ çà-áîëåâàíèé ÿâëÿåòñÿ èíúåêöèÿ � ââåäåíèå íåáîëüøîé (äî 0,2 ìë) äî-çû ëå÷åáíîãî ïðåïàðàòà â ñòåêëîâèäíîå òåëî. Çà ñ÷åò êðàòêîâðåìåí-íîãî óâåëè÷åíèÿ âíóòðåííåãî îáúåìà ãëàçíîãî ÿáëîêà ïðè ââåäåíèèèíúåêöèé â ïåðâûé ìîìåíò ïðîèñõîäèò ðåçêîå óâåëè÷åíèå âíóòðè-ãëàçíîãî äàâëåíèÿ (ÂÃÄ). Äàæå êðàòêîâðåìåííîå óâåëè÷åíèå ÂÃÄâûøå îïðåäåëåííîãî èíäèâèäóàëüíîãî óðîâíÿ ìîæåò ïðèâåñòè ê íà-ðóøåíèþ êðîâîîáðàùåíèÿ íà ñåò÷àòêå è â äèñêå çðèòåëüíîãî íåðâà,ïîýòîìó âàæíî â êàæäîì êîíêðåòíîì ñëó÷àå îöåíèòü âîçìîæíûéóðîâåíü èçìåíåíèÿ ÂÃÄ â ðåçóëüòàòå èíúåêöèè è ðèñê äëÿ îòäåëü-íîãî ïàöèåíòà, à òàêæå, âîçìîæíî, íà îñíîâå ýòèõ äàííûõ ðåêîìåí-äîâàòü óìåíüøåííóþ äîçó ïðåïàðàòà äëÿ îòäåëüíûõ áîëüíûõ. Ñòî÷êè çðåíèÿ ìåõàíèêè ýòî çàäà÷à îïðåäåëåíèÿ èçìåíåíèÿ âíóòðåí-íåãî äàâëåíèÿ â îáîëî÷êå, çàïîëíåííîé íåñæèìàåìîé æèäêîñòüþ,ïðè ââåäåíèè äîïîëíèòåëüíîãî îáúåìà íåñæèìàåìîé æèäêîñòè. Âðàáîòàõ [16, 90] â ðàìêàõ òðåõìåðíîé òåîðèè óïðóãîñòè ïîñòðîåíîðåøåíèå çàäà÷è Ëàìå î ïðîãèáå òðàíâåðñàëüíî-èçîòðîïíîãî ñôåðè-÷åñêîãî ñëîÿ ñ âíóòðåííèì ðàäèóñîì R1 è âíåøíèì ðàäèóñîì R2ïîä äåéñòâèåì âíóòðåííåãî äàâëåíèÿ p. Â ýòîì ñëó÷àå óðàâíåíèåðàâíîâåñèÿ òðàíñâåðñàëüíî-èçîòðîïíîé îáîëî÷êè èìååò âèä
d2uρ

dρ2
+

2

ρ

duρ

dρ
+

2E(ν′ − 1)

E′(1 − ν)

uρ

ρ2
= 0.



36 Ñ. Ì. Áàóýð, Å. Á. ÂîðîíêîâàÇäåñü E, E′ � ñîîòâåòñòâåííî ìîäóëè Þíãà ïðè ðàñòÿæåíèèè-ñæàòèè â ïîâåðõíîñòè èçîòðîïèè è â íàïðàâëåíèè, ïåðïåíäèêóëÿð-íîì ê íåé; ν è ν′ � êîýôôèöèåíòû Ïóàññîíà. Ðåøåíèå ýòîãî óðàâ-íåíèÿ èìååò âèä
uρ =

C1

ρm+1
+ C2u

m
ρ , m = −1

2
+

√
1 + 4b

2
; b =

2E(ν′ − 1)

E′(1− ν)
.Îòìåòèì, ÷òî â èçîòðîïíîì ñëó÷àå m = 1, òàê êàê E = E′, ν′ = νè b = 2. Ðåøåíèå ñîâïàäàåò ñ èçâåñòíûì êëàññè÷åñêèì. Êîíñòàíòû

Ci îïðåäåëÿþòñÿ èç óñëîâèé íà ïîâåðõíîñòè ñôåðû. Íà îñíîâå ïî-ëó÷åííîãî ðåøåíèÿ îïðåäåëåíî èçìåíåíèå âíóòðåííåãî äàâëåíèÿ âîáîëî÷êå, çàïîëíåííîé íåñæèìàåìîé æèäêîñòüþ, ïðè ââåäåíèè äî-ïîëíèòåëüíîãî îáúåìà òàêîé æå æèäêîñòè. Ñêëåðàëüíàÿ îáîëî÷êàãëàçà, êàê óæå óïîìèíàëîñü, ÿâëÿåòñÿ ñèëüíî àíèçîòðîïíîé: ìîäóëüóïðóãîñòè ñêëåðû â íàïðàâëåíèè åå òîëùèíû ñóùåñòâåííî ìåíü-øå ìîäóëÿ óïðóãîñòè â òàíãåíöèàëüíîì íàïðàâëåíèè. Äëÿ òàêîéîáîëî÷êè ðàñ÷åòû ïî ðàçëè÷íûì òåîðèÿì îáîëî÷åê, ïîëàãàþùèìòîëùèíó îáîëî÷êè íåèçìåííîé, ìîãóò ïðèâåñòè ê ðåçóëüòàòàì, êî-òîðûå íå ñîãëàñóþòñÿ ñ êëèíè÷åñêèìè äàííûìè. Ïîñòðîåííàÿ ìî-äåëü ïîçâîëÿåò äëÿ ãëàç, èìåþùèõ ôîðìó, áëèçêóþ ê ñôåðè÷åñêîé,àäåêâàòíî îöåíèòü èçìåíåíèå âíóòðèãëàçíîãî äàâëåíèÿ (ÂÃÄ) ïðèââåäåíèè â ñêëåðàëüíóþ îáîëî÷êó ãëàçà íåáîëüøîé äîçû ëå÷åáíîãîïðåïàðàòà. Ïîëó÷åííîå àíàëèòè÷åñêîå ðåøåíèå ïîçâîëÿåò ïîëó÷èòüèçìåíåíèå òîëùèíû ñëîÿ ñêëåðû ïîä äåéñòâèåì äàâëåíèÿ p:
∆h = uρ(R2, p)− uρ(R1, p).Èçìåíåíèå òîëùèíû ñêëåðàëüíîé îáîëî÷êè ïðè óâåëè÷åíèèÂÃÄ, êàê îäèí èç ðåçóëüòàòîâ ïðåäñòàâëåííîãî ìîäåëèðîâàíèÿ, ñî-ãëàñóåòñÿ ñ èìåþùèìèñÿ êëèíè÷åñêèìè äàííûìè [90], à òàêæå ñäàííûìè î òîì, ÷òî ïðè ãëàóêîìå, ãëàçíîì çàáîëåâàíèè, ñîïðîâîæ-äàþùèìñÿ, êàê ïðàâèëî, ïîâûøåííûì óðîâíåì ÂÃÄ, òàêæå íàáëþ-äàåòñÿ óìåíüøåíèå òîëùèíû ñêëåðû.Ðåøåíèå áîëåå îáùåé çàäà÷è îá èçìåíåíèè âíóòðåííåãî äàâëå-íèÿ ïðè èçìåíåíèè âíóòðåííåãî îáúåìà îáîëî÷êè ýëëèïñîèäàëü-íîé ôîðìû ïîçâîëèò îöåíèâàòü ÂÃÄ ïîñëå èíúåêöèé â äàëüíî-çîðêèõ è áëèçîðóêèõ ãëàçàõ. À èçâåñòíî, ÷òî çàâèñèìîñòü �îáúåì



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 37� äàâëåíèå� î÷åíü ÷óâñòâèòåëüíà ê íà÷àëüíîé ôîðìå [14, 15, 36].Íà ðèñ. 13 (ñëåâà) ïðåäñòàâëåíî îòíîñèòåëüíîå èçìåíåíèå îáúå-ìà èçîòðîïíûõ ýëëèïñîèäàëüíûõ îáîëî÷åê, èìåþùèõ ïåðâîíà÷àëü-íî îäèíàêîâûé îáúåì, íî ðàçíûå îòíîøåíèÿ âåðòèêàëüíîãî è ãî-ðèçîíòàëüíîãî äèàìåòðà îáîëî÷êè k ïðè íàãðóæåíèè âíóòðèãëàç-íûì äàâëåíèåì 45 ìì ðò.ñò. (Ðàñ÷åòû ïðîâåäåíû ïðè R0 = 12 ìì,
E = 14.3ÌÏà, h = 0.5 ìì.) Íà ðèñ. 13 (ñïðàâà) äëÿ òåõ æå îáîëî÷åêïðåäñòàâëåíî èçìåíåíèå äàâëåíèÿ ïðè èçìåíåíèè îáúåìà íà 0.1 ìë(ââåäåíèå èíúåêöèè). Âèäíî, ÷òî ôîðìà îáîëî÷êè ñóùåñòâåííî âëè-ÿåò íà îòíîøåíèå ∆P/∆V . Ìàêñèìàëüíîå çíà÷åíèå ýòî îòíîøåíèåïðèíèìàåò äëÿ ñôåðè÷åñêîé îáîëî÷êè.
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Ðèñ. 13. Îòíîñèòåëüíîå èçìåíåíèå îáúåìà (ñëåâà) è àáñîëþòíîåèçìåíåíèå äàâëåíèÿ (ñïðàâà).Ñðàâíåíèå òî÷íîãî ðåøåíèÿ, ïîëó÷åííîãî â ðàìêàõ òðåõìåðíîéòåîðèè óïðóãîñòè, ñ ðåøåíèÿìè íà îñíîâå òåîðèè àíèçîòðîïíûõîáîëî÷åê ïîçâîëÿåò îöåíèòü (ñì.: [10]), íàñêîëüêî òî÷íî òåîðèè îáî-ëî÷åê ìîãóò îïèñûâàòü ðåøåíèå çàäà÷è è íàñêîëüêî ïðèìåíèìûäëÿ îáîëî÷åê áîëåå ñëîæíîé ôîðìû.Áóäåì ñ÷èòàòü, ÷òî òðàíñâåðñàëüíî-èçîòðîïíûé ñëîé ÿâëÿåòñÿòîíêèì, ò.å. îòíîñèòåëüíàÿ òîëùèíà îáîëî÷êè α = h/R ÿâëÿåòñÿìàëîé âåëè÷èíîé. Çäåñü h = R2 − R1 � òîëùèíà ñëîÿ (îáîëî÷êè),
R = (R1 + R2)/2 � ðàäèóñ ñðåäèííîé ïîâåðõíîñòè ñëîÿ. Òîãäà ïîêëàññè÷åñêîé òåîðèè îáîëî÷åê ïðîãèá ñôåðè÷åñêîé îáîëî÷êè ïîääåéñòâèåì âíóòðåííåãî äàâëåíèÿ èìååò âèä

uKL = p
(1− ν)R2

2Eh



38 Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâà(êàê è ðàíüøå E � òàíãåíöèàëüíûé ìîäóëü óïðóãîñòè â ïîâåðõíî-ñòè èçîòðîïèè). Äëÿ òðàíñâåðñàëüíî-èçîòðîïíîãî ñëîÿ ïåðâûå äâà÷ëåíà àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ôóíêöèè ïðîãèáà ñðåäèííîéïîâåðõíîñòè, ïîëó÷åííîé ïî òðåõìåðíîé òåîðèè [16], â áåçðàçìåð-íîì âèäå äàäóò ñîîòíîøåíèå
u3D/uKL = 1− α(1 − ν∗)− α2 3ν

′ − ν∗ − 11ν∗ν′

12ν′
.Çäåñü

ν∗ =
E

E′

ν′

1− ν
, E∗ =

E′

1− 2ν′ν∗
,

E′ � ìîäóëü Þíãà ïðè ðàñòÿæåíèè-ñæàòèè â íàïðàâëåíèè, ïåðïåí-äèêóëÿðíîì ïëîñêîñòè èçîòðîïèè.Íîðìàëüíûå íàïðÿæåíèÿ â ñðåäèííîé ïîâåðõíîñòè ñëîÿ ðàâíû
σ3D
zz /p = −1

2

(
1− α− α2

4

(
E

E′

1− ν′

1− ν
− 1

))
.Óòî÷íåííàÿ òåîðèÿ àíèçîòðîïíûõ ïëàñòèí è îáîëî÷åê, ïðåäñòàâ-ëåííàÿ â ìîíîãðàôèè Â.À. Ðîäèîíîâîé, Á.Ô. Òèòàåâà, Ê.Ô. ×åðíû-õà [65], ïîçâîëÿåò ïðè ïîñòðîåíèè ìîäåëè äåôîðìàöèè àíèçîòðîï-íûõ îáîëî÷åê ó÷èòûâàòü íå òîëüê, ïîïåðå÷íûå ñäâèãè, ïîïåðå÷-íûå íîðìàëüíûå íàïðÿæåíèÿ, ïîâîðîòû âîëîêîí, íî è èçìåíåíèÿèõ äëèíû â ïðîöåññå äåôîðìàöèè.Áåçðàçìåðíûå ñîîòíîøåíèÿ äëÿ íîðìàëüíîãî ïðîãèáà è íîð-ìàëüíûõ íàïðÿæåíèé, ïîëó÷åííûå ïî èòåðàöèîííîé òåîðèè Ðîäèî-íîâîé � Òèòàåâà �×åðíûõà, èìåþò âèä

uRTCh/uKL = 1−α(1− ν∗)− α2

12

(
3− 12ν∗ − 2(ν∗)2 − 6E2

5(1− ν)E∗

)
,

σRTCh
zz /p = −1

2

(
1− 3

2
α+

3

8
α2

)
.Áåçðàçìåðíûå ñîîòíîøåíèÿ äëÿ íîðìàëüíîãî ïðîãèáà è íîð-ìàëüíûõ íàïðÿæåíèé ïîëó÷åííûå ïî òåîðèè îáîëî÷åê ñðåäíåé òîë-ùèíû Ïàëèÿ � Ñïèðî [62]:

uP /uKL = 1− α(1 − ν∗), σP
zz/p = −1

2

(
1− α+

α2

4

)
.



Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå â îôòàëüìîëîãèè 39Òàêèì îáðàçîì, îáå òåîðèè îáîëî÷åê, ó÷èòûâàþùèå èçìåíåíèåòîëùèíû îáîëî÷êè ïðè äåôîðìàöèè, ïîçâîëÿþò ïîñòðîèòü äëÿ ïðî-ãèáà ïåðâûå äâà ÷ëåíà àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ òî÷íîãî ðå-øåíèÿ ïðè ìàëûõ çíà÷åíèÿõ α = h/R. Ïåðâûå äâà ÷ëåíà ñîîòíîøå-íèé, îïèñûâàþùèõ íîðìàëüíûå ( è òàíãåíöèàëüíûå) íàïðÿæåíèÿ âôèáðîçíîé îáîëî÷êå, ïîëó÷åííûå ïî òåîðèè Ïàëèÿ � Ñïèðî, òàê-æå ñîâïàäàþò ñ òî÷íûì ðåøåíèåì. Ðåçóëüòàòû, ïîëó÷àþùèåñÿ äëÿíîðìàëüíûõ íàïðÿæåíèé ïî òåîðèè Ðîäèîíîâîé � Òèòàåâà � ×åð-íûõà îòëè÷àþòñÿ îò òî÷íîãî ðåøåíèÿ óæå âî âòîðîì ÷ëåíå, ò.å. âäàííîé çàäà÷å äëÿ îöåíêè íàïðÿæåíèé áîëåå òî÷íûå ðåçóëüòàòûïîëó÷àþòñÿ ïî òåîðèè Ïàëèÿ � Ñïèðî.9. Çàêëþ÷åíèåÂ äàííîì îáçîðå ïðåäñòàâëåíà ÷àñòü èññëåäîâàíèé, âûïîëíåí-íûõ ñ ïðèëîæåíèåì òåîðèè îáîëî÷åê è ïëàñòèí ê çàäà÷àì îô-òàëüìîëîãèè. Ìîæíî îòìåòèòü, ÷òî òàêæå ïðîâîäèëèñü èññëåäîâà-íèÿ àáåððîìåòðè÷åñêèõ ïîêàçàòåëåé [4, 5]; ñîâìåñòíî ñ ñîòðóäíè-êàìè ëàáîðàòîðèè ôèçèîëîãèè çðåíèÿ (èíñòèòóòà ôèçèîëîãèè èì.È.Ï. Ïàâëîâà) ïðîâîäèëèñü èññëåäîâàíèÿ ñêîðîñòè äâèæåíèÿ ãëàçâ çàâèñèìîñòè îò ðàçíûõ òåñòîâ, âûïîëíåííûõ íà ñèñòåìå �JazzNovo Standard� [21, 51], îáñóæäàëèñü ìîäåëè òîíîãðàôèè [71].Â ðåçóëüòàòå ìíîãîëåòíåé ðàáîòû ñ îôòàëüìîëîãàìè ïîñòðîåíðÿä èíòåðåñíûõ ìåõàíè÷åñêèõ ìîäåëåé, êîòîðûå ïîìîãëè îáúÿñ-íèòü íåêîòîðûå íàáëþäàåìûå ÿâëåíèÿ, íî ýòè ìîäåëè èíîãäà ïî-ìîãëè è ïîëó÷èòü íîâûå ðåçóëüòàòû â ìåõàíèêå äåôîðìèðóåìîãîòåëà, íàïðèìåð: ðåøèòü çàäà÷ó îá óñòîé÷èâîñòè îñåñèììåòðè÷íîéôîðìû ðàâíîâåñèÿ êîëüöåâûõ íåîäíîðîäíûõ îðòîòðîïíûõ ïëàñòèí,íàõîäÿùèõñÿ ïîä äåéñòâèåì íîðìàëüíîãî äàâëåíèÿ; ðåøèòü çàäà-÷ó îá óñòîé÷èâîñòè ñåãìåíòà îðòîòðîïíîé îáîëî÷êè, íàõîäÿùåãî-ñÿ ïîä äåéñòâèåì íîðìàëüíîãî âíóòðåííåãî äàâëåíèÿ è ïðèëîæåí-íîãî ãðóçà ñ ïëîñêèì îñíîâàíèåì; ðåøèòü çàäà÷è î äåôîðìàöèèòðàíñâåðñàëüíî-èçîòðîïíûõ ñôåðè÷åñêèõ è öèëèíäðè÷åñêèõ ñëî-åâ, íàõîäÿùèõñÿ ïîä äåéñòâèåì âíóòðåííåãî è âíåøíåãî äàâëåíèé.Ñðàâíåíèå ýòèõ ðåøåíèé ñ ðåøåíèÿìè, ïîëó÷àþùèìèñÿ ïî íåêëàñ-ñè÷åñêèì òåîðèÿì îáîëî÷åê, ïîçâîëèëè îöåíèòü òî÷íîñòü íåêîòî-



40 Ñ. Ì. Áàóýð, Å. Á. Âîðîíêîâàðûõ òåîðèé.Ðàáîòà ñ îôòàëüìîëîãàìè ïðîäîëæàåòñÿ, âîçíèêàþò íîâûå çà-äà÷è, ñâÿçàííûå è ñ ðàçâèòèåì ðåôðàêöèîííîé õèðóðãèè, è ñ ïî-ÿâëåíèåì íîâûõ òîíîìåòðîâ è íîâûõ äàííûõ, êîòîðûå ïîëó÷àþòîôòàëüìîëîãè.
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ÓÑÒÎÉ×ÈÂÎÑÒÜ ÀÍÈÇÎÒÐÎÏÍÎÉÖÈËÈÍÄÐÈ×ÅÑÊÎÉ ÎÁÎËÎ×ÊÈÏÎÄ ÄÅÉÑÒÂÈÅÌ ÍÎÐÌÀËÜÍÎÃÎ ÄÀÂËÅÍÈßÄ. Â. Àëü÷èáàåâ
Â ðàáîòå ðàññìàòðèâàåòñÿ óñòîé÷èâîñòü òîíêîé öèëèíäðè÷åñêîéîáîëî÷êè ñðåäíåé äëèíû, âûïîëíåííîé èç àíèçîòðîïíîãî ìàòåðèàëà,îïèñûâàåìîãî 21 óïðóãèì ìîäóëåì, ïîä äåéñòâèåì íîðìàëüíîãî äàâ-ëåíèÿ. Ïîëó÷åíû ïåðâûå äâà ñëàãàåìûõ àñèìïòîòè÷åñêîãî ðàçëîæåíèÿôîðìû ïîòåðè óñòîé÷èâîñòè.1. ÂâåäåíèåÄîñòàòî÷íî õîðîøî èçó÷åíû çàäà÷è îá óñòîé÷èâîñòè òîíêèõ öè-ëèíäðè÷åñêèõ è áëèçêèõ ê öèëèíäðè÷åñêèì îáîëî÷åê èç èçîòðîï-íîãî è îðòîòðîïíîãî ìàòåðèàëîâ [1�3], ÷òî íåëüçÿ ñêàçàòü îá îáî-ëî÷êàõ ñ àíèçîòðîïèåé îáùåãî âèäà. Äëÿ àíèçîòðîïíîãî ìàòåðèàëà,îïèñûâàåìîãî 21 óïðóãèì ìîäóëåì, â ðàáîòå [4] ðàññìîòðåíà ïëà-ñòèíà, à â [5] � îáîëî÷êà. Â [4, 5] ïîêàçàíî, ÷òî â ñëó÷àå àíèçîòðî-ïèè è ãèïîòåçû Êèðõãîôà�Ëÿâà, è ãèïîòåçû Òèìîøåíêî�Ðåéñíåðàíå ïðèâîäÿò ê êîððåêòíûì äâóìåðíûì ìîäåëÿì, â ñèëó òîãî ÷òîâíîñÿò îøèáêó â ãëàâíûõ ÷ëåíàõ ðàçëîæåíèé ïî ñòåïåíÿì îòíîñè-òåëüíîé òîëùèíû. Òàêæå â [4, 5] ïðåäëîæåíû îáîáùåííûå ãèïîòåçûÒèìîøåíêî�Ðåéñíåðà, íå èìåþùèå ýòîãî íåäîñòàòêà.Â íàñòîÿùåé ñòàòüå â ïðåäïîëîæåíèè, ÷òî âñå 21 óïðóãèé ìîäóëüèìååò îäèí ïîðÿäîê, ïðîâåäåíî èññëåäîâàíèå çàäà÷è óñòîé÷èâîñòèïîä äåéñòâèåì âíåøíåãî äàâëåíèÿ â óñëîâèÿõ æåñòêîé çàäåëêè êðà-åâ. Â êà÷åñòâå ïðèìåðà ðàññìîòðåí àíèçîòðîïíûé ìàòåðèàë, ïîëó-÷åííûé îñðåäíåíèåì èçîòðîïíîãî ìàòåðèàëà ñ ñîäåðæàùèìèñÿ âíåì ìàëîðàñòÿæèìûìè âîëîêíàìè.Äîêëàä íà ñåìèíàðå 1 îêòÿáðÿ 2013 ã.c© Ä. Â. Àëü÷èáàåâ, 2013



50 Ä.Â. Àëü÷èáàåâ2. Ïîñòàíîâêà çàäà÷èÊðóãîâàÿ öèëèíäðè÷åñêàÿ îáîëî÷êà ðàäèóñà R, äëèíû L è ïî-ñòîÿííîé òîëùèíû h (ïðè÷åì R/L ∼ 1, h/R � 1) âûïîëíåíà èçàíèçîòðîïíîãî ìàòåðèàëà îáùåãî âèäà (ðèñ. 1). Ââåäåì îðòîãîíàëü-íûå êðèâîëèíåéíûå êîîðäèíàòû x1 = Rs, x2 = Rϕ â íàïðàâëåíèèîáðàçóþùåé è êðóãîâîì íàïðàâëåíèè. Ïî íîðìàëè ê ïîâåðõíîñòèíàïðàâèì òðåòüþ îñü êîîðäèíàò x3 = z. Âûðàæåíèÿ äëÿ êîýôôè-öèåíòîâ Ëÿìå èìåþò âèä H1 = R, H2 = R+ z ≈ R, H3 = 1.

Ðèñ. 1. Öèëèíäðè÷åñêàÿ îáîëî÷êà.Äëÿ îïèñàíèÿ ñîîòíîøåíèé óïðóãîñòè èñïîëüçóåì ìàòðè÷íûåîáîçíà÷åíèÿ. Îïðåäåëèì äåôîðìàöèè εij ïî ôîðìóëàì εii = ∂ui

∂xi
,

εij =
∂uj

∂xi
+ ∂ui

∂xj
, i 6= j, ãäå {u1, u2, u3} = {u, v, w} � ïåðåìåùåíèÿ.Ñãðóïïèðóåì äåôîðìàöèè è íàïðÿæåíèÿ íà òàíãåíöèàëüíûå σt, εtè íåòàíãåíöèàëüíûå σn, εn:

εt = (ε11, ε12, ε22)
T , εn = (ε13, ε23, ε33)

T ,

σt = (σ11, σ12, σ22)
T
, σn = (σ13, σ23, σ33)

T
.

(1)Ñîîòíîøåíèÿ ìåæäó äåôîðìàöèÿìè è íàïðÿæåíèÿìè çàïèñû-



Óñòîé÷èâîñòü àíèçîòðîïíîé öèëèíäðè÷åñêîé îáîëî÷êè... 51âàþòñÿ â âèäå
σt = A · εt +B · εn, σn = BT · εt +C · εn, (2)ãäå A = {Aij}, B = {Bij}, C = {Cij} � ìàòðèöû óïðóãèõ ìîäóëåé;ìàòðèöûA èC ñèììåòðè÷íû. Ïîëàãàåì, ÷òî ìàòðèöà àíèçîòðîïèè,ñîäåðæàùàÿ 21 óïðóãèé ìîäóëü

( A BBT C) , (3)ïîëîæèòåëüíî îïðåäåëåíà.Ïðåäïîëàãàåì, ÷òî íàïðÿæåíèÿ íà îáåèõ ïîâåðõíîñòÿõ z = ±h/2îòñóòñòâóþò:
σi3 = 0, i = 1 . . . 3, z = ±h/2. (4)Ïîëàãàåì, ÷òî íîðìàëüíîå ïåðåìåùåíèå w íå çàâèñèò îò z, èïðåíåáðåãàåì íîðìàëüíûìè íàïðÿæåíèÿìè σ33 = 0. Òàêèì îáðàçîì,ìû ìîæåì èñêëþ÷èòü ε33 èç ñîîòíîøåíèé óïðóãîñòè (2), ïåðåïèñàâèõ â âèäå

σt = A∗ · εt +B∗ · ε∗n, σ∗
n = B∗T · εt +C∗ · ε∗n, (5)ãäå σ∗

n = (σ13, σ23)
T
, ε∗n = (ε13, ε23)

T . Ýëåìåíòû ìàòðèöA∗, B∗, C∗ âûðàæàþòñÿ ÷åðåç ýëåìåíòû ìàòðèö A, B, C:
A∗

ij = Aij −
Bi3Bj3

C33
, B∗

ij = Bij −
Bi3Cj3

C33
, C∗

ij = Cij −
Ci3Cj3

C33
. (6)3. Îáîáùåííàÿ ìîäåëü Òèìîøåíêî�ÐåéñíåðàÊàê è â ðàáîòå [6], çäåñü èñïîëüçóåòñÿ îáîáùåííàÿ ìîäåëüÒèìîøåíêî�Ðåéñíåðà. Ðàññìîòðèì ïîäðîáíåå. Ïðè âûâîäå äâóìåð-íûõ óðàâíåíèé òåîðèè îáîëî÷åê ðàññìàòðèâàåòñÿ íåñêîëüêî ìîäå-ëåé ðàñïðåäåëåíèÿ äåôîðìàöèé εi3, ãäå i = 1, 2 ïî òîëùèíå îáî-ëî÷êè. Â ãèïîòåçå Êèðõãîôà�Ëÿâà ñ÷èòàåòñÿ, ÷òî εi3 = 0. Â ìîäå-ëè Òèìîøåíêî�Ðåéñíåðà ïðèíèìàåòñÿ εi3 = γi ëèáî, áîëåå òî÷íî,

εi3 = γi(1 − 4z2/h2). Ïîñëåäíåå ïîçâîëÿåò âûïîëíèòü ãðàíè÷íûå



52 Ä.Â. Àëü÷èáàåâóñëîâèÿ äëÿ îðòîòðîïíûõ îáîëî÷åê. Îäíàêî ãèïîòåçû Êèðõãîôà�Ëÿâà è Òèìîøåíêî�Ðåéñíåðà íå ïðèâîäÿò ê êîððåêòíîé äâóìåðíîéìîäåëè â îáùåì ñëó÷àå àíèçîòðîïèè [5, 7]. Êàê è â [7], ïðèìåì
εi3 = γi + δiz + P 0

2 (z)βi, i = 1, 2, P 0
2 (z) = z2/h2 − 1/12, (7)ãäå ôóíêöèè γi, δi, βi íå çàâèñÿò îò z. δi, βi íàõîäèì èç óñëîâèé (4).Òàêèì îáðàçîì, ïîëó÷àåì òàíãåíöèàëüíûå ñìåùåíèÿ:

ui(z) = u0
i + P2(z)δi + P3(z)βi, P2 =

z2

2
− h2

24
, P3 =

z3

3h2
− z

12
, (8)ãäå u0

i � ñå÷åíèÿ ñðåäèííîé ïîâåðõíîñòè.Äåôîðìàöèè εij , ãäå i, j = 1, 2, èìåþò âèä
εt = ε0t + zK(θ) + P2(z)K(δ) + P3(z)K(β), (9)ãäåK(ξ) =

(
∂ξ1
∂x1

,
∂ξ1
∂x2

+
∂ξ2
∂x1

,
∂ξ2
∂x2

)T

, ε0t = K(u0) +
(
0, 0,

w

R

)T
,

Z = (Z1, Z2)
T , Z = {ξ, u0, γ, θ, δ, β},

(10)çäåñü ε0t � òàíãåíöèàëüíûå äåôîðìàöèè ñðåäèííîé ïîâåðõíîñòè è
θi = γi − ∂w/∂xi � ñðåäíèå óãëû ïîâîðîòà âîëîêîí.Óñëîâèÿ (4) áóäóò âûïîëíåíû, åñëè

δ = −(C∗)−1B∗TK(θ), β = −6
(
γ + (C∗)−1B∗T ε0t

)
. (11)Òàêèì îáðàçîì, ìîæíî çàïèñàòü äåôîðìàöèè â âèäå

ε
∗

n = γ − z(C∗)−1B∗TK(θ)− 6P 0

2 (z)
(

γ + (C∗)−1B∗T
ε
0

t

)

,

εt = ε
0

t + zK(θ)− P2(z)K(

(C∗)−1B∗TK(θ)
)

−

− 6P3(z)K((

γ + (C∗)−1B∗T
ε
0

t

))

.

(12)



Óñòîé÷èâîñòü àíèçîòðîïíîé öèëèíäðè÷åñêîé îáîëî÷êè... 53Îáîçíà÷èì çà T ij, Qi è M ij ðåçóëüòèðóþùèå óñèëèÿ è ìîìåíòûñîîòâåòñòâåííî. Èõ ìîæíî íàéòè èç ñîîòíîøåíèé
{T ij, Qi} =

h/2∫

−h/2

{σij , σi3}dz, {M ij} =

h/2∫

−h/2

{σij}zdz, i, j = 1, 2.(13)Åñëè ýëåìåíòû A, B, C íå çàâèñÿò îò òîëùèíû z, ìîæíî (13)ïåðåïèñàòü â âèäåT = h
(A∗ε0t +B∗γ

)
, T = (T 11, T 12, T 22)T ,Q = h

(B∗T ε0t +C∗γ
)
, Q = (Q1, Q2)T ,M = −J(A∗∗K(θ) +A∗K(γ + (C∗)−1B∗T ε0t )/5),

(14)ãäå M = (M11,M12,M22)T , J =
h3

12
, γ = θ + Ow,

O =

(
∂

∂x1
,

∂

∂x2

)T

, A∗∗ = A∗ −B∗(C∗)−1B∗T .

(15)4. Ïðèìåð àíèçîòðîïèèÂ êà÷åñòâå ïðèìåðà ìàòåðèàëà ñ àíèçîòðîïèåé îáùåãî âèäà ðàñ-ñìîòðèì îáîëî÷êó, ñäåëàííóþ èç ìàòåðèàëà, ïîëó÷åííîãî îñðåäíå-íèåì èçîòðîïíîãî ìàòåðèàëà (ñ ìîäóëåì Þíãà E), ñèñòåìîé ìàëî-ðàñòÿæèìûõ âîëîêîí æåñòêîñòè Ef [6]. Ïóñòü âîëîêíà ðàñïîëîæå-íû òàê, ÷òî óãîë ìåæäó íèìè è îñüþ z ðàâåí β è óãîë ìåæäó îñüþ
x1 è ïëîñêîñòüþ, â êîòîðîé ëåæàò îñü z è âîëîêíà, ðàâåí α (ðèñ.2). Ïîòåíöèàëüíàÿ ýíåðãèÿ äåôîðìàöèè Π ìàòåðèàëà èìååò âèä
Π =

1− b

2

(
λ (ε11 + ε22 + ε33)

2
+ 2κ

(
ε211 + ε222 + ε233

)
+

+κ
(
ε212 + ε213 + ε223

) )
+

+
b

2
Ef

(
ε11a

2
1 + ε22a

2
2 + ε33a

2
3 + ε12a1a2 + ε13a1a3 + ε23a2a3

)2
,(16)
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Ðèñ. 2. Íàïðàâëåíèå ìàëîðàñòÿæèìûõ âîëîêîí.ïðè a1 = cosα sinβ, a2 = sinα sinβ, a3 = cosβ, ãäå λ ==
Eν/ [(1 + ν)(1 − 2ν)] è κ = E/ [2(1 + ν)]� êîýôôèöèåíòû Ëÿìå ìàò-ðèöû, à b � äîëÿ îáúåìà, çàíÿòîãî âîëîêíàìè â ìàòåðèàëå.Íàïðÿæåíèÿ σij íàõîäÿòñÿ èç ðàâåíñòâà σij = ∂Π/∂εij, îòêóäàíàõîäèì ýëåìåíòû ìàòðèö A, B, C:
A11 = E1 + E4a

4

1, A12 = E4a
3

1a2, A13 = E2 + E4a
2

1a
2

2,

A22 = E3 + E4a
2

1a
2

2, A23 = E4a1a
3

2, A33 = E1 + E4a
4

2,

B11 = E4a
3

1a3, B12 = E4a
2

1a2a3, B13 = E2 + E4a
2

1a
2

3,

B21 = E4a
2

1a2a3, B22 = E4a1a
2

2a3, B23 = E4a1a2a
2

3,

B31 = E4a1a
2

2a3, B32 = E4a
3

2a3, B33 = E2 + E4a
2

2a
2

3,

C11 = E3 + E4a
2

1a
2

3, C12 = E4a1a2a
2

3, C13 = E4a1a
3

3,

C22 = E3 + E4a
2

2a
2

3, C23 = E4a2a
3

3, C33 = E1 + E4a
4

3,(17)ãäå
E1 =

E(1 − b)(1− ν)

(1 + ν)(1 − 2ν)
, E2 =

νE1

1− ν
, E3 =

E(1 − b)

2(1 + ν)
, E4 = bEf . (18)5. Óðàâíåíèÿ ðàâíîâåñèÿÑòàöèîíàðíûå äâóìåðíûå óðàâíåíèÿ â ñëó÷àå âíåøíåãî äàâëå-
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∂T 11

∂x1
+

∂T 12

∂x2
= 0,

∂T 12

∂x1
+

∂T 22

∂x2
+

Q2

R
= 0,

∂Q1

∂x1
+

∂Q2

∂x2
− T 22

R
+

Λh

R

∂2w

∂x2
2

= 0,

∂M11

∂x1
+

∂M12

∂x2
+Q1 = 0,

∂M12

∂x1
+

∂M22

∂x2
+Q2 = 0.

(19)Ñèñòåìà (19) èìååò 10-é ïîðÿäîê.Ïðåäïîëîæèì, ÷òî âñå ìîäóëè óïðóãîñòè A, B, C èìåþò îäèíïîðÿäîê. Ââåäåì ÷àñòíûå èíäåêñû âàðèàöèè t1, t2 íåèçâåñòíûõôóíêöèé:
∂Z

∂xi
∼ h−ti

∗ , i = 1, 2, (20)ãäå Z � ëþáàÿ íåèçâåñòíàÿ ôóíêöèÿ, t = max(t1, t2) � îáùèé èí-äåêñ âàðèàöèè. Ïîëîæèì (w/R) ∼ 1 è íàéäåì ïîðÿäêè äðóãèõ íåèç-âåñòíûõ:
ui ∼ h

t
∗
, γi, εij

0
∼ 1, θi ∼ h

−t
∗

,
T ij

Eh
∼ 1,

M ij

REh
∼ h

2−2t
∗

,
Qi

Eh
∼ h

2−3y
∗

, i, j = 1, 2.

(21)Ñ ïîãðåøíîñòüþ ïîðÿäêà h2−2t âî âòîðîì óðàâíåíèè (19) îòáðîñèìñëàãàåìîå Q2/R.Êàê è â ðàáîòå [6], ââåäåì çäåñü ôóíêöèþ óñèëèé Φ, ñâÿçàííóþñ óñèëèÿìè Tij ïîñðåäñòâîì ñîîòíîøåíèé
T 11 =

∂2Φ

∂ϕ2
, T 12 = − ∂2Φ

∂s∂ϕ
, T 22 =

∂2Φ

∂s2
.Îïðåäåëÿþùèå óðàâíåíèÿ ðàâíîâåñèÿ öèëèíäðè÷åñêîé îáîëî÷-êè ìîæíî çàïèñàòü â ôîðìå Äîííåëëà [1] äëÿ äâóõ íåèçâåñòíûõ �ïðîãèáà w è ôóíêöèè óñèëèé Φ:

1

hR4
L4

(
∂

∂s
,

∂

∂ϕ

)
Φ− 1

R3

∂2w

∂s2
= 0,

h3

12R4
N4

(
∂

∂s
,

∂

∂ϕ

)
w +

1

R3

∂2Φ

∂ϕ2
=

Λh

R3

∂2w

∂ϕ2
,

(22)



56 Ä.Â. Àëü÷èáàåâãäå Λ � ïàðàìåòð íàãðóæåíèÿ, à L4 è N4 � îäíîðîäíûå äèôôåðåí-öèàëüíûå îïåðàòîðû 4-ãî ïîðÿäêà:
L4 (p, q) = a11q

4 − 2a12pq
3 + (a22 + 2a13) p

2q2 − 2a23p
3q + a33p

4,

N4 (p, q) = A11p
4 + 4A12p

3q + 2 (A22 + 2A13) p
2q2 + 4A23pq

3 +A33q
4,

{aij} = (A∗∗)−1 .Èùåì êðèòè÷åñêîå Λ∗, ïðè êîòîðîì îáîëî÷êà òåðÿåò óñòîé÷è-âîñòü. Ïðåîáðàçóåì ñèñòåìó (22) â
∂4w

∂s4
+ µ8N4L4w − ΛL4

∂2w

∂ϕ2
= 0. (23)Ââåäåì ìàëûé ïàðàìåòð µ8 = h2

12R2 =
h2

∗

12 . Áóäåì èñêàòü ïàðà-ìåòð íàãðóæåíèÿ Λ (23) â âèäå àñèìïòîòè÷åñêîãî ðÿäà
Λ = Λ0 + µΛ1 + . . . (24)Äëÿ íàõîæäåíèÿ Λ0 ïîäñòàâèì â óðàâíåíèå (23) ôóíêöèþ âèäà

w (s, ϕ) = w∗ sin (ps+ nϕ), (25)ãäå n � öåëîå ÷èñëî âîëí â îêðóæíîì íàïðàâëåíèè. Ïîñêîëüêó âñëó÷àå âíåøíåãî äàâëåíèÿ â ïðîäîëüíîì íàïðàâëåíèè ðàñïîëîæå-íà îäíà âìÿòèíà, ïîëàãàåì p ∼ 1. Ïîëó÷èì ñîîòíîøåíèå ìåæäóâîëíîâûìè ÷èñëàìè p è n â âèäå
p4

L4 (p, n)
+ µ8N4 (p, n) + Λ0n

2 = 0è, çàôèêñèðîâàâ p, íàéäåì Λ0 è êðèòè÷åñêîå çíà÷åíèå n∗:
Λ0 = min

n

1

n2

(
A33n

4h2
∗

12
+

1

a11

)
=

4µ6p

3

(
3(A33)

3

a11

)1/4

,

n∗ = µ−1

(
3p4

a11A33

)1/8

.

(26)



Óñòîé÷èâîñòü àíèçîòðîïíîé öèëèíäðè÷åñêîé îáîëî÷êè... 57Çàìåòèì, ÷òî ðåøåíèå (26) ñîäåðæèò íåèçâåñòíûé ïàðàìåòð p,êîòîðûé áóäåò íàéäåí ïîçäíåå.Ðåøåíèå w (s, ϕ) = w∗ sin (ps+ nϕ) íå óäîâëåòâîðÿåò ãðàíè÷íûìóñëîâèÿì è ãîäèòñÿ òîëüêî äëÿ îöåíêè Λ0.Ðåøåíèå ïðåäñòàâèì â âèäå àñèìïòîòè÷åñêîãî ðÿäà:
Z(s, ϕ) = Z(s)einϕ = (Z0(s) + µZ1(s) + ...) einϕ, (27)ãäå Z(s, ϕ) � ëþáàÿ èç íåèçâåñòíûõ ôóíêöèé. Äëÿ àñèìïòîòè÷åñêî-ãî àíàëèçà ðåøåíèé è èíòåãðàëîâ êðàåâîãî ýôôåêòà ïðèâîäèì ñëå-äóþùóþ òàáëèöó, â êîòîðîé óêàçàíû îòíîñèòåëüíûå ïîðÿäêè íåèç-âåñòíûõ ôóíêöèé, âõîäÿùèõ â ãðàíè÷íûå óñëîâèÿ.Îòíîñèòåëüíûå ïîðÿäêè îñíîâíûõ íåèçâåñòíûõ

w u v γ1 wk uk vk γk
11 µ2 µ1 1 1 1 µ1 µ−2Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ (22) ïðèíèìàåò âèä

r4 + µ8N4(r, in)L4(r, in)− n2ΛL4(r, in) = 0, Λ ∼ µ6 (28)è èìååò 4 êîðíÿ ri1 ∼ 1 è 4 áîëüøèõ êîðíÿ ri2 ∼ µ−2. Ìàëûå êîðíèïðèáëèæåííî óäîâëåòâîðÿþò óðàâíåíèþ
r4i1 = n6a11

(
Λ− n2µ8A∗∗

33

)
. (29)Êîðíè ri2 ïðèáëèæåííî óäîâëåòâîðÿþò óðàâíåíèþ

r4i2µ
8a11 + 1 = 0. (30)Ðåøåíèÿ âèäà w(s, ϕ) = w∗(s)eri2seinϕ áûñòðî çàòóõàþò âíåîêðåñòíîñòè êðàÿ îáîëî÷êè, ò.å. ÿâëÿþòñÿ èíòåãðàëàìè êðàåâîãîýôôåêòà.Äàëåå ìû èùåì ìåäëåííî ìåíÿþùèåñÿ ðåøåíèÿ w. Îòáðàñûâàÿâ (23) âñå ñëàãàåìûå ïîðÿäêà o (1), ïîëó÷èì óðàâíåíèå äëÿ w0:

w
(4)
0 + n4a11

(
n4µ8A11 − n2Λ0

)
w0 = 0,
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w

(4)
0 − p4w0 = 0, (31)ãäå

p4 = n4a11
(
n4µ8A11 − n2Λ0

)
. (32)Îòìåòèì, ÷òî èñõîäíîå óðàâíåíèå (23) èìååò 8-é ïîðÿäîê, â òîâðåìÿ êàê óðàâíåíèå (31) èìååò 4-é ïîðÿäîê. Ñîîòâåòñòâåííî, ðåøå-íèå (31) óäîâëåòâîðÿåò òîëüêî 2 ïàðàì îñíîâíûõ ãðàíè÷íûõ óñëî-âèé èç 4 è ìîæåò íå óäîâëåòâîðÿòü îñòàëüíûì. Â ñëó÷àå åñëè ðå-øåíèå w0(s) íå óäîâëåòâîðÿåò êàêîìó-ëèáî ãðàíè÷íîìó óñëîâèþ, êíåìó, â êà÷åñòâå ïîïðàâêè, äîáàâëÿåòñÿ èíòåãðàë êðàåâîãî ýôôåêòà

w∗
0e

ri2s, ãäå ri2 èç (30)[8].Àíàëîãè÷íûì îáðàçîì, îòáðàñûâàÿ ñëàãàåìûå ïîðÿäêà o (µ), ïî-ëó÷èì óðàâíåíèå äëÿ ñëåäóþùåãî ïðèáëèæåíèÿ â àñèìïòîòè÷åñêîìðÿäå (27) w1:
w

(4)
1 − p4w1 = Λ1n

2
0a11w0+

+ 2ipn7
0

(
A23a11 −A33a12 +

Λ0

n5
0

a12

)
w′

0,
(33)ãäå n0 = nµ.Äëÿ óäîáñòâà â (33) ââåäåì îáîçíà÷åíèÿ:

α1 = n2
0a11, α2 = 2pn7

0

(
A23a11 −A33a12 +

Λ0

n5
0

a12

)
. (34)Îáðàòèì âíèìàíèå íà ìíîæèòåëü i â ïðàâîé ÷àñòè (33). Èç èñ-êîìîãî âèäà ðåøåíèÿ (27) ìîæíî çàêëþ÷èòü, ÷òî w1 èìååò âèä

w1(s, ϕ) = w1(s) sin (nϕ), â òî âðåìÿ êàê w0 èìååò âèä w0 (s, ϕ) =
w0(s) cos (nϕ).6. Ïîñòðîåíèå ðåøåíèÿÐàññìîòðèì âàðèàíò æåñòêîé çàäåëêè íà îáîèõ êðàÿõ îáîëî÷-êè: u = v = w = γ = 0 [8]. Â ñëó÷àå æåñòêîé çàäåëêè ðàñïîëîæèì



Óñòîé÷èâîñòü àíèçîòðîïíîé öèëèíäðè÷åñêîé îáîëî÷êè... 59íà÷àëî êîîðäèíàò â öåíòðå îáîëî÷êè. Â íóëåâîì ïðèáëèæåíèè ãðà-íè÷íîå óñëîâèå ïðèíèìàåò âèä w0 = w′
0 = 0, s = ± L

2R .
w0 =

cos (ps)

cos (p/2)
− ch(ps)ch(p/2) , p ≈ 4.73

R

L
.Ðåøåíèå w0 óäîâëåòâîðÿåò âñåì ãðàíè÷íûì óñëîâèÿì.Íàéäåì ïîïðàâêó â ïåðâîì ïðèáëèæåíèè w1. Â ïåðâîì ïðè-áëèæåíèè ìåíÿþòñÿ ãðàíè÷íûå óñëîâèÿ: w1 = 0, w′
1 = ia12

a11

R
n3

0

w′′
0 ,

s = ± L
2R . Äëÿ òîãî, ÷òîáû óðàâíåíèå (33) èìåëî ðåøåíèå, íåîáõî-äèìî, ÷òîáû áûëî âûïîëíåíî óñëîâèå ñîâìåñòíîñòè:
s1∫

s0

(
w

(4)
1 − p4w1

)
w01ds =

s1∫

s0

(α1Λ1w0 + α2iw
′
0)w01ds, (35)ãäå w01 åñòü ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

w
(4)
01 − p4w01 = 0ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè.Èç óñëîâèÿ (35) ñëåäóåò, ÷òî Λ1 = 0. Òàêèì îáðàçîì, ïîïðàâêàê êðèòè÷åñêîé íàãðóçêå èìååò ïîðÿäîê µ2.Ðåøåíèå w1 ïðèíèìàåò âèä

w1 =
iα2s

4p4
w′′

0 + aiw′
0 + biw′′′

0 , (36)ãäå
a = α3 +

α2 (−4 + p tg(p/2)− p th(p/2))
16p4

,

b =
α2

4p5 (tg(p/2)− th(p/2)) .Íà âêëåéêå íà ðèñ. 2 èçîáðàæåíà ôîðìà ïîòåðè óñòîé÷èâîñòè âíóëåâîì è ïåðâîì ïðèáëèæåíèÿõ.7. Çàêëþ÷åíèåÂ çàäà÷å ïîòåðè óñòîé÷èâîñòè îáîëî÷êè ïðè âíåøíåì äàâëåíèèäëÿ îáîëî÷êè, èçãîòîâëåííîé èç àíèçîòðîïíîãî ìàòåðèàëà îáùåãî



60 Ä.Â. Àëü÷èáàåââèäà, îáíàðóæåíû ñëåäóþùèå îñîáåííîñòè, îòëè÷àþùèå åå îò èçî-òðîïíîé îáîëî÷êè. Ôîðìà ïîòåðè óñòîé÷èâîñòè ïðèîáðåòàåò íàêëîíïî îòíîøåíèþ ê îáðàçóþùåé. Èññëåäîâàíà âåëè÷èíà ïîïðàâêè êêðèòè÷åñêîé íàãðóçêå, ñâÿçàííîé ñ àíèçîòðîïèåé. Â ñëó÷àå æåñò-êîé çàäåëêè ïîïðàâêà èìååò ïîðÿäîê êâàäðàòà ìàëîãî ïàðàìåòðà� îòíîñèòåëüíîé òîëùèíû îáîëî÷êè.Ëèòåðàòóðà1. Donnell L. H. Beams, Plates and Shells. McGraw-Hill, Inc., 1976. 453 pp.2. Àìáàðöóìÿí Ñ.À. Îáùàÿ òåîðèÿ àíèçîòðîïíûõ îáîëî÷åê. Ì.: Íàóêà.1974. 446 ñ.3. Ðîäèîíîâà Â. À., Òèòàåâ Á. Ô., ×åðíûõ Ê. Ô. Ïðèêëàäíàÿ òåîðèÿ àíè-çîòðîïíûõ ïëàñòèí è îáîëî÷åê. ÑÏá.: Èçä-âî ÑÏáÃÓ, 1996. 280 ñ.4. Òîâñòèê Ï. Å., Òîâñòèê Ò. Ï. Äâóõìåðíûå ìîäåëè ïëàñòèí èç àíèçî-òðîïíîãî ìàòåðèàëà. // Òðóäû ñåìèíàðà �Êîìïüþòåðíûå ìåòîäû â ìå-õàíèêå ñïëîøíîé ñðåäû�. Âûï. 3. ÑÏá.: Èçä-âî ÑÏáÃÓ, 2008. Ñ. 4�16.5. Òîâñòèê Ï. Å. Äâóõìåðíûå ìîäåëè ïëàñòèí èç àíèçîòðîïíîãî ìàòåðèà-ëà. // ÄÀÍ, 2009. Ò. 425. � 4. Ñ. 487�491.6. Òîâñòèê Ï. Å., Òîâñòèê Ò. Ï. Çàäà÷è óñòîé÷èâîñòè öèëèíäðè÷åñêîéîáîëî÷êè èç àíèçîòðîïíîãî ìàòåðèàëà. // Âåñòí. Ñ.�Ïåòåðá. óí-òà. Ñåð.1. 2013. Âûï. 2. Ñ. 127-137.7. Òîâñòèê Ï. Å., Òîâñòèê Ò. Ï. Îäíîìåðíûå ìîäåëè áàëêè èç àíèçîòðîï-íîãî ìàòåðèàëà â ñëó÷àå êîñîé àíèçîòðîïèè. // MTT. 2011. � 6. Ñ. 93�103.8. Tovstik P. E., Smirnov A. L. Asymptotic methods in the buckling theoryof elastic shells. World Scienti�c. Serie A. Singapore; New Jersey; London;Hong Kong, 2002. 347 pp.



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅÊÎËÅÁÀÍÈÉ ÖÈËÈÍÄÐÈ×ÅÑÊÎÉÎÁÎËÎ×ÊÈ, ÂÛÇÛÂÀÅÌÛÕ ÄÅÉÑÒÂÈÅÌÂÍÓÒÐÅÍÍÅÃÎ ÏÎÒÎÊÀ ÆÈÄÊÎÑÒÈÍ. Â. Íàóìîâà, Ä. Í. Èâàíîâ, Ì. Â. ÇàéöåâàÈññëåäîâàíà çàäà÷à î êîëåáàíèÿõ òîíêîé óïðóãîé öèëèíäðè÷åñêîéîáîëî÷êè ïîä âëèÿíèåì äàâëåíèÿ, äåéñòâóþùåãî ñî ñòîðîíû âíóòðåí-íåãî ïîòîêà èäåàëüíîé æèäêîñòè. Ïîëó÷åíû ïðèáëèæåííûå âûðàæåíèÿäëÿ êîìïîíåíòîâ ïåðåìåùåíèé.1. ÂâåäåíèåÂ ñîâðåìåííîé òåõíèêå è ïðîìûøëåííîñòè øèðîêî èñïîëüçó-þòñÿ ðàçëè÷íîãî òèïà òðóáîïðîâîäû, êîíòåéíåðû, êîòîðûå ìîæíîðàññìàòðèâàòü êàê îáîëî÷êè, çàïîëíåííûå æèäêîñòüþ èëè ãàçîì.Ïðîåêòèðîâàíèå òàêîãî ðîäà êîíñòðóêöèé äîëæíî óäîâëåòâîðÿòüîñîáûì òðåáîâàíèÿì, ñâÿçàííûì ñ íàëè÷èåì êàê âíåøíèõ, òàê èâíóòðåííèõ âîçäåéñòâèé íà îáîëî÷êó. Ïðîâåäåííûå ðàñ÷åòû ïîçâî-ëÿò îïòèìèçèðîâàòü íå òîëüêî ôîðìó îáîëî÷å÷íûõ êîíñòðóêöèé,íî è ñâîéñòâà âûáðàííûõ ìàòåðèàëîâ. Íåñìîòðÿ íà òî, ÷òî îñíîâ-íûå èäåè è ïðèíöèïû èññëåäîâàíèÿ äåôîðìàöèè îáîëî÷åê ïîä äåé-ñòâèåì âíåøíåãî (âíóòðåííåãî) äàâëåíèÿ èçâåñòíû, îñòàåòñÿ ìà-ëîèçó÷åííûì âîïðîñ î âëèÿíèè ïîòîêà æèäêîñòè íà íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå ñòåíêè îáîëî÷êè è èõ ñîâìåñòíîå âçà-èìîäåéñòâèå. Òàêèì îáðàçîì, ðàçðàáîòêà ìåòîäîâ ðåøåíèÿ çàäà÷âçàèìîäåéñòâèÿ æèäêîé ñðåäû è óïðóãèõ îáîëî÷åê ïðåäñòàâëÿåòñîáîé íàó÷íûé è ïðàêòè÷åñêèé èíòåðåñ.Áîëüøèíñòâî àâòîðîâ ñòàòåé ðåøàþò çàäà÷è ãèäðîóïðóãîñòèïðèáëèæåííûì ÷èñëåííûì ìåòîäîì êîíå÷íûõ ýëåìåíòîâ. ÌîæíîÐàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-ìåíòàëüíûõ èññëåäîâàíèé (ãðàíò 07�01�00250), à òàêæå ïðè èñïîëüçîâàíèè ðå-ñóðñîâ ÐÖ ÂÖ ÑÏáÃÓ.Äîêëàä íà ñåìèíàðå 15 îêòÿáðÿ 2013 ã.c© Í.Â. Íàóìîâà, Ä.Í. Èâàíîâ, Ì.Â. Çàéöåâà, 2013



62 Í.Â. Íàóìîâà, Ä.Í. Èâàíîâ, Ì.Â. Çàéöåâàîòìåòèòü çäåñü òàêèå èññëåäîâàíèÿ, êàê [1, 2]. Â ðàáîòå [3] ïðèâåäå-íî òî÷íîå ðåøåíèå ëèíåéíîé è íåëèíåéíîé çàäà÷ äåôîðìèðîâàíèÿòîëñòîñòåííîãî öèëèíäðà ïîä äåéñòâèåì âíóòðåííåãî äàâëåíèÿ. Âðàáîòàõ [4, 5] ñîçäàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ âçà-èìîäåéñòâèå æèäêîñòè è óïðóãîé îáîëî÷êè, äîêàçûâàþòñÿ òåîðåìûñóùåñòâîâàíèÿ ðåøåíèÿ ñîñòàâëåííîé ñèñòåìû äèôôåðåíöèàëüíûõóðàâíåíèé, à òàêæå ïîñëåäóþùåå ÷èñëåííîå èíòåãðèðîâàíèå ýòîéñèñòåìû ñ ïðèìåíåíèåì ìåòîäà Ãàë¼ðêèíà. Âîëíîâûå ïðîöåññû ââÿçêîóïðóãèõ è íåëèíåéíî âÿçêîóïðóãèõ îáîëî÷êàõ, íå âçàèìîäåé-ñòâóþùèõ ñ âÿçêîé æèäêîñòüþ, ðàññìîòðåíû â [6, 7].Â ðàáîòå [8] èññëåäóåòñÿ ðàñïðîñòðàíåíèå íåëèíåéíûõ ïðî-äîëüíûõ âîëí äåôîðìàöèé â öèëèíäðè÷åñêîé îáîëî÷êå, ñîäåðæà-ùåé âÿçêóþ íåñæèìàåìóþ æèäêîñòü âíóòðè îáîëî÷êè. Ïîëó÷åíûóðàâíåíèÿ äèíàìèêè è ïðèâåäåíû ÷èñëåííûå ðåøåíèÿ ñ ïîìîùüþàñèìïòîòè÷åñêèõ ìåòîäîâ ñ èñïîëüçîâàíèåì áàçèñà Ãðåáíåðà äëÿãåíåðàöèè ðàçíîñòíîé ñõåìû ïðè ðåøåíèè ñâÿçàííîé çàäà÷è ãèäðî-óïðóãîñòè ñ ñîîòâåòñòâóþùèìè ãðàíè÷íûìè óñëîâèÿìè. Îáîëî÷êàïðåäïîëàãàåòñÿ áåñêîíå÷íî äëèííîé.Â ìåäèöèíå òàêæå íàõîäÿò ïðèìåíåíèå òåîðèÿ îáîëî÷åê è ðå-øåíèå ñâÿçàííûõ çàäà÷ ãèäðîóïðóãîñòè âçàèìîäåéñòâèÿ äâóõ ñðåä(æèäêîé è óïðóãîé). Â ïîñëåäíèå ãîäû áûñòðî ðàçâèâàåòñÿ îäèí èçîòíîñèòåëüíî íîâûõ è âàæíûõ ðàçäåëîâ ìåõàíèêè � ìåõàíèêà áèî-ëîãè÷åñêèõ îáúåêòîâ, â ÷àñòíîñòè ìåõàíèêà ñåðäå÷íî-ñîñóäèñòîéñèñòåìû ÷åëîâåêà, èçó÷àþùàÿ âçàèìîäåéñòâèå êðîâè è ñîñóäîâ.Òàê, íàïðèìåð, â êíèãå [9] äàåòñÿ äîñòàòî÷íî îáøèðíûé îáçîð ñòà-òåé, ïîñâÿùåííûõ ãèäðîóïðóãîìó äåôîðìèðîâàíèþ êðîâåíîñíûõñîñóäîâ, à òàêæå îòìå÷àåòñÿ, ÷òî äàííàÿ çàäà÷à íå ïîääàåòñÿ àíàëè-òè÷åñêîìó ðåøåíèþ â îáùåì âèäå. Èçâåñòíî ëèøü íåñêîëüêî êëàñ-ñè÷åñêèõ ðåøåíèé çàäà÷ ãèäðîäèíàìèêè â óïðîùåííîé ïîñòàíîâ-êå. Àâòîðû êíèãè ïðåäëàãàþò ìàòåìàòè÷åñêèå ìîäåëè àðòåðèé èäîêàçûâàþò, ÷òî âëèÿíèå ðÿäà ôèçè÷åñêèõ è ãåîìåòðè÷åñêèõ õà-ðàêòåðèñòèê ñòåíîê àðòåðèè (íà÷àëüíîãî ïðîäîëüíîãî íàòÿæåíèÿ,ñòåïåíè êîíè÷íîñòè, ëîêàëüíûõ ñòåíîçîâ è äð.) íà ìåõàíè÷åñêèå èãèäðîäèíàìè÷åñêèå ïàðàìåòðû êðîâåíîñíîé ñèñòåìû ìîæåò áûòüñóùåñòâåííûì.Â íàñòîÿùåé ñòàòüå èññëåäîâàíà çàäà÷à î äåôîðìàöèè òîíêîéóïðóãîé öèëèíäðè÷åñêîé îáîëî÷êè ïîä âëèÿíèåì âíóòðåííåãî íîð-



Ìîäåëèðîâàíèå âûíóæäåííûõ êîëåáàíèé öèëèíäðè÷åñêîé îáîëî÷êè ... 63ìàëüíîãî äàâëåíèÿ, äåéñòâóþùåãî ñî ñòîðîíû ïîòîêà æèäêîñòè.Ïðè äâèæåíèè æèäêîñòè â óïðóãîé òðóáå ïðîèñõîäèò ñèëîâîå âçà-èìîäåéñòâèå æèäêîé è óïðóãîé ñðåäû. Óïðóãàÿ ñðåäà � òîíêàÿóïðóãàÿ öèëèíäðè÷åñêàÿ îáîëî÷êà êðóãîâîãî ñå÷åíèÿ ïîñòîÿííîéòîëùèíû. Ïîëó÷åíû ïðèáëèæåííûå âûðàæåíèÿ äëÿ êîìïîíåíòîâïåðåìåùåíèé. Ïðè ðåøåíèè çàäà÷ ïðèìåíåíî ñî÷åòàíèå àíàëèòè÷å-ñêèõ è ÷èñëåííûõ ìåòîäîâ.2. Ïîñòàíîâêà çàäà÷èÐàcñìàòðèâàåòñÿ ãîðèçîíòàëüíî ðàñïîëîæåííàÿ êðóãîâàÿ öè-ëèíäðè÷åñêàÿ îáîëî÷êà, âíóòðè êîòîðîé íàõîäèòñÿ âÿçêàÿ íåñæè-ìàåìàÿ æèäêîñòü [10]. Íàïðàâëåíèå ïîòîêà è öèëèíäðè÷åñêàÿ îáî-ëî÷êà ïîêàçàíû íà ðèñ. 1. Äàëåå ïîä îáîëî÷êîé ïîíèìàåòñÿ åå ñðå-äèííàÿ ïîâåðõíîñòü.
Ðèñ. 1. Öèëèíäðè÷åñêàÿ îáîëî÷êà è íàïðàâëåíèå ïîòîêà æèäêîñòè.Ââåäåì öèëèíäðè÷åñêóþ ñèñòåìó êîîðäèíàò (r, ϑ, x), òàêóþ ÷òîîñü x èäåò âäîëü îñè òðóáû, (r, ϑ) � ïîëÿðíûé ðàäèóñ è óãîë â ñå÷å-íèè, ïåðåïåíäèêóëÿðíîì îñè òðóáû, ñîîòâåòñòâåííî. Äëèíà îáîëî÷-êè L, ðàäèóñ îáîëî÷êè R. Â äàëüíåéøåì èçëîæåíèè òàêæå ó÷àñòâó-åò äåêàðòîâàÿ ñèñòåìà êîîðäèíàò Oxyz, íà÷àëî êîòîðîé ñîâïàäàåòñ íà÷àëîì öèëèíäðè÷åñêîé ñèñòåìû êîîðäèíàò, îñü Ox äåêàðòîâîéñèñòåìû êîîðäèíàò ñîâïàäàåò ñ îñüþ Ox öèëèíäðè÷åñêîé ñèñòåìûêîîðäèíàò.Ïåðåìåùåíèå òî÷êè ñðåäèííîé ïîâåðõíîñòè îáîëî÷êè õàðàêòå-



64 Í.Â. Íàóìîâà, Ä.Í. Èâàíîâ, Ì.Â. Çàéöåâàðèçóåòñÿ âåêòîðîì ïåðåìåùåíèé (u,w), çäåñü u = u(x, t) � òàíãåí-öèàëüíîå ïåðåìåùåíèå, w = w(x, t) � ïåðåìåùåíèå ïî íîðìàëè êñðåäèííîé ïîâåðõíîñòè (ïðîãèá îáîëî÷êè).Îáîçíà÷èì îáëàñòü, çàíÿòóþ æèäêîñòüþ, êàê
{Ω(r, ϑ, x) : r ∈ [0, R+ w(x, t)], ϑ ∈ (−π, π), x ∈ [0, L]}.Ãðàíèöó îáëàñòè Ω ïðåäñòàâèì â âèäå òðåõ ïîâåðõíîñòåé:

Γin � ñå÷åíèå, ïåðïåíäèêóëÿðíîå îñè öèëèíäðà, x = 0,
Γ � ñðåäèííàÿ ïîâåðõíîñòü îáîëî÷êè,
Γout � âûõîäíîå ñå÷åíèå, ïåðïåíäèêóëÿðíîå îñè öèëèíäðà, x =

L. Çàïèøåì ñêîðîñòü ÷àñòèöû æèäêîñòè â âèäå
v = vrer + vϑeϑ + vxex.Ïðèìåì, ÷òî íà ãðàíèöå Γ âûïîëíÿåòñÿ êèíåìàòè÷åñêîå óñëîâèåíåïðîòåêàíèÿ. Ïîëó÷èì åãî ñëåäóþùèì îáðàçîì. Âîçüìåì ïîëíóþïðîèçâîäíóþ ïî âðåìåíè îò âûðàæåíèÿ äëÿ ñðåäèííîé ïîâåðõíîñòèîáîëî÷êè â âèäå

F (r, x, t) = r − w(x, t) = const,ò.å.
∂r

∂t
− ∂w

∂x

∂x

∂t
− ∂w

∂t
= 0 èëè vr − vx

∂w

∂x
− ẇ = 0 ïðè r = R+w.Â ëèíåéíîé ïîñòàíîâêå ýòî âûðàæåíèå ìîæåò áûòü çàïèñàíî â âèäå

ẇ = vr ïðè r = R. (1)Äàëåå ïðèìåì äîïîëíèòåëüíîå îãðàíè÷åíèå äëÿ ïðîäîëüíîé ñîñòàâ-ëÿþùåé ñêîðîñòè æèäêîñòè
vx = 0 ïðè r = Rè óñëîâèå ñèììåòðèè ïîòîêà îòíîñèòåëüíî îñè öèëèíäðà
vr = 0 ïðè r = 0.
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u(x = 0, t) = 0, u(x = L, t) = 0,

w(x = 0, t) = 0, w(x = L, t) = 0.
(2)3. O âû÷èñëåíèè äàâëåíèÿ â âÿçêîé æèäêîñòèÑèñòåìà óðàâíåíèé âÿçêîé íåñæèìàåìîé æèäêîñòè â âåêòîðíîéôîðìå èìååò âèä, íàïðèìåð, êàê â ðàáîòå [11]:

dv

dt
= − grad

p

ρ
+ gradU + ν∆v, v = 0, (3)ãäå p è ρ � äàâëåíèå è ïëîòíîñòü æèäêîñòè ñîîòâåòñòâåííî, U �ïîòåíöèàë âíåøíåé ñèëû, ν � êîýôôèöèåíò êèíåìàòè÷åñêîé âÿçêî-ñòè. Âåêòîð óñêîðåíèÿ ÷àñòèöû æèäêîñòè ìîæíî ïðåäñòàâèòü ñëå-äóþùèì îáðàçîì:

dv

dt
=

∂v

∂t
+ (v · ∇)v. (4)Äëÿ ìàëûõ äâèæåíèé âòîðîå íåëèíåéíîå ñëàãàåìîå â ôîðìóëå (4)ãîðàçäî ìåíüøå ïåðâîãî ñëàãàåìîãî. Â äàëüíåéøåì íåëèíåéíûå÷ëåíû â óðàâíåíèè (3) ðàññìàòðèâàòü íå áóäåì. Òåì ñàìûì óðàâ-íåíèÿ ìàëûõ äâèæåíèé íåñæèìàåìîé âÿçêîé æèäêîñòè â ñëó÷àåîòñóòñòâèÿ âíåøíèõ ñèë (U = 0) çàïèøåì êàê â ðàáîòå [11]:

∂vx
∂t

= −1

ρ

∂p

∂x
+ ν∆vx,

∂vy
∂t

= −1

ρ

∂p

∂y
+ ν∆vy,

∂vz
∂t

= −1

ρ

∂p

∂z
+ ν∆vz ,

(5)
∂vx
∂x

+
∂vy
∂y

+
∂vz
∂z

= 0. (6)Åñëè ìû ïðåäïîëîæèì, ÷òî vx, vy, vz èçìåíÿþòñÿ ñî âðåìåíåì ïî



66 Í.Â. Íàóìîâà, Ä.Í. Èâàíîâ, Ì.Â. Çàéöåâàçàêîíó eαt, òî óðàâíåíèÿ (5) ìîãóò áûòü çàïèñàíû â âèäå
(
∆+ h2

)
vx =

1

µ

∂p

∂x
,

(
∆+ h2

)
vy =

1

µ

∂p

∂y
,

(
∆+ h2

)
vz =

1

µ

∂p

∂z
, h2 = −α/ν.

(7)Èç óðàâíåíèé (6), (7) ïîëó÷àåì
∆p = 0. (8)Àíàëîãè÷íî ìîæíî ïîêàçàòü, ÷òî åñëè ñêîðîñòè ïåðèîäè÷åñêè çà-âèñÿò îò âðåìåíè, íàïðèìåð

vx = sin(αt)fvx(x, y, z),

vy = sin(αt)fvy(x, y, z),

vz = sin(αt)fvz(x, y, z),

(9)òî äàâëåíèå òàêæå áóäåò óäîâëåòâîðÿòü óðàâíåíèþ Ëàïëàñà.Çàïèøåì óñëîâèÿ âõîäíîãî è âûõîäíîãî ïîòîêîâ:
p(r, ϑ, x, t)

∣∣∣∣
x=0

= p0 +Ain · sin(ωt),

p(r, ϑ, x, t)

∣∣∣∣
x=L

= p0 +Aout · sin(ωt),
(10)ãäå ω � çàäàííàÿ ÷àñòîòà (÷àñòîòà ïóëüñà).Ïðåäñòàâèâ p â âèäå

p = p(r, ϑ, x, t) = p̃(r, ϑ, x, t) + ft(t)fx(x).Ïîäñòàâèâ ýòî âûðàæåíèå â îïåðàòîð Ëàïëàñà, èìååì
∆p = ∆p̃+ ft(t)

∂2fx
∂x2

= 0.Ðàâåíñòâî óäîâëåòâîðÿåòñÿ, åñëè ïîëîæèòü
∆p̃ = 0,

∂2fx
∂x2

= 0,
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fx(x) = c1f + c2fx.Ãðàíè÷íûå óñëîâèÿ (10) óäîâëåòâîðÿþòñÿ, åñëè ïîëîæèòü

p̃(r, ϑ, x = 0, t) = 0, p̃(r, ϑ, x = L, t) = 0, (11)
ft(t) = sin(ωt), fx(x) = Ain +

(
Aout −Ain

L

)
x.Â äàëüíåéøèõ ðàñ÷åòàõ áûëî âçÿòî âûðàæåíèå äëÿ äàâëåíèÿ

p = p (x, t) = p0 + (p1 + p2 · x) sinωt, p0, p1, p2 = const, (12)óäîâëåòâîðÿþùåå çàäàííûì ãðàíè÷íûì óñëîâèÿì è óðàâíåíèþ Ëà-ïëàñà.4. Óðàâíåíèÿ âûíóæäåííûõ êîëåáàíèé öèëèíäðè-÷åñêîé îáîëî÷êèÈññëåäóåì çàäà÷ó î êîëåáàíèÿõ òîíêîé óïðóãîé öèëèíäðè÷åñêîéîáîëî÷êè, âûçûâàåìûõ äåéñòâèåì âíóòðåííåãî íîðìàëüíîãî äàâëå-íèÿ, äåéñòâóþùåãî ñî ñòîðîíû ïîòîêà æèäêîñòè.Ââåäåì áåçðàçìåðíóþ êîîðäèíàòó x = x̄/R̄, ãäå x̄ � êîîðäèíàòàòî÷êè ïîâåðõíîñòè âäîëü îáðàçóþùåé öèëèíäðà, R̄ � íåêîòîðûéõàðàêòåðíûé ðàçìåð, â êà÷åñòâå êîòîðîãî âçÿò ðàäèóñ öèëèíäðè-÷åñêîé îáîëî÷êè. Ñèñòåìó óðàâíåíèé ìàëûõ âûíóæäåííûõ îñåñèì-ìåòðè÷íûõ êîëåáàíèé öèëèíäðè÷åñêîé îáîëî÷êè ([12, 13]) çàïèøåìâ áåçðàçìåðíîì âèäå
dT1

dx
− λ

d2u

dt2
= 0, (13)

T2 −
dN1

dx
+ λ

d2w

dt2
= p, (14)

dM1

dx
−N1 = 0. (15)Òàíãåíöèàëüíûå óñèëèÿ T1 è T2 ñâÿçàíû ñ êîìïîíåíòàìè äåôîðìà-öèè ε1, ε2 ñîîòíîøåíèÿìè

T1 = Ẽ (ε1 + νε2) , T2 = Ẽ (ε2 + νε1) , (16)
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dx , ε2 = w. Ñ÷èòàåñ, ÷òî ìàòåðèàë îáîëî÷êè ÿâëÿåòñÿëèíåéíî âÿçêèì è ìîäóëü Þíãà E = Ē0 · Ẽ, ïðè÷åì

Ẽ = 1 +
γ

|ω|
d

dt
, γ = const, Ē0 − ðàçìåðíûé êîýôôèöèåíò.Ìîìåíò M1 ñâÿçàí ñ óãëîì äåôîðìàöèè ϑ1 ñîîòíîøåíèåì
M1 = µ4Ẽ

dϑ1

dx
, ãäå ϑ1 = −dw

dx
. (17)Áåçðàçìåðíûå âåëè÷èíû ñâÿçàíû ñ ðàçìåðíûìè ñëåäóþùèìè ñîîò-íîøåíèÿìè:

{Ti, N1} =
1− ν2

Ē0h̄R̄
{T̄i, N̄1}, M1 =

1− ν2

Ē0h̄R̄2
M̄1,

{h, l, u, w} =
1

R̄
{h̄, l̄, ū, w̄}, i = 1, 2,

{p} =
1− ν2

Ē0h̄
{p̄}, λ =

(
1− ν2

)
% R̄2

Ē0
, µ4 =

h2

12
� 1.Çäåñü T̄i, N̄1 � óñèëèÿ, M̄1 � ìîìåíò, ū è w̄ � ïðîåêöèè ïåðå-ìåùåíèé òî÷åê ñðåäèííîé ïîâåðõíîñòè îáîëî÷êè íà íàïðàâëåíèÿîáðàçóþùåé ëèíèè è âíåøíåé íîðìàëè, h̄ � òîëùèíà öèëèíäðè÷å-ñêîé îáîëî÷êè, µ � ìàëûé ïàðàìåòð, p � íîðìàëüíàÿ êîìïîíåíòàïîâåðõíîñòíîé íàãðóçêè, ν � êîýôôèöèåíò Ïóàññîíà, ω � ÷àñòîòàâûíóæäåííûõ êîëåáàíèé.Ðàññìîòðèì èäåàëüíóþ íåñæèìàåìóþ æèäêîñòü, òàêóþ ÷òî äàâ-ëåíèå, äåéñòâóþùåå íà âíóòðåííþþ ïîâåðõíîñòü îáîëî÷êè, èçìåíÿ-åòñÿ ïî çàêîíó (12). Ãðàíè÷íûå óñëîâèÿ (2) æåñòêîé çàäåëêè êðàåâîáîëî÷êè ïåðåïèøåì äëÿ óäîáñòâà ÷èñëåííîãî èíòåãðèðîâàíèÿ ñè-ñòåì óðàâíåíèé:

u(0) = u(l) = w(0) = w(l) =
dw(0)

dx
=

dw(l)

dx
= 0. (18)Ñèñòåìà (13) � (17) ìîæåò áûòü çàïèñàíà ÷åðåç ïåðåìåùåíèÿ òî÷åêñðåäèííîé ïîâåðõíîñòè u è w:

λ
∂2u

∂t2
− ∂2u

∂x2
− ν

∂w

∂x
− γ

ω

(
∂3u

∂x2∂t
+ ν

∂2w

∂x∂t

)
= 0, (19)
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λ
∂2w

∂t2
+

γ

ω

(
∂w

∂t
+ ν

∂2u

∂x∂t

)
+ µ4

(
∂4w

∂x4
+

γ

ω

∂5w

∂x4∂t

)
+

+w + ν
∂u

∂x
= p0 + (p1 + p2x) sinωt.

(20)Cèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé (19), (20) ïðåäñòàâèì â îïå-ðàòîðíîì âèäå
LY = P, (21)ãäå Y = (u, w)T , P =

(
0, p0 + (p1 + p2 · x) sinωt

)T , à êîìïîíåíòûäèôôåðåíöèàëüíîãî îïåðàòîðà L èìåþò âèä
L11 = λ

∂2

∂t2
− ∂2

∂x2
− γ

ω

∂3

∂x2∂t
, L12 = −ν

(
γ

ω

∂2

∂x∂t
+

∂

∂x

)
,

L21 = −L12, L22 = λ
∂2

∂t2
+

γ

ω

∂

∂t
+ µ4

(
∂4

∂x4
+

γ

ω

∂5

∂x4∂t

)
+ 1.Ó÷èòûâàÿ ðàâåíñòâî sinωt = eiωt−e−iωt

2i , áóäåì èñêàòü ðåøåíèå ñè-ñòåìû (21) â ñëåäóþùåì âèäå:
Y = Y0(x) +Y1(x) · eiωt + Ȳ1(x) · e−iωt, (22)ãäå Ȳ1(x) � êîìïëåêñíî ñîïðÿæåííûé âåêòîð ê Y1(x). Ïîäñòàâèâ(22) â (21), ïîëó÷èì ñëåäóþùåå:
L0Y0 + L1 Y1 · eiωt + L̄1 Ȳ1 · e−iωt = P. (23)Êîìïîíåíòû äèôôåðåíöèàëüíûõ îïåðàòîðîâ L0 è L1 èìåþò âèä

L0 : L0
11 = − ∂2

∂x2
, L0

12 = −ν
∂

∂x
,

L0
21 = ν

∂

∂x
, L0

22 = µ4 ∂4

∂x4
+ 1;

L1 : L1
11 = −λω2 − (1 + γi) · ∂2

∂x2
, L1

21 = −L1
12 = ν(1 + γi)

∂

∂x
,

L1
22 =

(
1 + γi− λω2

)
+ µ4 (1 + γi)

∂4

∂x4
.



70 Í.Â. Íàóìîâà, Ä.Í. Èâàíîâ, Ì.Â. ÇàéöåâàÄëÿ òîãî ÷òîáû ðåøèòü ñèñòåìó (23), ìîæíî ïîñëåäîâàòåëüíî íàéòèðåøåíèå
L0Y0 = P0, (24)
L1 Y1 · eiωt = P1. (25)ãäå P0 =

(
0, p0

)T , P1 =
(
0, (p1 + p2 · x) · eiωt

)T . Îáùåå ðåøåíèåñèñòåì (24) è (25) ìîæíî ïðåäñòàâèòü â âèäå ñóììû ðåøåíèé ñîîò-âåòñòâóþùèõ îäíîðîäíûõ ñèñòåì è ÷àñòíûõ ðåøåíèé:
Y0 = Y

îäí
0 +Y

÷àñòí
0 , (26)

Y1 = Y
îäí
1 +Y

÷àñòí
1 . (27)5. Ðåøåíèå ñèñòåìû (24)Áóäåì èñêàòü ðåøåíèå â âèäå Y(x) = Ỹ · exp (r · x). Ïîäñòàâèâåãî â îäíîðîäíóþ ñèñòåìó (24) ïðè P0 = 0 è cîêðàòèâ íà exp (r · x),îïðåäåëèòåëü ïîëó÷èâøåéñÿ ñèñòåìû ïðèðàâíèâàåì íóëþ:

r6µ4 + r2
(
1− ν2

)
= 0.Íàõîäèì êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ:

rk =
±(1± i)√

2µ

(
1− ν2

)1/4
, k = 1 . . . 4, r5 = r6 = 0.Åñëè ïîäñòàâèòü îáùåå ðåøåíèå ñèñòåìû (24) â ãðàíè÷íûå óñëî-âèÿ (18), òî äëÿ îïðåäåëåíèÿ ïðîèçâîëüíûõ ïîñòîÿííûõ ïîëó÷èòñÿñëåäóþùàÿ ñèñòåìà óðàâíåíèé:

Z0 = A0 · S0, (28)ãäå Z0 = −(0, 0, p0, p0, 0, 0)
T , S0 � âåêòîð ïðîèçâîëüíûõ ïîñòîÿí-íûõ, à ìàòðèöà A0 èìååò âèä

A0 =




0 1 ν ν ν ν
−l 1 νt1 νt2 νt3 νt4
ν 0 −r1 −r2 −r3 −r4
ν 0 −r1t1 −r2t2 −r3t3 −r4t4
0 0 r21 r22 r23 r24
0 0 r21t1 r22t2 r23t3 r24t4




.
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0 = (uo0, wo

0)
T , ãäå ôóíêöèè

uo0 è wo
0 èìåþò âèä

uo0 =
p0ν

β0

(
1− 2

x

l

)
·
(
1− e−lβ0 cos (lβ0)

)
−

−p0ν

β0

(
e−(l−x)β0 cos ((l − x) β0)− e−xβ0 cos (xβ0)

)
;

(29)
wo

0 = −p0 ·
(
e(l−x)β0 [sin ((l − x) β0) + cos ((l − x) β0)] +

+e−xβ0 [sin (xβ0) + cos (xβ0)]

)
, β0 =

(1−ν2)
1/4

√
2µ

.
(30)Òåïåðü íàõîäèì ðåøåíèå Y÷àñòí

0 . Â äàííîì ñëó÷àå îíî èìååò âèä
Y

÷àñòí
0 = (up0 , wp

0 )
T , ãäå up0 = 0, wp

0 = p0. (31)6. Ðåøåíèå ñèñòåìû (25)Àíàëîãè÷íî ïðîöåäóðå, îïèñàííîé ïðè ðåøåíèè ñèñòåìû (24),ñíà÷àëà îïðåäåëÿþòñÿ êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Âýòîé çàäà÷å îíî èìååò ñëåäóþùèé âèä:
µ4T 2β6 − iµ4Tλω2β4 − T

(
−iK + Tν2

)
β2 + λω2K = 0. (32)Ðåøàåì óðàâíåíèå (32) ñ ïîìîùüþ äèàãðàììû Íüþòîíà. Â ðåçóëü-òàòå ïîëó÷èì

β1,2 = ±
√

λω2K

T (−iK + Tν2)
, β3,4 =

±T
(
−iK + Tν2

)

µT

1

4

, β5,6 = iβ3,4,ãäå K = 1 + iγ + λω2, T = −i + γ. Äëÿ îïðåäåëåíèÿ ïðîèçâîëüíûõïîñòîÿííûõ ïîëó÷àåòñÿ ñëåäóþùàÿ ñèñòåìà óðàâíåíèé:
Z1 = A1 · S1, (33)ãäå âåêòîð Z1 = −

(
Tp2

2ρω2K , Tp2

2ρω2K , i(p1+p2l)
2K , ip1

2K , 0, 0
)T , S1 � âåêòîð
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A1 =




K K 0 0 0 0
Keβ1l Keβ2l 0 0 0 0
iνβ1T iνβ2T β3 β4 β5 β6

iνβ1Te
β1l iνβ2Te

β2l β3e
β3l β4e

iβ4l β5e
β5l β6e

β6l

0 0 β2
3 β2

4 β2
5 β2

6

0 0 β2
3e

β3l β2
4e

β4l β2
5e

β5l β2
6e

β6l




.Òàêèì îáðàçîì, ðåøåíèå îäíîðîäíîé ñèñòåìû (25) èìååò âèä
Y

îäí
1 = (uo1, wo

1)
T , à ôóíêöèè uo1 è wo

1 òàêîâû:
uo1 = − p2T

2Kλω2

eβ1x + eβ1(l−x)

1 + elβ1

; (34)
wo

1 =
1 + i

2

(
w1e

β3x + w3e
β3(l−x)

)
+

1− i

2

(
w1e

−iβ3x + w3e
−iβ3(x−l)

)
;(35)

w1 = − ip1
2K

− i
(
eβ1l − 1

)
β3p2T

2

(eβ1l + 1)λω2K2
,

w3 = − i(p1 + lp2)

2K
+

i
(
eβ1l − 1

)
β3p2T

2

2 (eβ1l + 1)λω2K2
.Òåïåðü íàõîäèì ðåøåíèå Y÷àñòí

1 . Â äàííîì ñëó÷àå îíî èìååò âèä
Y

÷àñòí
1 = (up1 , wp

1 )
T , ãäå up1 =

p2T

2λω2K
, wp

1 =
p1 + xp2

2K
· i. (36)Ïðîöåäóðà îïðåäåëåíèÿ çíà÷åíèé âåêòîðîâ íåèçâåñòíûõ ïîñòîÿí-íûõ S0, S1 è ïîñòðîåíèå ãðàôèêîâ ôóíêöèé u(x, t) è w(x, t) îñó-ùåñòâëÿëàñü â ïàêåòå ïðèêëàäíûõ ïðîãðàìì Mathematica 9. Ôîð-ìóëû äëÿ îïðåäåëåíèÿ ôóíêöèé u è w â ÿâíîì âèäå íå âûïèñàíûââèäó èõ ãðîìîçäêîñòè. Ïðèâåäåì èõ îáùèé âèä, à òàêæå íîìåðàôîðìóë äëÿ íàõîæäåíèÿ ôóíêöèè u(x, t) ((29), (31), (34), (36)) èôóíêöèè w(x, t) ((30), (31), (35), (36)):

u(x, t) = uo0 + up0 + (uo1 + up1) · eiωt + (ūo1 + ūp1) · e−iωt, (37)
w(x, t) = wo

0 + wp
0 + (wo

1 + wp
1 ) · eiωt + (w̄o

1 + w̄p
1 ) · e−iωt. (38)



Ìîäåëèðîâàíèå âûíóæäåííûõ êîëåáàíèé öèëèíäðè÷åñêîé îáîëî÷êè ... 737. ×èñëåííûå ðàñ÷åòûÂ êà÷åñòâå ïðèìåðà áûëà ðàññìîòðåíà öèëèíäðè÷åñêàÿ îáîëî÷-êà ðàäèóñà R̄ = 1 ì, äëèíû l̄ = 5 ì, òîëùèíîé h̄ = 0.1 ì. Ñâîéñòâàìàòåðèàëà îáîëî÷êè: êîýôôèöèåíò Ïóàññîíà ν = 0.3, ìîäóëü Þíãà
E0 = 2.07 · 107 Í/ì2, ïëîòíîñòü ìàòåðèàëà % = 7800 êã/ì3, êîýô-ôèöèåíò ëèíåéíîé âÿçêîñòè γ = 0.01. Äàâëåíèå, äåéñòâóþùåå íàâíóòðåííþþ ïîâåðõíîñòü îáîëî÷êè, èçìåíÿåòñÿ ïî ñëåäóþùåìó çà-êîíó:
p = p (x, t) = p0 + (p1 + p2 · x) sinωt, ω = 1, p0 = p1 = p2 = 0.01.Íà ðèñ. 2, 3, 4 ïðåäñòàâëåíû ãðàôèêè ôóíêöèé w(x, t) è u(x, t) âìîìåíò âðåìåíè t = 0 c, t = 2 c, t = 5 c ñîîòâåòñòâåííî.8. Çàêëþ÷åíèåÑòîèò îòìåòèòü, ÷òî äàííàÿ çàäà÷à ìåõàíèêè, ðàññìîòðåííàÿâ íàñòîÿùåé ðàáîòå, ÿâëÿåòñÿ ïðèáëèæåííîé ìîäåëüþ, îïèñûâàþ-ùåé âûíóæäåííûå êîëåáàíèÿ òåõ îáîëî÷åê, êîòîðûå èñïîëüçóþòñÿâ ãàçîïðîâîäàõ.Áûëà èññëåäîâàíà çàäà÷à î äåôîðìàöèè òîíêîé óïðóãîé öèëèí-äðè÷åñêîé îáîëî÷êè ïîä âëèÿíèåì âíóòðåííåãî íîðìàëüíîãî äàâ-ëåíèÿ, äåéñòâóþùåãî ñî ñòîðîíû ïîòîêà æèäêîñòè. Ïîëó÷åíû ïðè-áëèæåííûå âûðàæåíèÿ äëÿ êîìïîíåíòîâ ïåðåìåùåíèé. Ïîñòðîåíûãðàôèêè ôóíêöèé ïðîãèáà îáîëî÷êè è òàíãåíöèàëüíîãî ïåðåìåùå-íèÿ â çàâèñèìîñòè îò âðåìåíè. Ïîëó÷åíû ãðàôèêè ðåàëüíîé è ìíè-ìûõ ÷àñòåé ïåðåìåùåíèé òî÷åê ñðåäèííîé ïîâåðõíîñòè. Òàêæå ïðè-âåäåíî ñðàâíåíèå àíàëèòè÷åñêèõ è ÷èñëåííûõ ðåçóëüòàòîâ.Ïîëó÷åííûå àíàëèòè÷åñêèå ôîðìóëû ïîçâîëÿþò ðàññ÷èòàòü èîöåíèòü ñ ïîìîùüþ ïîñòðîåííûõ ãðàôèêîâ âåëè÷èíó äåôîðìàöèéîáîëî÷êè. ×èñëåííûå ðåçóëüòàòû, ïðîâåäåííûå ìåòîäîì êîíå÷íûõýëåìåíòîâ â ïðîãðàììíîì êîìïëåêñå ANSYS WORKBENCH 13, äî-ïîëíÿþò àíàëèòè÷åñêèå ðåçóëüòàòû è ïîçâîëÿþò óâèäåòü â àíèìà-öèîííîì ðåæèìå âåñü ïðîöåññ êîëåáàíèé.
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Ðèñ. 2. Ãðàôèêè ôóíêöèé w(x, t) (ñëåâà) è u(x, t) (ñïðàâà) ïðè t = 0 c.
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Ðèñ. 3. Ãðàôèêè ôóíêöèé w(x, t) (ñëåâà) è u(x, t) (ñïðàâà) ïðè t = 2 c.
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Ðèñ. 4. Ãðàôèêè ôóíêöèé w(x, t) (ñëåâà) è u(x, t) (ñïðàâà) ïðè t = 5 c.



Ìîäåëèðîâàíèå âûíóæäåííûõ êîëåáàíèé öèëèíäðè÷åñêîé îáîëî÷êè ... 75Ëèòåðàòóðà1. Êèðè÷åâñêèé Â. Â. Ìåòîä êîíå÷íûõ ýëåìåíòîâ â ìåõàíèêå ýëàñòîìåðîâ.Êèåâ: Íàóêîâà Äóìêà, 2002. 655 ñ.2. Îäåí Äæ. Êîíå÷íûå ýëåìåíòû â íåëèíåéíîé ìåõàíèêå ñïëîøíûõ ñðåä.Ì.: Ìèð, 1976. 464 ñ.3. Ìèñþðà Å. Þ. ×èñëåííîå ðåøåíèå ãåîìåòðè÷åñêè íåëèíåéíîé çàäà÷è äëÿòîëñòîñòåííîãî öèëèíäðà, âûïîëíåííîãî èç ìàòåðèàëà Äæîíà // Âåñò-íèê ÍÒÓ �ÕÏÈ�. Äèíàìèêà è ïðî÷íîñòü ìàøèí. 2004. � 19. Ñ. 141�148.4. Muha B., Canic S. Existence of a weak solution to a nonlinear �uid-structureinteraction problem modeling the �ow of an incompressible,viscous �uid ina cylinder with deformable walls // Arch. Rational Mech. Anal. 2013. Vol.207. P. 919�968.5. Guidorzi M., Padula M., Plotnikov P. I. HOPF solutions to a �uid-elasticinteraction model // Math. Models Methods Appl. Sci. 2008. N 18. P. 215�225.6. Àðøèíîâ Ã.À., Çåìëÿíóõèí À.È., Ìîãèëåâè÷ Ë.È. Äâóìåðíûå óåäèíåí-íûå âîëíû â íåëèíåéíîé âÿçêîóïðóãîé äåôîðìèðóåìîé ñðåäå // ÐÀÍ.Àêóñòè÷åñêèé æóðíàë. 2000. Ò. 46. � 1. Ñ. 116�117.7. Àðøèíîâ Ã.À., Ìîãèëåâè÷ Ë.È. Ñòàòè÷åñêèå è äèíàìè÷åñêèå çàäà÷è âÿç-êîóïðóãîñòè. Ñàðàòîâ: Ñàðàò. ãîñ. àãð. óí-ò, 2000. 152 ñ.8. Áëèíêîâà À.Þ. Ìîäåëèðîâàíèå íåëèíåéíûõ âîëí äåôîðìàöèé â ôèçè-÷åñêè ëèíåéíûõ âÿçêîóïðóãèõ öèëèíäðè÷åñêèõ îáîëî÷êàõ, ñîäåðæàùèõâÿçêóþ íåñæèìàåìóþ æèäêîñòü // Ñàðàòîâ: Âåñòíèê ÑÃÒÓ. 2012. � 4(68). Ñ. 7�15.9. Êàíòîð Á.ß., Êóíäåëåâ À.Þ., Ìèñþðà Å. Þ. Áèîìåõàíèêà ãèïåðóïðó-ãèõ òåë âðàùåíèÿ. Õàðüêîâ, 2006. 191 ñ.10. Êî÷èí Í.Å., Êèáåëü È.À., Ðîçå Í.Å. Òåîðåòè÷åñêàÿ ãèäðîìåõàíèêà. Ò. 2.Ì., 1963. 728 ñ.11. Ëàíäàó Ë.Ä., Ëèôøèö Å.Ì. Ãèäðîäèíàìèêà. Ò. 4. Ì., 1988. 736 ñ.12. Ãîëüäåíâåéçåð À.Ë., Ëèäñêèé Â.Á., Òîâñòèê Ï.Å. Ñâîáîäíûå êîëåáàíèÿòîíêèõ óïðóãèõ îáîëî÷åê. Ì., 1979. 384 ñ.13. Ôèëèïïîâ Ñ.Á. Òåîðèÿ ñîïðÿæåííûõ è ïîäêðåïëåííûõ îáîëî÷åê. ÑÏá.,1999. 196 ñ.



ÍÅÊËÀÑÑÈ×ÅÑÊÈÅ ÒÅÎÐÈÈ ÀÍÈÇÎÒÐÎÏÍÛÕÎÁÎËÎ×ÅÊ Â ÇÀÄÀ×ÀÕ Î ÄÅÔÎÐÌÀÖÈÈÒÐÀÍÑÂÅÐÑÀËÜÍÎ-ÈÇÎÒÐÎÏÍÛÕÑÔÅÐÈ×ÅÑÊÈÕ ÑËÎÅÂÏÎÄ ÄÅÉÑÒÂÈÅÌ ÍÎÐÌÀËÜÍÎÃÎ ÄÀÂËÅÍÈßÏ. Â. ÒðîôèìåíêîÐàññìàòðèâàåòñÿ çàäà÷à î äåôîðìàöèè òîíêîé óïðóãîé ñôåðè÷å-ñêîé îáîëî÷êè, ñîñòîÿùåé èç äâóõ òðàíñâåðñàëüíî-èçîòðîïíûõ ñëîåâ,ïîä äåéñòâèåì âíóòðåííåãî è âíåøíåãî äàâëåíèÿ. Ðåøåíèå çàäà÷è ïî-ñòðîåíî ñ ïîìîùüþ íåêëàññè÷åñêèõ òåîðèé îáîëî÷åê Ïàëèÿ-Ñïèðî èÐîäèîíîâîé-Òèòàåâîé-×åðíûõà. Ïîëó÷åíû çàâèñèìîñòè äëÿ ïåðåìåùå-íèé, ðàäèàëüíûõ è òàíãåíöèàëüíûõ íàïðÿæåíèé âíóòðåííåé è âíåøíåéîáîëî÷åê ãëàçà. Ïðîâåäåíî ñðàâíåíèå ðåçóëüòàòîâ ñ òî÷íûì ðåøåíåèåìòðåõìåðíîé òåîðèè óïðóãîñòè.1. ÂâåäåíèåÄëÿ ïîñòðîåíèÿ áîëåå òî÷íûõ ìîäåëåé ãëàçà âàæíî ó÷èòûâàòüîñîáåííîñòè åãî ñëîæíîé ñòðóêòóðû, ìíîãèå ýëåìåíòû êîòîðîéñ òî÷êè çðåíèÿ ìåõàíèêè ÿâëÿþòñÿ ìíîãîñëîéíûìè îáîëî÷êàìè.Ñëîè íåêîòîðûõ îáîëî÷åê ïîä äåéñòâèåì âíóòðåííåãî äàâëåíèÿ ìî-ãóò ñìåùàòüñÿ îòíîñèòåëüíî äðóã äðóãà. Âíåøíÿÿ îáîëî÷êà ãëàçàñîñòîèò èç íåñêîëüêèõ ñëîåâ, êîòîðûå îòëè÷àþòñÿ êàê ïî òîëùèíå,òàê è ïî ñâîèì áèîìåõàíè÷åñêèì ñâîéñòâàì. Äàííûå îñîáåííîñòèáèîëîãè÷åñêèõ òêàíåé çàìåòíî âëèÿþò íà îáùóþ äåôîðìàöèþ îáî-ëî÷åê ãëàçà.Ñêëåðàëüíàÿ îáîëî÷êà ãëàçà áëèçêà ïî ñâîåé ñòðóêòóðå êòðàíñâåðñàëüíî-èçîòðîïíîé òêàíè: õàðàêòåðèçóþòñÿ áîëåå íèçêèììîäóëåì óïðóãîñòè â íàïðàâëåíèè ñâîåé òîëùèíû (â ðàäèàëüíîìíàïðàâëåíèè), ÷åì â ïðîäîëüíîì è ïîïåðå÷íîì [1, 2]. Êàê ïîêàçàëèèññëåäîâàíèÿ, ìîäóëü Þíãà ñêëåðû â ðàäèàëüíîì íàïðàâëåíèè âÄîêëàä íà ñåìèíàðå 12 íîÿáðÿ 2013 ã.c© Ï. Â. Òðîôèìåíêî, 2014



Íåêëàññè÷åñêèå òåîðèè àíèçîòðîïíûõ îáîëî÷åê... 77ñðåäíåì 0,5 ÌÏà, òîãäà êàê â ïðîäîëüíîì è ïîïåðå÷íîì íàïðàâëå-íèÿõ ýòîò ïîêàçàòåëü ìåíÿåòñÿ â ïðåäåëàõ 3�40 ÌÏà. Ìîäóëü Þíãàõîðèîèäåè â ðàäèàëüíîì íàïðàâëåíèè ñîñòàâëÿåò193,1 ÊÏà, â ïðîäîëüíîì è ïîïåðå÷íîì � 477,2 ÊÏà [1]. Îñîáåí-íîñòü ñîñóäèñòîé îáîëî÷êè çàêëþ÷àåòñÿ â òîì, ÷òî îíà îòíîñèòñÿ ê¾àêòèâíûì¿ ñòðóêòóðàì ãëàçà [3]: èçìåíÿÿ ñâîé îáúåì è æåñòêîñòüâ çàâèñèìîñòè îò êðîâåíàïîëíåíèÿ, îíà ñïîñîáíà èçìåíÿòü ñâîè ìå-õàíè÷åñêèå ñâîéñòâà â òå÷åíèå ñóòîê. Ñåò÷àòêà ÿâëÿåòñÿ íåïðî÷íîéòêàíüþ òîëùèíîé 250 ìê, êîòîðàÿ õàðàêòåðèçóåòñÿ îòíîñèòåëüíîíèçêèì ìîäóëåì Þíãà � 20 ÊÏà [1].2. Äåôîðìàöèè äâóõñëîéíîé òðàíñâåðñàëüíî-èçîòðîïíîé ñôåðè÷åñêîé îáîëî÷êè2.1. Ïîñòàíîâêà çàäà÷èÏðåäïîëàãàåòñÿ, ÷òî âíåøíèé ñëîé îáîëî÷êè ÿâëÿåòñÿ áîëååæåñòêèì è îòâå÷àåò áèîìåõàíè÷åñêèì õàðàêòåðèñòèêàì ñêëåðû, àâíóòðåííèé ñëîé � áîëåå ìÿãêèì è îòâå÷àåò áèîìåõàíè÷åñêèì ñâîé-ñòâàì õîðèîèäåè. Ïóñòü p1, p3 � âåëè÷èíû âíóòðåííåãî è âíåøíåãîäàâëåíèÿ, p2 � äàâëåíèå, äåéñòâóþùèå â çîíå êîíòàêòà ñëîåâ (ðèñ.1). Ââåäåì îáîçíà÷åíèÿ: r1, r3 � âíóòðåííèé è âíåøíèé ðàäèóñûîáîëî÷êè, r2 � ðàäèóñ çîíû êîíòàêòà åå ñëîåâ (r1 < r2 < r3).Èç ñîîáðàæåíèé ñèììåòðèè ïîëîæèì, ÷òî â ñôåðè÷åñêîé ñèñòå-ìå êîîðäèíàò (ρ,φ,θ) ñïðàâåäëèâû ðàâåíñòâà [5]:
σi
ρρ = σi

33(ρ), σ
i
11 = σi

22,

σi
12 = σi

13 = σi
23 = 0,

ui
1 = ui

2 = 0, ui
3 = ui

3(ρ),

(1)ãäå i = 1 ñîîòâåòñòâóåò âíóòðåííåìó ñëîþ, à i = 2 � âíåøíåìó.Ïðåäïîëàãàÿ, ÷òî èìååò ìåñòî æåñòêèé êîíòàêò, çàïèøåì óñëîâèÿñîïðÿæåíèÿ îáîëî÷åê ïðè ρ = r2:
σ1
33 = σ2

33, u
1
3 = u2

3. (2)
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Ðèñ. 1. Ìîäåëü îáîëî÷êè.2.2. Äåôîðìàöèè äâóõñëîéíîé òðàíñâåðñàëüíî-èçîòðîïíîéñôåðè÷åñêîé îáîëî÷êè ïî òåîðèè Ïàëèÿ�ÑïèðîÈçâåñòíî, ÷òî êëàññè÷åñêàÿ òåîðèÿ îáîëî÷åê ïðèâîäèò â èñõîä-íûõ óðàâíåíèÿõ ê ïîãðåøíîñòè h/R ïî ñðàâíåíèþ ñ åäèíèöåé (ñì.:[4]), à áèîëîãè÷åñêèå îáîëî÷êè èíîãäà îáëàäàþò äîñòàòî÷íî áîëü-øèì îòíîøåíèåì òîëùèíû ê ðàäèóñó è, êðîìå òîãî, ÷àñòî èìå-þò áîëüøóþ ïîäàòëèâîñòüþ íà ìåæñëîåâîé ñäâèã, ïîýòîìó èññëå-äîâàíèå íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ òàêèõ îáîëî÷åêòðåáóåò ââåäåíèÿ áîëåå ñòðîãèõ ãèïîòåç, ÷åì ãèïîòåçû Êèðõãîôà�Ëÿâà. Íà îñíîâå òåîðèè àíèçîòðîïíûõ îáîëî÷åê ñðåäíåé òîëùè-íû Ïàëèÿ�Ñïèðî ðàññìàòðèâàåòñÿ çàäà÷à î äåôîðìàöèè ñôåðè÷å-ñêîé îáîëî÷êè, ñîñòîÿùåé èç äâóõ òðàíñâåðñàëüíî-èçîòðîïíûõ ñëî-åâ. Ñðàâíåíèå ðåøåíèÿ, ïîëó÷åííîãî â ðàìêàõ òðåõìåðíîé òåîðèèóïðóãîñòè, ñ ðåøåíèÿìè íà îñíîâå òåîðèè àíèçîòðîïíûõ îáîëî÷åêïîçâîëÿåò îöåíèòü, íàñêîëüêî òî÷íî òåîðèè àíèçîòðîïíûõ îáîëî-÷åê ìîãóò îïèñûâàòü ðåøåíèå çàäà÷è è ïðèìåíèìû, íàïðèìåð, äëÿîáîëî÷åê ýëëèïñîèäàëüíîé ôîðìû (ãëàçà ñ ìèîïèåé è ãèïåðìåòðî-ïèåé).



Íåêëàññè÷åñêèå òåîðèè àíèçîòðîïíûõ îáîëî÷åê... 79Òåîðèÿ îáîëî÷åê ñðåäíåé òîëùèíû, èçëîæåííàÿ â ðàáîòå[7], îñíîâàíà íà øèðîêî èñïîëüçóåìîé êèíåìàòè÷åñêîé ãèïîòåçåÒèìîøåíêî�Ðåéñíåðà. Êðîìå ýòîãî, â òåîðèè Ïàëèÿ�Ñïèðî ïðåä-ïîëàãàåòñÿ, ÷òî:� ïðÿìîëèíåéíûå âîëîêíà îáîëî÷êè, ïåðïåíäèêóëÿðíûå ê ååñðåäèííîé ïîâåðõíîñòè äî äåôîðìàöèè, îñòàþòñÿ ïîñëå äåôîðìà-öèè òàêæå ïðÿìîëèíåéíûìè;� êîñèíóñ óãëà íàêëîíà òàêèõ âîëîêîí ê ñðåäèííîé ïîâåðõíîñòèäåôîðìèðîâàííîé îáîëî÷êè ðàâåí îñðåäíåííîìó óãëó ïîïåðå÷íîãîñäâèãà.Äëÿ ñôåðè÷åñêîé àíèçîòðîïíîé îáîëî÷êè ðàäèóñàRi è òîëùèíû
hi, íàõîäÿùåéñÿ ïîä äåéñòâèåì íîðìàëüíîé íàãðóçêè, ýòè ãèïîòåçûïîçâîëÿþò ïðèíÿòü äëÿ íîðìàëüíîãî ïåðåìåùåíèÿ ñëåäóþùèé âèä:

ui
3 = wi + Fi(ξ),−

hi

2
≤ ξ ≤ hi

2
, (3)ãäå wi � ïåðåìåùåíèå ñðåäèííîé ïîâåðõíîñòè, Fi(ξ) � èñêîìàÿôóíêöèÿ, òàêàÿ ÷òî Fi(0) = 0.Äëÿ òðàíñâåðñàëüíî-èçîòðîïíîé ñôåðè÷åñêîé îáîëî÷êè óñèëèÿè äåôîðìàöèè ñðåäèííîé ïîâåðõíîñòè ñâÿçàíû ñîîòíîøåíèÿìè(ñì.: [7]):

T i
1 = T i

2 =
Ei

1hi

1− ν2i
(εi1 + νiε

i
2)− ν∗i

hi

2
(pi1 + pi2), ε

i
1 = εi2 =

wi

Ri
, (4)ãäå pi1 ñîîòâåòñòâóåò âíóòðåííåìó äàâëåíèþ íà i-óþ îáîëî÷êó, à pi2� âíåøíåìó; ν∗i =

Ei
1
ν′

i

Ei
3
(1−νi)

; Ei
1 è Ei

3 � ñîîòâåòñòâåííî ìîäóëè Þíãàïðè ðàñòÿæåíèè-ñæàòèè â ïîâåðõíîñòè èçîòðîïèè è â íàïðàâëåíèè,ïåðïåíäèêóëÿðíîì ê íåé; νi è ν∗i � êîýôôèöèåíòû Ïóàññîíà.Óïðóãèå êîýôôèöèåíòû òðàíñâåðñàëüíî-èçîòðîïíîãî òåëà óäî-âëåòâîðÿþò ñèñòåìå íåðàâåíñòâ:
|ν′i| <

(
Ei

3

Ei
1

) 1

2

, −1 < νi < 1− 2(ν′i)
2E

i
1

Ei
3

, Ei
1 > 0, Ei

3 > 0 (5)Ñëåäóÿ ðàáîòå [7], äëÿ íîðìàëüíîãî íàïðÿæåíèÿ σi
33 è èñêîìîé
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σi
33 =

(
1− 2

ξ

Ri

)(
mi

3

hi
+ qi3

ξ

hi

)
,

Fi(ξ) =

∫ ξ

0

σi
33

Ei
1

dξ − 2ν∗i ε
i
1ξ

(
1− ξ

2Ri

)
,

qi3 = pi1

(
1− hi

2Ri

)2

− pi2

(
1 +

hi

2Ri

)2

,

mi
3 = −hi

2

(
pi1

(
1− hi

2Ri

)2

+ pi2

(
1 +

hi

2Ri

)2
)
.

(6)
Òàíãåíöèàëüíûå íàïðÿæåíèÿ σi

11 è σi
22 ìîãóò áûòü ïîëó÷åíû èççàêîíà óïðóãîñòè:

σi
11 = σi

22 =
Ei

1

1− νi
εi11 + ν∗1σ

i
33, (7)ãäå äåôîðìàöèÿ ïðîèçâîëüíîãî âîëîêíà îáîëî÷êè εi11 îïðåäåëÿåòñÿñîîòíîøåíèåì:

εi11 = εi22 = εi1

(
1− ξ

Ri
(1 + 2ν∗i )

)
. (8)Èç óðàâíåíèé ðàâíîâåñèÿ ýëåìåíòà ñôåðè÷åñêîé îáîëî÷êè ìîæ-íî ïîëó÷èòü:

T i
1 = T i

2 =
Ri

2

(
pi1 − pi2 −

hi

Ri
(pi1 + pi2)

)
. (9)Ïåðåìåùåíèå w ñðåäèííîé ïîâåðõíîñòè ñôåðû îïðåäåëÿåòñÿ èçóðàâíåíèÿ (9) ñ ó÷åòîì (4) è (6):

wi =
1− νi
2Ei

1

R2
i

hi
(pi1 − pi2)

(
1− hi

Ri

pi1 + pi2
pi1 − pi2

(1 − ν∗i )

)
, (10)ãäå p2 = p21 = p12 � íåèçâåñòíîå óñèëèå âçàèìîäåéñòâèÿ ìåæäó îáî-ëî÷êàìè. Îíî îïðåäåëÿåòñÿ èç óñëîâèÿ ñîïðÿæåíèÿ îáîëî÷åê ïîïåðåìåùåíèÿì (2) è ôîðìóëû (10) ñëåäóþùèì îáðàçîì:

p2 =
a1p1(1 + α1 (ν

∗
1 − 1)) + a2p3 (1− α2(ν

∗
2 − 1))

a1 (1− α1(ν∗1 − 1)) + a2 (1 + α2(ν∗2 − 1))
, (11)
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ai =

1− νi
2Ei

1

R2
i

hi
, αi =

hi

Ri
.2.3. Äåôîðìàöèè äâóõñëîéíîé òðàíñâåðñàëüíî-èçîòðîïíîéñôåðè÷åñêîé îáîëî÷êè ïî òåîðèè Ðîäèîíîâîé�Òèòàåâà�×åðíûõàÑîãëàñíî ãèïîòåçàì óòî÷íåííîé èòåðàöèîííîé òåîðèè [8], íîð-ìàëüíàÿ ñîñòàâëÿþùàÿ âåêòîðà ïåðåìåùåíèÿ ðàñïðåäåëåíà ïî òîë-ùèíå îáîëî÷êè ïî çàêîíó ïîëèíîìà âòîðîé ñòåïåíè, à íîðìàëüíîåíàïðÿæåíèå � ïî çàêîíó êóáè÷åñêîé ïàðàáîëû:

σ33 = σ
(0)
33 P0(ξ) + σ

(1)
33 P1(ξ) + σ

(2)
33 P2(ξ) + σ

(3)
33 P3(ξ),

u3 = w∗P0(ξ) + γ∗
3P1(ξ) + θ∗3P2(ξ),

(12)ãäå Pi � ïîëèíîìû Ëåæàíäðà:
P0(ξ) = 1, P1(ξ) =

2ξ

h
, P2(ξ) =

6ξ2

h2
− 1

2
, P3(ξ) =

20ξ3

h3
− 3ξ

h
.(13)Ñëåäóÿ ðàáîòå [8], âûïèøåì ñîîòíîøåíèÿ, ñâÿçûâàþùèå êîìïî-íåíòû ïåðåìåùåíèé è äåôîðìàöèé, è âûðàæåíèÿ äëÿ óñèëèé, âîç-íèêàþùèõ ïðè äåôîðìàöèè ñôåðè÷åñêîé îáîëî÷êè:

ε1 = ε2 =
w

R
, γ3 =

T0

2E∗
− ν∗

h

2
(ε1 + ε2) ,

κ1 = κ2 =
γ3
R
, θ3 =

M0

hE∗
− ν∗

h

6
(κ1 + κ2) ,

T1 = T2 =
Eh

1− ν2
(ε1 + νε2) + ν∗T0,

(14)ãäå
M0 =

h2

10
q̂3, q̂3 = p1

(
1− h

2R

)2

− p2

(
1 +

h

2R

)2

,

T0 = m̂3 = −h

2

[
p1

(
1− h

2R

)2

+ p2

(
1 +

h

2R

)2
]
.

(15)



82 Ï. Â. ÒðîôèìåíêîÈç óðàâíåíèÿ ðàâíîâåñèÿ ýëåìåíòà ñôåðû ïîëó÷àåì:
T1 = T2 =

R

2
q̂3. (16)Èç óðàâíåíèé äëÿ óñèëèé (14) è (16) íàéäåì:

w = (
R

2
q̂3 − ν∗T0)

(1− ν)R

Eh
. (17)Íàïðÿæåíèÿ, êàê è ðàíüøå, ìîæíî íàéòè èç çàêîíà óïðóãîñòèñ ó÷åòîì ïðèíÿòûõ â ðàññìàòðèâàåìîé òåîðèè âûðàæåíèé äëÿ íîð-ìàëüíîãî íàïðÿæåíèÿ è äåôîðìàöèé:

σ33 =
T0

h
P0(ξ) +

6M0

h2
P1(ξ) +

m3 − T0

h
P2(ξ) +

(
q3
2

− 6M0

h2

)
P3(ξ),

σ11 = σ22 =
E

1− ν
ε11 + ν∗σ33,

ε11 =
w∗

R
P0(z) +

γ∗
3

R
P1(z) +

θ∗3
R
P2(z). (18)Ïðèðàâíÿåì âåêòîðà ïåðåìåùåíèÿ (12) â çîíå êîíòàêòà ñëîåâ èíàéäåì íåèçâåñòíîå äàâëåíèå:

p2 =
p1a1(R1 + ν∗1h1) + p3b2c(R2 − ν∗2h2)

b1(R1 − ν∗1h1) + a2c(R2 + ν∗2h2)
, (19)ãäå

ai = 1− hi

2Ri
, bi = 1 +

hi

2Ri
, c =

(1− ν2)R2

E2
1h2

E1
1h1

(1− ν1)R1
. (20)2.4. Äåôîðìàöèè äâóõñëîéíîé òðàíñâåðñàëüíî-èçîòðîïíîéñôåðè÷åñêîé îáîëî÷êè ïî òðåõìåðíîé òåîðèèÓðàâíåíèÿ ðàâíîâåñèÿ äëÿ ñôåðè÷åñêîãî ñëîÿ ïîä äåéñòâèåìíîðìàëüíîãî äàâëåíèÿ â òðåõìåðíîé òåîðèè óïðóãîñòè ñâîäÿòñÿ êîäíîìó óðàâíåíèþ:

dσi
33

dρ
+

1

ρ
(2σi

33 − σi
11 − σi

22) = 0. (21)



Íåêëàññè÷åñêèå òåîðèè àíèçîòðîïíûõ îáîëî÷åê... 83Êîìïîíåíòû òåíçîðà äåôîðìàöèé ñâÿçàíû ñ ïåðåìåùåíèÿìè òî-÷åê ñôåðè÷åñêîé îáîëî÷êè ñîîòíîøåíèÿìè
εi11 = εi22 =

ui
3

ρ
, εi33 =

dui
3

dρ
, εi12 = εi13 = εi23 = 0 (22)â ïðåäïîëîæåíèè, ÷òî

ui
1 = ui

2 = 0, ui
3 = ui

3(ρ).Èç çàêîíà óïðóãîñòè ïîëó÷èì ñëåäóþùèå ñîîòíîøåíèÿ:
σi
11 = Ei

11ε
i
11 + Ei

12ε
i
22 + Ei

13ε
i
33,

σi
22 = Ei

12ε
i
11 + Ei

11ε
i
22 + Ei

13ε
i
33,

σi
33 = Ei

13ε
i
11 + Ei

13ε
i
22 + Ei

33ε
i
33,

(23)ãäå
Ei

11 =
Ei

1

(
Ei

3 − Ei
1ν

′2
i

)

(1 + νi)
(
Ei

3(1 − νi)− 2Ei
1ν

′2
i

) ,

Ei
12 =

Ei
1

(
Ei

3νi + Ei
1ν

′2
i

)

(1 + νi)
(
Ei

3(1 − νi)− 2Ei
1ν

′2
i

) ,

Ei
13 =

Ei
1E

i
3ν

′
i

Ei
3(1− νi)− 2Ei

1ν
′2
i

, Ei
33 =

(Ei
3)

2(1 − νi)

Ei
3(1 − νi)− 2Ei

1ν
′2
i

,

| ν′ |< (E3/E1)
1/2

, ν < 1− 2ν′2
E1

E3
.

(24)
Óðàâíåíèå ðàâíîâåñèÿ (21) ñîâìåñòíî ñ çàêîíîì óïðóãîñòè (23)ïîçâîëÿåò ïîëó÷èòü îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ íîðìàëüíîãîïðîãèáà ñôåðû ui

3:
ui
3(ρ) =

Ki
1

γi
1

ρmi +
Ki

2

γi
2

1

ρmi+1
, Ki

1 =
pi1(r

i
1)

mi+2 − pi2(r
i
2)

mi+2

(ri2)
2mi+1 − (ri1)

2mi+1
,

Ki
2 =

(ri1)
mi+2(ri2)

mi+2
(
pi1(r

i
2)

mi−1 − pi2(r
i
1)

mi−1
)

(ri2)
2mi+1 − (ri1)

2mi+1
,

γi
1 = 2Ei

13 +miE
i
33, γi

2 = (mi + 1)Ei
33 − 2Ei

13,

mi = −1

2
+

√
1 + 4µ∗

i

2
, µ∗

i = 2
Ei

11 + Ei
12 − Ei

13

Ei
33

= 2
Ei

1

Ei
3

1− ν′i
1− νi

.(25)



84 Ï. Â. ÒðîôèìåíêîÑ ó÷åòîì (25) âûðàæåíèÿ äëÿ íàïðÿæåíèé, âîçíèêàþùèõ â ñôå-ðå, áóäóò èìåòü âèä
σi
11 = σi

22 = Ki
1

mi + 1

2
ρmi−1 +

mi

2

Ki
2

ρmi+2
, σi

33 = Ki
1ρ

mi−1 − Ki
2

ρmi+2
.(26)Íåèçâåñòíîå óñèëèå âçàèìîäåéñòâèÿ ìåæäó îáîëî÷êàìè îïðåäå-ëÿåòñÿ èç óñëîâèÿ ñîïðÿæåíèÿ îáîëî÷åê ïî ïåðåìåùåíèÿì (2) èíîðìàëüíîãî ïðîãèáà (26):

p2 = [
p1r

m1+2
1 rm1+2

2

γ1
1(r

2m1+1
2 − r2m1+1

1 )
+

p1r
m1+2
1 rm1+2

2

γ1
2(r

2m1+1
2 − r2m1+1

1 )r22
]∗

∗ [ rm1+2
2 rm1

2

γ1
1(r

2m1+1
2 − r2m1+1

1 )
+

rm1−1
1 rm1+2

1 rm1+2
2

γ1
2(r

2m1+1
2 − r2m1+1

1 )rm1+1
2

+

+
rm2+2
2 rm2+2

2

γ2
1(r

2m2+1
3 − r2m2+1

2 )
+

rm2−1
3 rm2+2

2 rm2+2
3

γ2
2

(
r2m2+1
2 (r2m2+1

3 − r2m2+1
2 )

) ].

(27)
3. Ñðàâíåíèå ïîëó÷åííûõ ðåçóëüòàòîâÈç ïÿòè óïðóãèõ êîýôôèöèåíòîâ, íåîáõîäèìûõ äëÿ ðàñ÷åòàòðàíñâåðñàëüíî-èçîòðîïíûõ ñîñóäèñòîé è ñêëåðàëüíîé îáîëî÷åêãëàçà, èìåþòñÿ ýêñïåðèìåíòàëüíûå äàííûå òîëüêî äëÿ ìîäóëåéóïðóãîñòè è êîýôôèöèåíòîâ Ïóàññîíà â êàñàòåëüíîì íàïðàâëåíèè.Íà êîýôôèöèåíòû Ïóàññîíà ν′1 è ν′2 â íàïðàâëåíèè òîëùèíû îáîëî-÷åê ââèäó îòñóòñòâèÿ ýêñïåðèìåíòàëüíûõ äàííûõ íàêëàäûâàþòñÿòîëüêî îãðàíè÷åíèÿ (5).Ïåðåìåùåíèå ïî òðåì ðàçëè÷íûì òåîðèÿì ïðè íàãðóæåíèèâíóòðåííèì äàâëåíèåì p1 = 30 ìì ðò. ñò. äëÿ ñëåäóþùåãî ñëó÷àÿçàäàíèÿ óïðóãèõ êîýôôèöèåíòîâ èìååò âèä (ñì.: ðèñ. 2):

E1
1 = 0.5ÌÏà, E1

3 =
E1

1

n1
, ν1 = 0.45, ν′1 =

ν1
n1

, n1 = 2.5,

E2
1 = 5ÌÏà, E2

3 =
E2

1

n2
, ν2 = 0.45, ν′2 =

ν2
n2

, n2 = 10,

(28)ãäå E1
1 , E1

3 , ν1, ν′1 � óïðóãèå êîýôôèöèåíòû âíóòðåííåé ìÿãêîé(ρ = [11.1; 11.4]) ñîñóäèñòîé îáîëî÷êè, E2
1 , E2

3 , ν2, ν′2 � óïðóãèå
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Ðèñ. 2. Çàâèñèìîñòè äëÿ ïåðåìåùåíèé âíóòðåííåé è âíåøíåé îáîëî÷åêãëàçà ïî òðåì òåîðèÿì.Íà ðèñ. 3 ïðåäñòàâëåíî ïåðåìåùåíèå ïî òåîðèè Ïàëèÿ�Ñïèðîïðè íàãðóæåíèè âíóòðåííèì äàâëåíèåì p1 = 20 ìì ðò. ñò. äëÿ ðàç-íîãî îòíîøåíèÿ óïðóãèõ êîýôôèöèåíòîâ:
E1

1 = 1 ÌÏà, E1
3 =

E1
1

n1
, ν1 = 0.45, ν′1 =

ν1
n1

,

E2
1 = 2 ÌÏà, E2

3 =
E2

1

n2
, ν2 = 0.45, ν′2 =

ν2
n2

.

(29)Íà ðèñ. 4 ïðåäñòàâëåíî ïåðåìåùåíèå ïî òåîðèè Ðîäèîíîâîé�Òèòàåâà�×åðíûõà ïðè íàãðóæåíèè âíóòðåííèì äàâëåíèåì p1 =
20 ìì ðò. ñò. äëÿ ðàçíîãî îòíîøåíèÿ óïðóãèõ êîýôôèöèåíòîâ:

E1
1 = 0.5 ÌÏà, E1

3 =
E1

1

n1
, ν1 = 0.45, ν′1 =

ν1
n1

,

E2
1 = 1 ÌÏà, E2

3 =
E2

1

n2
, ν2 = 0.45, ν′2 =

ν2
n2

.

(30)Íà ðèñ. 5 ïðèâåäåíû çàâèñèìîñòè íîðìàëüíûõ è òàíãåíöèàëü-íûõ íàïðÿæåíèé äëÿ âíóòðåííåé ìÿãêîé (ρ = [11.1; 11.4]) ñîñóäè-ñòîé îáîëî÷êè è âíåøíåé (ρ = [11.4; 12]) ñêëåðàëüíîé îáîëî÷êè äëÿ
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Ðèñ. 3. Çàâèñèìîñòè äëÿ ïåðåìåùåíèé äëÿ ðàçíûõ n ïî òåîðèè PSïðè p1 = 20 ìì ðò. ñò..

Ðèñ. 4. Çàâèñèìîñòè äëÿ ïåðåìåùåíèé äëÿ ðàçíûõ n ïî òåîðèè RTCïðè p1 = 20 ìì ðò. ñò..



Íåêëàññè÷åñêèå òåîðèè àíèçîòðîïíûõ îáîëî÷åê... 87âíóòðèãëàçíîãî äàâëåíèÿ p1 = 30 ìì ðò. ñò. ïðè ñëåäóþùèõ óïðó-ãèõ êîýôôèöèåíòàõ:
E1

1 = 0.5ÌÏà, E1
3 =

E1
1

n1
, ν1 = 0.45, ν′1 =

ν1
n1

, n1 = 2.5,

E2
1 = 1ÌÏà, E2

3 =
E2

1

n2
, ν2 = 0.45, ν′2 =

ν2
n2

, n2 = 10.

(31)

(a) (á)Ðèñ. 5. Çàâèñèìîñòè äëÿ íîðìàëüíûõ (a) è òàíãåíöèàëüíûõ (á) íàïðÿ-æåíèé ïî òðåì òåîðèÿì.Â ïðåäëàãàåìîé ìîäåëè çà ñ÷åò ðàçíîñòè óïðóãèõ êîýôôèöè-åíòîâ ñîñóäèñòîé è ñêëåðàëüíîé îáîëî÷åê íà ïîâåðõíîñòè êîíòàêòàíàáëþäàåòñÿ ðàçðûâ ïðîäîëüíûõ è ïîïåðå÷íûõ òàíãåíöèàëüíûõ íà-ïðÿæåíèé. Â ðåàëüíîñòè, ñ èçìåíåíèåì âíóòðèãëàçíîãî äàâëåíèÿ,âîçìîæíî ïðîñêàëüçûâàíèå ìåæäó îáîëî÷êàìè, êîòîðîå âîçíèêàåòèç-çà íåðàâíîìåðíîñòè íàïðÿæåíèé íà ïîâåðõíîñòè.4. Çàêëþ÷åíèåÏðîâåäåííûå ðàñ÷åòû ïîêàçàëè, ÷òî, ÷åì áîëüøå ðàçíîñòü óïðó-ãèõ êîýôôèöèåíòîâ îáîëî÷åê íà ïîâåðõíîñòè èçîòðîïèè ìàòåðèàëà



88 Ï. Â. Òðîôèìåíêîè â íàïðàâëåíèè, ïåðïåíäèêóëÿðíîì ê íåé, òåì ñèëüíåå èçëîìû,âîçíèêàþùèå íà ïîâåðõíîñòè êîíòàêòà â ïåðåìåùåíèÿõ è íàïðÿæå-íèÿõ.Èñõîäÿ èç ïîëó÷åííûõ ðåçóëüòàòîâ, ìîæíî ñêàçàòü, ÷òî òåîðèèîáîëî÷åê Ïàëèÿ�Ñïèðî è Ðîäèîíîâîé�Òèòàåâà�×åðíûõà ïîçâîëÿ-þò ïîëó÷èòü äîñòàòî÷íî òî÷íûå ðåçóëüòàòû äëÿ îöåíêè âåëè÷èíûïåðåìåùåíèÿ è íàïðÿæåíèÿ, ÷òî ìîæåò ïîìî÷ü â ðåøåíèÿõ çàäà÷îá èíòðàñêëåðàëüíûõ èíúåêöèÿõ.Ñëåäóåò îòìåòèòü, ÷òî áîëåå òî÷íûå ðåçóëüòàòû äàåò òåîðèÿÏàëèÿ�Ñïèðî, ò.å. ðåçóëüòàòû, áîëåå áëèçêèå ê ïîëó÷àþùèìñÿ ïîòðåõìåðíîé òåîðèè. Òàêæå äëÿ ðàñ÷åòà äåôîðìàöèé è íàïðÿæåíèéýëëèïñîèäàëüíûõ îáîëî÷åê ýòà òåîðèÿ ÿâëÿåòñÿ áîëåå ïðîñòîé ïîñðàâíåíèþ ñ òåîðèåé Ðîäèîíîâîé�Òèòàåâà�×åðíûõà.Ëèòåðàòóðà1. Èîìäèíà Å. Í. Ìåõàíè÷åñêèå ñâîéñòâà òêàíåé ãëàçà ÷åëîâåêà // Ñîâðå-ìåííûå ïðîáëåìû áèîìåõàíèêè, âûï. 11. M.: Èçä-âî ÌÃÓ, 2006. C. 183�200.2. Ñàóëãîçèñ Þ.Æ. Îñîáåííîñòè äåôîðìèðîâàíèÿ ñêëåðû // Ìåõàíèêàêîìïîçèòíûõ ìàòåðèàëîâ, 1981, � 3. Ñ. 505�514.3. Ïîëîç Ì.Â., Èîìäèíà Å. Í. Àêòèâíûå äåôîðìàöèè ÷åëîâå÷åñêîãî ãëàçà// Áèîìåõàíèêà-2010, Õ Âñåðîññèéñêàÿ êîíôåðåíöèÿ, òåçèñû äîêëàäîâ.Èçä-âî Ñàðàòîâñêîãî óíèâåðñèòåòà. Ñ. 137�139.4. Íîâîæèëîâ Â.Â. Òåîðèÿ òîíêèõ îáîëî÷åê. ÑÏ6.: Èçä-âî Ñ.-Ïåòåðá. óí-òà, 2010. 380 ñ.5. Áàóýð Ñ.Ì., Âîðîíêîâà Å.Á. Íåêëàññè÷åñêèå òåîðèè àíèçîòðîïíûõ îáî-ëî÷åê â çàäà÷àõ äåôîðìàöèè òðàíñâåðñàëüíî-èçîòðîïíûõ ñôåðè÷åñêèõè öèëèíäðè÷åñêèõ ñëîåâ ïîä äåéñòâèåì íîðìàëüíîãî äàâëåíèÿ // Âåñòí.Ñ.-Ïåòåðá. óí-òà. Ñåð. 1. Âûï. 3. 2011. Ñ. 86�93.6. Ëóðüå À. È. Ïðîñòðàíñòâåííûå çàäà÷è òåîðèè óïðóãîñòè. Ì.: Ãîñòåõèç-äàò, 1955. 492 ñ.7. Ïàëèé Î.Ì., Ñïèðî Â.Å. Àíèçîòðîïíûå îáîëî÷êè â ñóäîñòðîåíèè. Òåî-ðèÿ è ðàñ÷åò. Ë.: Ñóäîñòðîåíèå, 1977. 386 ñ.8. Ðîäèîíîâà Â.À., Òèòàåâ Â.Ô., ×åðíûõ Ê.Ô. Ïðèêëàäíàÿ òåîðèÿ àíèçî-òðîïíûõ ïëàñòèí è îáîëî÷åê. ÑÏá.: Èçä-âî ÑÏáÃÓ, 1996. 280 c.



ÄÅÔÎÐÌÀÖÈß ÑÔÅÐÈ×ÅÑÊÎÃÎ ÑÅÃÌÅÍÒÀÏÎÄ ÄÅÉÑÒÂÈÅÌ ÄÈÍÀÌÈ×ÅÑÊÎÉ ÍÀÃÐÓÇÊÈ(ÏÐÎÑÒÅÉØÀß ÌÎÄÅËÜ ÏÍÅÂÌÎÒÎÍÎÌÅÒÐÀ)À. Â. Èâ÷åíêîâàÂ ðàáîòå ïîñòðîåíû äâå ïðîñòåéøèå ìîäåëè ïíåâìîòîíîìåòðà, îäíàèç êîòîðûõ îñíîâûâàåòñÿ íà óðàâíåíèÿõ äëÿ ìîìåíòíîé òåîðèè îáîëî-÷åê, äðóãàÿ � äëÿ áåçìîìåíòíîé òåîðèè îáîëî÷åê. Ïðîâåäåíî èññëåäî-âàíèå ïîâåäåíèÿ ïîëîãîé ñôåðè÷åñêîé îáîëî÷êè ïðè ðàçíûõ ïàðàìåòðàõè ñðàâíåíèå ïðåäñòàâëåííûõ ìîäåëåé. Íà îñíîâàíèè ñðàâíåíèé ñäåëàíâûâîä î òîì, ÷òî ìîäåëü áåçìîìåíòíîé îáîëî÷êè äà¼ò ðåçóëüòàòû, áëèç-êèå ê íàáëþäàåìûì â ýêñïåðèìåíòàõ. Ïîêàçàíî, ÷òî ìîìåíòíàÿ ìîäåëüíå ìîæåò àäåêâàòíî îïèñàòü êëèíè÷åñêèå äàííûå.1. ÂâåäåíèåÈñòîðèÿ òîíîìåòðèè (ìåòîäîâ èçìåðåíèÿ âíóòðèãëàçíîãî äàâ-ëåíèÿ � ÂÃÄ) íà÷èíàåòñÿ ñ 1862 ã., êîãäà Àëüáðåõòîì ôîí Ãðå-ôå áûë èçîáðåò¼í ïåðâûé òîíîìåòð. Áûë îí èìïðåññèîííîãî òèïà,÷òî îçíà÷àåò, ÷òî íà ãëàç ïðîèçâîäÿò äàâëåíèå êîíöîì ñâîåãî ðî-äà øòèôòà (ïëóíæåðà) íåáîëüøîãî äèàìåòðà, à î âíóòðèãëàçíîìäàâëåíèè ñóäÿò ïî ãëóáèíå îáðàçóåìîé ïîëîãîé ÿìêè (ðèñ. 1 (à)).Ïîñëå òîíîìåòðà Ãðåôå ïîÿâèëèñü è äðóãèå èìïðåññèîííûå ïðè-áîðû, êàê ïðàâèëî, î÷åíü íåòî÷íûå [4]. Ñèëüíûé ïðîðûâ â òîíîìåò-ðèè áûë ñîâåðøåí â 1884 ã. Àëåêñååì Íèêîëàåâè÷åì Ìàêëàêîâûì,êîòîðûé âïåðâûå ïðåäëîæèë àïïëàíàöèîííûé ìåòîä òîíîìåòðèè[7]. Ïðè àïïëàíàöèîííîé òîíîìåòðèè ãëàç äåôîðìèðóåòñÿ ïëîñêî-ñòüþ, â ðåçóëüòàòå ÷åãî îáðàçóåòñÿ êðóæîê ñïëþùèâàíèÿ � àïïëà-íàöèè [4] (ðèñ. 1 (á)).Ìåæäóíàðîäíûì ñòàíäàðòîì â îôòàëüìîëîãèè ñ÷èòàåòñÿ àïïëà-íàöèîííûé òîíîìåòð Ãîëüäìàíà, ðàçðàáîòàííûé â 1954 ã. øâåéöàð-ñêèì îôòàëüìîëîãîì Ãàíñîì Ãîëüäìàíîì [1, 8, 9]. Àïïëàíàöèîííàÿòîíîìåòðèÿ, ïî Ãîëüäìàíó, èçìåðÿåò ñèëó, êîòîðàÿ òðåáóåòñÿ, ÷òî-áû ñäåëàòü ïëîñêîé îïðåäåë¼ííóþ ÷àñòü ðîãîâèöû. Äèàìåòð àïïëà-íàöèè âñåãäà ïîñòîÿíåí è ðàâåí 3.06 ìèëëèìåòðàì.Äîêëàä íà ñåìèíàðå 10 äåêàáðÿ 2013 ã.c© À. Â. Èâ÷åíêîâà, 2013
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(a) (á)Ðèñ. 1. Ìåòîäû èçìåðåíèÿ ÂÃÄ: (a) � èìïðåññèîííûé, (á) � àïïëàíàöèîííûé.Íà ñåãîäíÿøíèé äåíü èìååòñÿ î÷åíü ìíîãî ðàçëè÷íûõ óñòðîéñòâäëÿ èçìåðåíèÿ ÂÃÄ. Âñ¼ áîëüøåå ðàñïðîñòðàíåíèå ïîëó÷àþò ïíåâ-ìîòîíîìåòðû � áåñêîíòàêòíûå òîíîìåòðû. Ýòè óñòðîéñòâà äåëàþòðîãîâèöó ïëîñêîé, èñïîëüçóÿ äëÿ ýòîãî ñòðóþ âîçäóõà. Îïòè÷åñêèéäàò÷èê ðåãèñòðèðóåò, ïðè êàêîé ñèëå, êàê áûñòðî ðîãîâèöà èçìå-íèëà êðèâèçíó äî çàäàííîé ñòåïåíè. Çàòåì àïïàðàò ïåðåñ÷èòûâàåòêîëè÷åñòâî âðåìåíè èëè ñèëó âîçäåéñòâèÿ. Ïðåèìóùåñòâà äàííîãîìåòîäà:
• áûñòðîòà;
• íåò íåîáõîäèìîñòè ïðåäâàðèòåëüíîé àíåñòåçèè;
• èç-çà îòñóòñòâèÿ ïðÿìîãî êîíòàêòà ñ ãëàçîì óìåíüøàåòñÿ ðèñêèíôèöèðîâàíèÿ.Â íà÷àëå XXI âåêà àìåðèêàíñêîé ôèðìîé �Reichert� [13] áûëïðåäëîæåí òàêæå îïòè÷åñêèé àíàëèçàòîð � ïðèáîð ORA (OcularResponse Analyzer), êîòîðûé, êàê è âñå ïíåâìîòîíîìåòðû, ôèêñè-ðóåò îáðàçîâàíèå ïëîñêîé çîíû äåôîðìàöèè ðàäèóñà 1.53 ìì, àïîñëå ýòîãî ïðîäîëæàåò íåêîòîðîå âðåìÿ íàãðóæåíèå ðîãîâèöû, èïðè ðàçãðóçêå âòîðîé ðàç ôèêñèðóåò âåëè÷èíó ïðèêëàäûâàåìîé ñè-ëû ïðè ïðîõîæäåíèè ðîãîâèöåé çîíû ïëîñêîé äåôîðìàöèè. Òàêèì



Äåôîðìàöèÿ ñôåðè÷åñêîãî ñåãìåíòà... 91îáðàçîì, ýòîò ïðèáîð ïîçâîëÿåò îöåíèòü è êîýôôèöèåíò âÿçêîñòè(èëè ñîïðîòèâëåíèÿ) ðîãîâèöû.Â äàííîé ðàáîòå ñòðîèòñÿ ïðîñòåéøàÿ ìàòåìàòè÷åñêàÿ ìîäåëüäëÿ èçó÷åíèÿ äåéñòâèÿ ïíåâìîòîíîìåòðà è ïðèáîðà ORA íà ðîãî-âèöó ãëàçà ïðè èçìåðåíèè âíóòðèãëàçíîãî äàâëåíèÿ. Êàê îòìå÷åíîâ ðàáîòå Êàëüôà [6] åù¼ â 1928 ã., �åñëè ìû îáðàòèìñÿ ê ìåòîäèêåèññëåäîâàíèÿ ÂÃÄ, òî ìû äîëæíû ïðèçíàòü, ÷òî íàøè òîíîìåòðè-÷åñêèå îïðåäåëåíèÿ íå ñòîëüêî äàþò íàì çàêëþ÷åíèå î âíóòðèãëàç-íîì äàâëåíèè, ñêîëüêî î ðåàêöèè ãëàçíûõ îáîëî÷åê íà ïðèëîæåíèåê ãëàçó òîíîìåòðà�. Ïîýòîìó, ïðåæäå âñåãî, â ðàáîòå ðàññìàòðèâà-åòñÿ çàäà÷à î äåéñòâèè äèíàìè÷åñêèõ íàãðóçîê íà ïîëîãèå ñôåðè-÷åñêèå ñåãìåíòû è íàõîæäåíèè ïðîãèáà, âûçâàííîãî äàííûìè íà-ãðóçêàìè.Âíåøíåé îáîëî÷êîé ãëàçà ÿâëÿåòñÿ êîðíåîñêëåðíàÿ êàïñóëà.Ýòà îáîëî÷êà ñîñòîèò èç äâóõ ñîïðÿæ¼ííûõ îáîëî÷åê � ñêëåðû èðîãîâèöû. Ñêëåðà ñîñòàâëÿåò 93% îáîëî÷êè è ëèøü 7% � ðîãîâèöà(ðèñ. 2).

Ðèñ. 2. Ñôåðè÷åñêàÿ îáîëî÷êà (ïðîñòåéøàÿìîäåëü ãëàçà): 1 � ñêëåðà, 2 � ðîãîâèöà.Â ðàáîòå [5] ïîêàçàíî, ÷òî ðîãîâèöà ÿâëÿåòñÿ áîëåå ìÿãêîé îáî-ëî÷êîé, ÷åì ñêëåðà. Ïîýòîìó ðàäèóñ êîëüöà ñîïðÿæåíèÿ ïðàêòè-÷åñêè íå ìåíÿåòñÿ, è â ïåðâîì ïðèáëèæåíèè ðîãîâèöó ìîæíî ðàñ-ñìàòðèâàòü îòäåëüíî êàê ïîëîãóþ ñôåðè÷åñêóþ îáîëî÷êó.



92 À. Â. Èâ÷åíêîâà2. Ïîñòàíîâêà çàäà÷èÌîäåëü ìîìåíòíîé îáîëî÷êè äëÿ èçó÷åíèÿ ïíåâìîòîíîìåòðàðàññìàòðèâàëàñü â ðàáîòàõ Â. Ë. ßêóøåâà [11, 12].Èññëåäóåòñÿ ïîâåäåíèå ïîëîãîé ñôåðè÷åñêîé îáîëî÷êè.Óðàâíåíèå ïîëîãîé ñôåðè÷åñêîé îáîëî÷êè îòíîñèòåëüíî ïðîãè-áà w = w(t, r) è ôóíêöèè óñèëèé F = F (t, r) â ñåðåäèííîé ïîâåðõ-íîñòè èìåþò âèä (ñì.: [2, 3, 10]):




D∆2w = L(w,F ) +
1
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∆2F = −1
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L(w,w)− 1
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∆w.

(1)Çäåñü ε � êîýôôèöèåíò ñîïðîòèâëåíèÿ, P � âíóòðåííåå äàâëå-íèå, D = Eh3

12(1−µ2) � öèëèíäðè÷åñêàÿ æåñòêîñòü îáîëî÷êè.Èñïîëüçóåìûå îïåðàòîðû â ïîëÿðíîé ñèñòåìå êîîðäèíàò ïðè íà-ëè÷èè îñåâîé ñèììåòðèè èìåþò âèä
∆ =

1

r

∂

∂r

(
r
∂

∂r

)
, (2)

L(w,F ) =
1

r

∂

∂r

(
∂w

∂r

∂F

∂r

)
, L(w,w) =

1

r

∂

∂r

(
∂w

∂r

)2

. (3)Òàê êàê çîíà ïðèëîæåíèÿ âíåøíåé íàãðóçêè ìàëà (ðèñ. 3 (à)),òî, â ïåðâîì ïðèáëèæåíèè, áóäåì ðàññìàòðèâàòü íîðìàëüíîå äàâ-ëåíèå q = q(t, r) (àïïëàíàöèîííîå äàâëåíèå), êîòîðîå èçìåíÿåòñÿ ïîçàêîíó
q(t, r) =





s
[
sin
( 2πt

tend
− π

2

)
+ d
]
, 0 6 r 6a,

0, a 6 r 6r0,

(4)ãäå a � ðàäèóñ àïïëàíàöèè, tend � çàäàííàÿ êîíñòàíòà, îïðåäåëÿþ-ùàÿ âðåìåííîé ïðîìåæóòîê âíåøíåãî âîçäåéñòâèÿ, s è d� âàðüèðó-åìûå êîíñòàíòû, ïîçâîëÿþùèå çàäàòü íåîáõîäèìûå çíà÷åíèÿ ìàê-ñèìóìà qmax = max
t,r

(q(t, r)) è ìèíèìóìà qmin = min
t,r

(q(t, r)) ôóíêöèè(ðèñ. 3 (á)).
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(a) (á)Ðèñ. 3. Âíåøíåå âîçäåéñòâèå (àïïëàíàöèîííîå äàâëåíèå).Äîìíîæèâ âòîðîå óðàâíåíèå ñèñòåìû (1) íà r è ïðîèíòåãðèðî-âàâ, ïîëó÷èì ñëåäóþùåå ñîîòíîøåíèå:

r
∂

∂r

(
1

r

∂

∂r

(
r
∂F

∂r

))
= −Eh

2

(∂w
∂r

)2
− Eh

R

(
r
∂w

∂r

)
+ c1. (5)Äëÿ çàìêíóòûõ â âåðøèíå îáîëî÷åê ôóíêöèÿ c1(t) îáðàùàåòñÿâ íóëü.Ââåäÿ íîâóþ ôóíêöèþ ϕ = ∂F

∂r , ïîëó÷èì äèôôåðåíöèàëüíóþñèñòåìó óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ øåñòîãî ïîðÿäêà:




D∆2w = L(w,F ) +
1

R
∆F + (q − P )− hρ

∂2w

∂t2
− ε

∂w

∂t
,

r
∂

∂r

(
1

r

∂

∂r

(
r ϕ
))

= −Eh

2

(∂w
∂r

)2
− Eh

R

(
r
∂w

∂r

)
.

(6)Ãðàíè÷íûå óñëîâèÿ, ñîîòâåòñòâóþùèå óñëîâèþ æ¼ñòêîãî çàùåì-ëåíèÿ êîíòóðà r = r0, èìåþò âèä
w
∣∣
r=r0

= 0,
∂w

∂r

∣∣∣
r=r0

= 0,
(∂ϕ
∂r

− µ

r
ϕ
)∣∣∣

r=r0
= 0. (7)Óñëîâèÿ çàìêíóòîñòè îáîëî÷êè â âåðøèíå ñëåäóþùèå:

∂w

∂r

∣∣∣
r=0

= 0, N1

∣∣
r=0

= N2

∣∣
r=0

< ∞, (8)



94 À. Â. Èâ÷åíêîâàãäå N1 è N2 � íîðìàëüíûå óñèëèÿ, âûðàæàþùèåñÿ ÷åðåç ôóíêöèþ
ϕ ñëåäóþùèì îáðàçîì:

N1 =
1

r
ϕ, N2 =

∂ϕ

∂r
. (9)Ñ ó÷¼òîì (9) óñëîâèÿ â âåðøèíå (8) ïðèíèìàþò âèä

∂w

∂r

∣∣∣
r=0

= 0,

(
1

r
ϕ− ∂ϕ

∂r

)∣∣∣
r=0

= 0. (10)Àïïðîêñèìèðóåì âûðàæåíèå äëÿ ïðîãèáà w = w(t, r):
w(t, r) = f(t)W (r), (11)

W (r) =
1

2

[
1 + α

(
1−

( r
a

)2)2](
1−

( r

r0

)2)2

, (12)ãäå r0 � ðàäèóñ îêðóæíîñòè îïîðû, α � âàðüèðóåìûé ïàðàìåòð,
f(t) � ôóíêöèÿ, ïîäëåæàùàÿ îïðåäåëåíèþ.Ëåãêî çàìåòèòü, ÷òî ïðè òàêîì âûáîðå àïïðîêñèìàöèè ôóíê-öèÿ ïðîãèáà w óäîâëåòâîðÿåò êàê ãðàíè÷íûì óñëîâèÿì (7), òàê èóñëîâèÿì â öåíòðå îáîëî÷êè (10).Èç âòîðîãî óðàâíåíèÿ ñèñòåìû (6), ïóò¼ì ïîñëåäîâàòåëüíîãî èí-òåãðèðîâàíèÿ, íàéäåì âûðàæåíèå äëÿ ôóíêöèè ϕ = ϕ(t, r):
ϕ = −1

r

∫ [
r

∫ (
1

r

Eh

2

(∂w
∂r

)2
+

Eh

R

∂w

∂r

)
dr

]
dr + c2

r

2
+ c3

1

r
. (13)Êîíñòàíòû c2 è c3 íàõîäÿòñÿ èç óñëîâèé (7) è (10) äëÿ ϕ.Èñïîëüçóåì ìåòîä Áóáíîâà-Ãàë¼ðêèíà äëÿ ðåøåíèÿ ïåðâîãîóðàâíåíèÿ ñèñòåìû (6). Ïîëó÷èì ñëåäóþùåå óðàâíåíèå:

I =

∫ r0

0

[
X(w) +

1

R
∆F + (q − P )

]
∂W

∂r
r dr = 0. (14)Çäåñü ïîä X(w) ïîíèìàåì âûðàæåíèå

X(w) = −D∆2w + L(w,F )− hρ
∂2w

∂t2
− ε

∂w

∂t
. (15)



Äåôîðìàöèÿ ñôåðè÷åñêîãî ñåãìåíòà... 95Õî÷åòñÿ îòìåòèòü, ÷òî ââèäó âûáðàííîãî íàìè ïðåäñòàâëåíèÿôóíêöèè àïïëàíàöèîííîãî äàâëåíèÿ q = q(t, r) èíòåãðàë (14) ðàçî-áüåòñÿ íà ñóììó äâóõ èíòåãðàëîâ:
I =

∫ a

0

[
X(w) +

1

R
∆F + (q − P )

]
∂W

∂r
r dr+

+

∫ r0

a

[
X(w) +

1

R
∆F − P )

]
∂W

∂r
r dr.

(16)Óðàâíåíèå (14) åñòü äèôôåðåíöèàëüíîå óðàâíåíèå îòíîñèòåëü-íî ôóíêöèè f(t). Ðåøèâ åãî, ìîæíî íàéòè èñêîìûé âèä ïðîãèáà
w = w(t, r).Ìîäåëè ìîìåíòíûõ îáîëî÷åê èñïîëüçîâàëèñü äëÿ îïèñàíèÿïíåâìîòîíîìåòðîâ è ïðèáîðîâ ORA â ðàáîòàõ [11, 12], îäíàêî ïî-ëó÷èòü ïëîñêîé çîíû äåôîðìèðîâàíèÿ, êîòîðàÿ íàáëþäàåòñÿ ïðèèçìåðåíèè âíóòðèãëàçíîãî äàâëåíèÿ ïðè ðåàëüíûõ ïàðàìåòðàõ, íåóäàëîñü. Ïî-âèäèìîìó, ýòî ñâÿçàíî ñ òåì, ÷òî ðîãîâèöó ìîæíî ðàñ-ñìàòðèâàòü êàê îáîëî÷êó, áëèçêóþ ê ìÿãêîé, ïîòîìó êàê ìîäóëüóïðóãîñòè ðîãîâèöû â òàíãåíöèàëüíîì íàïðàâëåíèè â 50 � 100 ðàçïðåâîñõîäèò ìîäóëü óïðóãîñòè â íàïðàâëåíèè òîëùèíû (ñì. [1, 5]).Ïðè óñëîâèè ñäåëàííûõ íàìè äîïóùåíèé ñèñòåìà óðàâíåíèé (6)ïðèìåò ñëåäóþùèé âèä:





L(w,F ) +
1

R
∆F + (q − P )− hρ

∂2w

∂t2
− ε

∂w

∂t
= 0,

r
∂

∂r

(1
r

∂

∂r

(
r ϕ
))

= −Eh

2

(∂w
∂r

)2
− Eh

R

(
r
∂w

∂r

)
.

(17)Ãðàíè÷íûå óñëîâèÿ è óñëîâèÿ â öåíòðå äëÿ ñèñòåìû (17) èìåþòòîò æå âèä (ñì. (7), (10)), ÷òî è äëÿ ñëó÷àÿ æ¼ñòêîé îáîëî÷êè.Àíàëîãè÷íûì îñòà¼òñÿ è âûðàæåíèÿ äëÿ ôóíêöèè ϕ = ϕ(t, r) (ñì.(13)).Àïïðîêñèìàöèÿ ïðîãèáà ïðîèçâîäèòñÿ àíàëîãè÷íî ñëó÷àþ, ðàñ-ñìîòðåííîìó âûøå (ñì.: (11), (12)).Çàïèøåì óðàâíåíèå, ïîëó÷åííîå â ðåçóëüòàòå ïðèìåíåíèÿ ìåòî-äà Áóáíîâà-Ãàë¼ðêèíà ê ïåðâîìó óðàâíåíèþ ñèñòåìû (17):
I =

∫ r0

0

[
X(w) +

1

R
∆F + (q − P )

]
∂W

∂r
r dr = 0, (18)
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X(w) = L(w,F )− hρ

∂2w

∂t2
− ε

∂w

∂t
. (19)Ðåøèâ (18) îòíîñèòåëüíî ôóíêöèè f = f(t), íàéäåì èñêîìûé âèäïðîãèáà w = w(t, r).3. Ðåçóëüòàòû àíàëèçàÄëÿ ïðîâåäåíèÿ ÷èñëåííîãî ðàñ÷¼òà è âèçóàëèçàöèè ðåøåíèÿäàííîé çàäà÷è èñïîëüçîâàëñÿ ïàêåò ìàòåìàòè÷åñêèõ ïðîãðàììMathematica 8.0. Ñ ïîìîùüþ íåãî, ÷èñëåííî, áûëè íàéäåíû ðåøå-íèå óðàâíåíèÿ (14) (ìîäåëè èçîòðîïíîé îáîëî÷êè) è ðåøåíèå óðàâ-íåíèÿ (18) (ìîäåëè ìÿãêîé îáîëî÷êè) îòíîñèòåëüíî ïàðàìåòðà ïðî-ãèáà f = f(t). Ðåøåíèÿ áûëè ïîëó÷åíû ïðè íà÷àëüíûõ óñëîâèÿõ

f
∣∣
t=0

= 0, ∂f
∂t

∣∣∣
t=0

= 0.Âû÷èñëåíèÿ áûëè ïðîâåäåíû äëÿ îáîëî÷êè, èìåþùåé ðàäèóñ
R = 8 ìì, ðàäèóñ îêðóæíîñòè îïîðû r0 = 5 ìì, êîýôôèöèåíòÏóàññîíà µ = 0.45 è ïëîòíîñòü ρ = 0.00109879 ãìì3 . Êîýôôèöèåíòñîïðîòèâëåíèÿ ïðèìåì ðàâíûì ε = 40 (Ïà ã) 1

2ìì 3

2

.ÌîäóëüÞíãà E âàðüèðîâàëñÿ îò 0.1 äî 1 ÌÏà (ñì.:[5]), òîëùèíà
h � îò 0.48 äî 0.6 ìì, ðàäèóñ àïïëàíàöèè a � îò 1.53 äî 2.1 ìì,ïàðàìåòð α � îò 0.05 äî 0.08, âíóòðåííåå äàâëåíèå P � îò 10 äî 40ìì ðò. ñò.Â óñëîâèÿõ âûáðàííûõ ïàðàìåòðîâ çàäàâàëèñü êîíñòàíòû s è
d òàêèì îáðàçîì, ÷òîáû ïðè ìàêñèìàëüíîì çíà÷åíèè ñîñòàâëÿþ-ùåé àïïëàíàöèîííîãî äàâëåíèÿ q = q(t, r) îáîëî÷êà íå ïîëó÷àëàîòðèöàòåëüíóþ êðèâèçíó. Îñîáî âûäåëÿëèñü íàãðóçêè, ïðè êîòî-ðûõ ðîãîâèöà ïðèíèìàëà ïëîñêèé âèä â îáëàñòè àïïëàíàöèè.Òàêèì îáðàçîì, óäàëîñü ñðàâíèòü äâå ìîäåëè, ïðîñëåäèòü çà ïî-âåäåíèåì îáîëî÷êè â çàâèñèìîñòè îò ïðèëàãàåìîé íàãðóçêè è èçìå-íåíèÿ ïàðàìåòðîâ E, h, a, α è P .Íèæå, â êà÷åñòâå ïðèìåðà, ïðåäñòàâëåíû ãðàôèêè ñðàâíåíèÿíà÷àëüíîé ôîðìû îáîëî÷êè è å¼ ïðîãèáà äëÿ çíà÷åíèÿ ïàðàìåòðîâ
E = 0.5 ÌÏà, h = 0.54 ìì, a = 2.1 ìì è α = 0.08 (ðèñ. 4, 5).
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Ðèñ. 4. Íà÷àëüíàÿ ôîðìà è ïðîãèá ìîìåíòíîé îáîëî÷êè ïðè
q = 45452.6 Ïà (ñëåâà) è q = 53115.4 Ïà (ñïðàâà).
Ðèñ. 5. Íà÷àëüíàÿ ôîðìà è ïðîãèá áåçìîìåíòíîé îáîëî÷êèïðè q = 25268.2 Ïà (ñëåâà) è q = 28144.6 Ïà (ñïðàâà).4. Çàêëþ÷åíèåÏðîâåäÿ àíàëèç ïîëó÷åííîãî ðåçóëüòàòà è ñðàâíèâàÿ äâå ïðåä-ñòàâëåííûå ìîäåëè, ìîæíî ñäåëàòü âûâîä î òîì, ÷òî ìîäåëü áåç-ìîìåíòíîé îáîëî÷êè äà¼ò ðåçóëüòàòû, áëèçêèå ê ðåàëüíûì êëèíè-÷åñêèì äàííûì, òîãäà êàê ìîìåíòíàÿ ìîäåëü íå ìîæåò àäåêâàòíîîïèñàòü äàííûå, ïîëó÷åííûå ýêñïåðèìåíòàëüíûì ïóò¼ì.Ëèòåðàòóðà1. Áàóýð Ñ.Ì. Îá àïïëàëàíàöèîííûõ ìåòîäàõ èçìåðåíèÿ âíóòðèãëàç-íîãî äàâëåíèÿ // Òðóäû ñåìèíàðà �Êîìïüþòåðíûå ìåòîäû â ìåõà-íèêå ñïëîøíîé ñðåäû�. 2006�2007 ãã. / ïîä ðåä. À.Ë. Ñìèðíîâà,



98 À. Â. Èâ÷åíêîâàÅ.Ô. Æèãàëêî. ÑÏá.: Èçä-âî ÑÏáÃÓ, 2007. C. 3�19.2. Âîëüìèð À.Ñ. Îáîëî÷êè â ïîòîêå æèäêîñòè è ãàçà (çàäà÷è àýðî-óïðóãîñòè). Ì.: Íàóêà, 1976.3. Âîëüìèð À.Ñ. Óñòîé÷èâîñòü äåôîðìèðóåìûõ ñèñòåì. 2-e èçä. Ì.:Íàóêà, 1967.4. Âóðãàôò Ì.Á., Âóðãàôò ß.Ì. Òîíîìåòðè÷åñêèå ìåòîäû èññëåäî-âàíèÿ âíóòðèãëàçíîãî äàâëåíèÿ è ãèäðîäèíàìèêà ãëàçà ïðè ãëàó-êîìå. Êàçàíü, 1991. 112 ñ.5. Èîìäèíà Å.Í. Áèîìåõàíèêà ñêëåðàëüíîé îáîëî÷êè ãëàçà ïðè ìèî-ïèè: äèàãíîñòèêà íàðóøåíèé è èõ ýêñïåðèìåíòàëüíàÿ êîððåêöèÿ:àâòîðåô. äèñ. ... ä-ðà áèîë. íàóê. Ì., 2000. 32 ñ.6. Êàëüôà Ñ.Þ. Ýëàñòîìåòðèÿ ãëàçà // Ðóññêèé îôòàëüìîëîãè÷åñêèéæóðíàë. 1928. Ò. VIII, � 2. C. 250�262.7. Ìàêëàêîâ À.Í. Îôòàëüìîòîíîìåòðèÿ // Ìåä. îáîçðåíèå. 1884. Ò.24. Ñ. 1092�1095.8. Íåñòåðîâ À.Ï., Âóðãàôò Ì.Á. Êàëèáðîâî÷íûå òàáëèöû äëÿ ýëà-ñòîíîìåòðà Ôèëàòîâà-Êàëüôà // Âåñòí. îôòàëüìîëîãèè. 1972. �2. Ñ. 20�25.9. Íåñòåðîâ À.Ï., Áóíèí Ô.ß., Êàíöåëüñîí Ë.À. Âíóòðèãëàçíîå äàâ-ëåíèå. Ôèçèîëîãèÿ è ïàòîëîãèÿ. Ì.: Íàóêà, 1974. 381 ñ.10. Ôèëèí À.Ï. Ýëåìåíòû òåîðèè îáîëî÷åê. 2-å èçä. Ë.: Ñòðîéèçäàò.Ëåíèíãðàäñêîå îòäåëåíèå, 1975. 256 ñ.11. Õóñàèíîâ Ð.Ð., Öèáóëüñêèé Â.Ð., ßêóøåâ Â.Ë. Ìîäåëèðîâàíèå äå-ôîðìàöèè ãëàçà ïðè èçìåðåíèè âíóòðèãëàçíîãî äàâëåíèÿ îïòè÷å-ñêèì ìåòîäîì // Æóðíàë âû÷èñëèò. ìàòåì. è ìàòåì. ôèçèêè. 2011.� 2. Ñ. 349�362.12. ßêóøåâ Â.Ë. Ïîñòàíîâêà çàäà÷è î ìàòåìàòè÷åñêîì ìîäåëèðîâàíèèèçìåðåíèÿ ãëàçíîãî äàâëåíèÿ ïíåâìîòîíîìåòðè÷åñêèì ìåòîäîì //Ìåõàíèêà òâåðäîãî òåëà. 2011. � 6. Ñ. 149�158.13. Luce D., Taylor D. Reichert ocular response analyzer measures cornealbiomechanical properties and IOP provides new indicators for cornealspecialties and glaucoma management. Reichert Ocular ResponseAnalyzer White Paper; 2006.
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Â ðàáîòå ðåøàëàñü çàäà÷à î íàõîæäåíèè âíóòðåííèõ óñèëèé, ïðî-ãèáîâ, äåôîðìàöèé êîíòèíóàëüíîé ìîäåëè êîìáèíèðîâàííîé êîíñòðóê-öèè. Îñíîâíûå ðåçóëüòàòû, ïîëó÷åííûå ÷èñëåííî-àíàëèòè÷åñêèìè ìå-òîäàìè, ñðàâíèâàëèñü ñ ðåçóëüòàòàìè ðàñ÷åòà çàäà÷è ÌÊÝ â ïðîãðàìì-íîì êîìïëåêñå SCAD.1. ÂâåäåíèåÊîìáèíèðîâàííûå ñèñòåìû øïðåíãåëüíîãî òèïà � êîíñòðóêöèè,ñîñòîÿùèå èç ðàçëè÷íûõ ïî ðîäó ñâîåé ðàáîòû ýëåìåíòîâ: æåñòêîñò-íûõ (ðèñ. 1, 1) è ãèáêèõ (ðèñ. 1, 2). Òàêèå êîíñòðóêöèè ïðèìåíÿ-þòñÿ â êà÷åñòâå ïîäêðàíîâûõ áàëîê ïðîìûøëåííûõ çäàíèé, íåñó-ùèõ êîíñòðóêöèé ïîêðûòèé è ñïåöèàëüíûõ ñîîðóæåíèé � æåñòêèõïîïåðå÷èí îïîð êîíòàêòíîé ñåòè ýëåêòðèôèöèðîâàííûõ æåëåçíûõäîðîã, òðóáîïðîâîäîâ è ò.ï.Â ðàáîòå [1] ïðåäëîæåíà øïðåíãåëüíàÿ ñèñòåìà ñ áàëêîé æåñò-êîñòè èç ïðåäâàðèòåëüíî èçîãíóòûõ ñòåðæíåé (ðèñ. 1, 1), óñèëåí-íûõ çàòÿæêîé (ðèñ. 1, 2). Áàëêà æåñòêîñòè � áàëî÷íûé ýëåìåíò,ðàáîòàþùèé ïðåèìóùåñòâåííî íà èçãèá, çàòÿæêà � ýëåìåíò, ðàáî-òàþùèé òîëüêî íà ðàñòÿæåíèå (íèòü). Â îòëè÷èå îò îáû÷íûõ áà-ëîê, øïðåíãåëüíàÿ áàëêà ìîæåò âîñïðèíÿòü áîëüøèå óñèëèÿ ïðèòîé æå ãåîìåòðèè êîíñòðóêöèè çà ñ÷åò âûãîäíîãî ðàñïðåäåëåíèÿÄîêëàä íà ñåìèíàðå 11 ôåâðàëÿ 2014 ã.Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ñòóäåí÷åñêîãî ãðàíòà ÏÃÓÏÑ 2013 ã.c© À.Í. Áåñòóæåâà, À.È. Êîðîëåâ, Á.Â. Êîñòåíêî, Ì.È. Ëóêèí, Ì.Ñ. Ñå-äîâ, 2014



100 À.Í. Áåñòóæåâà, À.È. Êîðîëåâ, Á.Â.Êîñòåíêî, Ì.È. Ëóêèí, Ì.Ñ. Ñåäîâóñèëèé: ðàñïîð êîíñòðóêöèè (óñèëèå ðàñòÿæåíèÿ â çàòÿæêå) êàêáû ñòåñíÿåò âåðòèêàëüíûå ïåðåìåùåíèÿ ñèñòåìû, óâåëè÷èâàÿ ååèçãèáíóþ æåñòêîñòü è óìåíüøàÿ ðàñ÷åòíûå óñèëèÿ â áàëî÷íîìýëåìåíòå. Ïðåäëîæåííàÿ íà êàôåäðå �Ñòðîèòåëüíûå êîíñòðóêöèè�ÏÃÓÏÑ êîíñòðóêöèÿ îáëàäàåò äîïîëíèòåëüíûìè ïðåèìóùåñòâàìèçà ñ÷åò ïðåäâàðèòåëüíîãî íàïðÿæåíèÿ: 1) ïðåäâàðèòåëüíûé èçãèááàëîê ñîçäàåò â íèõ íàïðÿæåíèÿ, îòëè÷íûå îò íàïðÿæåíèé âíåøíèõíàãðóçîê; 2) íàëè÷åñòâóåò ïðåäâàðèòåëüíîå ðàñòÿæåíèå çàòÿæêè.Êðîìå òîãî, ðàññìàòðèâàåòñÿ ñîñòàâíàÿ áàëêà æåñòêîñòè, ïîïåðå÷-íîå ñå÷åíèå êîòîðîé ñîñòîèò èç äâóõ-òðåõ áàëîê, ñîåäèíåííûõ ïðèïîìîùè ñâàðêè. Òàêàÿ êîíñòðóêòèâíàÿ îñîáåííîñòü âåäåò ê óñëîæ-íåíèþ çàäà÷è, ïîñêîëüêó ïîÿâëÿåòñÿ íåèçâåñòíîå óñèëèå ñäâèãà,òðåáóåìîå äëÿ ðàñ÷åòà ñâàðíîãî øâà.

Ðèñ. 1. Ðàñ÷åòíàÿ ñõåìà.Íà îñíîâå óðàâíåíèé, ïðèâåäåííûõ â ðàáîòàõ [2, 3], áûëà ñîçäàíàìåõàíèêî-ìàòåìàòè÷åñêàÿ ìîäåëü, ó÷èòûâàþùàÿ îñîáåííîñòè ïðåä-âàðèòåëüíî íàïðÿæåííûõ øïðåíãåëüíûõ ñèñòåì. Îñíîâíûå óðàâíå-íèÿ èìåþò âèä
H(y′′(x) + f ′′(x)) + EIyIV (x) = q(x) + νT ′′(x) + qpn(x), (1)

1

ζ
T IV (x) = γT ′′(x)− ν

EI

(
Hy′′(x)− q(x) − qpn(x)

)
, (2)
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H = EsAs

Ls

[
L−

L∫
0

(√
1 + y′2 +

√
1 + (f + y)′2−

−(1− H
EA )

√
1 + f ′2

)
dx

]
,

(3)ãäå ôóíêöèÿ qpn(x) = EI1y
IV
01 (x)+EI2y

IV
02 (x) � óñèëèå îò ïðåäâàðè-òåëüíîãî ïðîãèáà áàëêè æåñòêîñòè, y01(x) � ôîðìà ïðåäâàðèòåëü-íîãî ïðîãèáà ïåðâîãî ýëåìåíòà áàëêè æåñòêîñòè, y02(x) � ôîðìàïðåäâàðèòåëüíîãî ïðîãèáà âòîðîãî ýëåìåíòà áàëêè æåñòêîñòè.Ãðàíè÷íûå óñëîâèÿ:

yx=0 = yx=l = 0, y′′x=0 = y′′x=l =
CH

EI
, (4)

Tx=0 = Tx=l = T ′′
x=0 = T ′′

x=l = 0, (5)ãäå íåèçâåñòíûå: y(x) � ôóíêöèÿ, îïèñûâàþùàÿ ïðîãèáû áàëêè; H� ðàñïîð (óñèëèå ðàñòÿæåíèÿ â çàòÿæêå); T (x) � ôóíêöèÿ, îïèñû-âàþùàÿ ïîãîííîå óñèëèå ñäâèãà.Ïàðàìåòðû ñèñòåìû: C � ýêñöåíòðèñèòåò êðåïëåíèÿ çàòÿæêè;
E, Es � ìîäóëü Þíãà âñåé áàëêè è çàòÿæêè ñîîòâåòñòâåííî; A, As� ïëîùàäè ïîïåðå÷íîãî ñå÷åíèÿ áàëêè è çàòÿæêè ñîîòâåòñòâåííî;
L, Ls � äëèíà áàëêè è çàòÿæêè ñîîòâåòñòâåííî; I1, I2, I � ìîìåíòûèíåðöèè ñå÷åíèÿ îòäåëüíûõ ÷àñòåé è âñåé áàëêè ñîîòâåòñòâåííî; ν,
ζ, γ � ïàðàìåòðû ñîñòàâíîé áàëêè, à èìåííî ν � ðàññòîÿíèå ìåæäóñîñòàâíûìè ÷àñòÿìè áàëêè, ζ � êîýôôèöèåíò æåñòêîñòè øâà, γ �êîýôôèöèåíò ó÷åòà íåðàâíîìåðíîñòè ðàñïðåäåëåíèÿ íàïðÿæåíèé âñîñòàâíîé áàëêå; f(x) � ôóíêöèÿ, îïèñûâàþùàÿ ôîðìó çàòÿæêè,
q(x) � ôóíêöèÿ, îïèñûâàþùàÿ ôîðìó âíåøíåé íàãðóçêè, qpn(x) �ôóíêöèÿ, îïèñûâàþùàÿ ôîðìó óñèëèÿ îò ïðåäâàðèòåëüíîãî íàïðÿ-æåíèÿ.Óðàâíåíèå (1) � óðàâíåíèå ðàâíîâåñèÿ âñåõ ñèë è óñèëèé â ïðî-åêöèè íà âåðòèêàëüíóþ îñü, óðàâíåíèå (2) � óðàâíåíèå ðàâíîâåñèÿâñåõ ñèë è óñèëèé â ïðîåêöèè íà ãîðèçîíòàëüíóþ îñü, óðàâíåíèå (3)îïèñûâàåò óñèëèå ðàñòÿæåíèÿ â çàòÿæêå (çàêîí Ãóêà).



102 À.Í. Áåñòóæåâà, À.È. Êîðîëåâ, Á.Â.Êîñòåíêî, Ì.È. Ëóêèí, Ì.Ñ. Ñåäîâ2. ÐåøåíèåÑëåäóåò îòìåòèòü, ÷òî çàäà÷à ãåîìåòðè÷åñêè íåëèíåéíàÿ, ò. å.ðàñ÷åòíàÿ ñõåìà êîíòèíóàëüíîé ìîäåëè êîíñòðóêöèè ìåíÿåòñÿ, ÷òîâ ìàòåìàòè÷åñêîé ìîäåëè âûðàæàåòñÿ ÷åðåç íåîïðåäåëåííîñòü ãðà-íè÷íûõ óñëîâèé (4) è (5) (âõîäèò íåèçâåñòíîå H (ñòðîãî ãîâîðÿ, ýòîáóäóò óðàâíåíèÿ ñâÿçè) è �ïåðåâÿçàííîñòü� óðàâíåíèé), â êàæäîìèç íèõ ïðèñóòñòâóþò âñå íåèçâåñòíûå.Ìåòîä ðåøåíèÿ: ñíà÷àëà ðåøàþòñÿ óðàâíåíèÿ (1) è (2) ïðèâåäå-íèåì ê ãëàâíûì êîîðäèíàòàì, ïîëàãàÿ íåèçâåñòíîå H ïàðàìåòðîì.Ïîëó÷àþòñÿ äâà àíàëèòè÷åñêèõ ðåøåíèÿ äëÿ íåèçâåñòíûõ ôóíêöèé
y(x,H), T (x,H), îïðåäåëåííûõ ñ òî÷íîñòüþ äî ïàðàìåòðà H :

y(x,H) = x11

(
C1 sin(

√
λ1x) + C2 cos(

√
λ1x) + C3x+ C4

)
+

x12

(
C5e

√
−λ2x + C6e

−
√
−λ2x + C7x+ C8

)
+
(

Z1

2λ1

+ Z2

2λ2

)
x2,

(6)

T (x,H) = x21

(
C1 sin(

√
λ1x) + C2 cos(

√
λ1x) + C3x+ C4

)
+

x22

(
C5e

√
−λ2x + C6e

−
√
−λ2x + C7x+ C8

)
+
(
x21

Z1

2λ1
+ x22

Z2

2λ2

)
x2.

(7)Çäåñü x11, x12, x21, x22 � ýòî ñîáñòâåííûå âåêòîðà ñèñòåìû óðàâíå-íèé (1) è (2), çàïèñàííîé â ìàòðè÷íîì âèäå; λ1, λ2 � ñîáñòâåííûå÷èñëà òîé æå ìàòðèöû; Ci, ãäå i = 1, 2, . . . , 8 � ïîñòîÿííûå èíòå-ãðèðîâàíèÿ.Ïîñëåäíèå ñëàãàåìûå â ðåøåíèÿõ (6) è (7) ïðåäñòàâëÿþò ñîáîé÷àñòíûå ðåøåíèÿ íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (1)è (2), êîýôôèöèåíòàìè êîòîðûõ ÿâëÿþòñÿ Z1, Z2, êîòîðûå çàâèñÿòîò ïàðàìåòðà H . Ñîáñòâåííûå âåêòîðà x11, x12, x21, x22 è ñîáñòâåí-íûå ÷èñëà λ1, λ2 òàêæå çàâèñÿò îò ïàðàìåòðà H .Çàòåì ðåøàåòñÿ òðàíñöåíäåíòíîå óðàâíåíèå (3), ïîëó÷àåìîåïîäñòàíîâêîé â íåãî íàéäåííûõ ôóíêöèé (6) è (7). Ýòî óðàâíå-íèå ðåøàåòñÿ ÷èñëåííî èòåðàöèîííûì ìåòîäîì. Ðåøåíèåì äàííîãîóðàâíåíèÿ ÿâëÿåòñÿ íåèçâåñòíàÿ âåëè÷èíà H , êîòîðàÿ çàòåì ïîä-ñòàâëÿåòñÿ â ðàíåå íàéäåííûå ôóíêöèè y(x,H), T (x,H).Äëÿ îáîñíîâàíèÿ ýôôåêòèâíîñòè ðàáîòû êîíñòðóêöèè ñðàâíèìïîëó÷åííûå ðåçóëüòàòû (ïðîãèáû) ñ ðåçóëüòàòàìè ðàñ÷åòà êîí-ñòðóêöèè � áàëêè òîé æå ãåîìåòðèè ïðè òåõ æå íàãðóçêàõ (ðèñ. 1à



Èññëåäîâàíèå ñèñòåìû øïðåíãåëüíîãî òèïà . . . 103íà âêëåéêå). Ïðîãèá øïðåíãåëüíîé áàëêè îáîçíà÷åí ñïëîøíîé ëè-íåé, ïðîãèá îáû÷íîé áàëêè � ïóíêòèðîì. Â êà÷åñòâå ìåðû ýôôåê-òèâíîñòè ïðèíÿò êðèòåðèé ìàòåðèàëîåìêîñòè, ò. å. òî ìèíèìàëü-íîå êîëè÷åñòâî ìàòåðèàëà, êîòîðîå òðåáóåòñÿ â êîíñòðóêöèè äëÿâîñïðèÿòèÿ âíåøíèõ íàãðóçîê ñ ó÷åòîì ðàñïðåäåëåíèÿ âíóòðåííèõóñèëèé. Â ðàññ÷èòûâàåìîé êîíñòðóêöèè ýôôåêòèâíîñòü äîñòèãàåò15% ïî ñðàâíåíèþ ñ áàëêîé (ñ ó÷åòîì äîïîëíèòåëüíîãî ðàñõîäà ìà-òåðèàëà íà çàòÿæêó è ñòîéêè).Ðåøåíèå çàäà÷è ÌÊÝ ïðîèçâîäèëîñü â ïðîãðàììíîì êîìïëåêñåSCAD (ðèñ. 3). Ðàñ÷åòíàÿ ìîäåëü � ïëîñêàÿ ðàìà. Áàëêà ñîñòîèòèç äâóòàâðà è òàâðà. Â êà÷åñòâå çàòÿæêè áûëà âçÿòà ñòàëüíàÿ òðó-áà äëèíîé L ñ ïîïåðå÷íûì ñå÷åíèåì äèàìåòðà 10 ìì è òîëùèíîé1 ìì. Øàã ñòîåê âçÿò 1 ì � èç îïûòíûõ äàíûõ, äëÿ ñîîòâåòñòâèÿðàñ÷åòíîé ìîäåëè: ïîëíîé ïåðåäà÷è ïåðåìåùåíèé ñ áàëêè íà çà-òÿæêó. Íàãðóçêà q(x) = 1 ò/ì. Ñîåäèíåíèÿ ñîñòàâíûõ ÷àñòåé áàëêè� ñâàðêà [4].
Ðèñ. 3. Ìîäåëü øïðåíãåëüíîé áàëêè â êîìïëåêñå SCAD.Ñðàâíåíèå ðåçóëüòàòîâ ðàñ÷åòà ïîêàçàíî íà ðèñ. 1á íà âêëåéêå.Êðèâàÿ, ïîëó÷åííàÿ ïðè òåîðåòè÷åñêîì ðàñ÷åòå, îáîçíà÷åíà ñïëîø-íîé ëèíèåé, ïðè ðàñ÷åòå â êîìïëåêñå SCAD � ïóíêòèðíîé. Ïðåä-ñòàâëåííûå íà ãðàôèêå çàâèñèìîñòè ïîêàçûâàþò õîðîøåå ñîâïàäå-íèå òåîðåòè÷åñêèõ è ïðàêòè÷åñêèõ ðàñ÷åòîâ.Èñïîëüçîâàíèå àíàëèòè÷åñêèõ ðåøåíèé ïîçâîëÿåò èññëåäîâàòüäîïîëíèòåëüíûå êîíñòðóêòèâíûå èçìåíåíèÿ: 1) âûíîñ çàòÿæêè(âíèç); 2) âëèÿíèå êîëè÷åñòâà çàòÿæíûõ ýëåìåíòîâ.



104 À.Í. Áåñòóæåâà, À.È. Êîðîëåâ, Á.Â.Êîñòåíêî, Ì.È. Ëóêèí, Ì.Ñ. Ñåäîâ3. Âëèÿíèå âåëè÷èíû âûíîñà çàòÿæêè íà âåëè÷èíûâåðòèêàëüíûõ ïåðåìåùåíèé, ðàñïîðà è èçãèáàþùèõìîìåíòîâÈç òàáëèöû ïîíÿòíà îáùàÿ òåíäåíöèÿ ñèñòåìû: ñ óâåëè÷åíèåìâûíîñà ìàêñèìàëüíûé ðàñ÷åòíûé èçãèáàþùèé ìîìåíò è ïðîãèáûóìåíüøàþòñÿ, à ðàñïîð óâåëè÷èâàåòñÿ. Ýòî î÷åíü õîðîøàÿ òåíäåí-öèÿ: ïðè îäíîì è òîì æå ñå÷åíèè (êîíñòðóêòèâíûé ðàñ÷åò áàëêèïðîèçâîäèòñÿ êàê äëÿ âíåöåíòðåííî ñæàòîãî ñòåðæíÿ, ïîýòîìó ïðèðàçíûõ âûíîñàõ çàòÿæêè äàæå ïðè óìåíüøèâøèìñÿ èçãèáàþùåììîìåíòå óñèëèå ñæàòèÿ â áàëêå âîçðàñòàåò è êîýôôèöèåíò èñïîëü-çîâàíèÿ è ñå÷åíèå ïî÷òè íå ìåíÿþòñÿ) ìàòåðèàë çàòÿæêè èñïîëüçó-åòñÿ íàèáîëüøèì îáðàçîì, òàê êàê ðàáîòàåò íà ðàñòÿæåíèå, è âåð-òèêàëüíûå ïåðåìåùåíèÿ ñèñòåìû óìåíüøàþòñÿ (äî 20%). Îäíàêîïî òåõíîëîãè÷åñêèì, êîíñòðóêòèâíûì è ýñòåòè÷åñêèì òðåáîâàíè-ÿì âûíîñ çàòÿæêè îãðàíè÷åí. Â ðåàëüíûõ êîíñòðóêöèÿõ âîçìîæíîäîáèòüñÿ óìåíüøåíèÿ âåðòèêàëüíûõ ïåðåìåùåíèé äî 15%.Ðàñ÷åòíûå óñèëèÿ è ïåðåìåùåíèÿÂûíîñ Èçãèáàþùèé Ðàñïîð H, Ìàêñèìàëüíîå âåðòè-çàòÿæêè Ñ, ìîìåíò Ì, êÍ êàëüíîå ïåðåìåùåíèå y,ì êÍì ìì0.1 162.2 14.177 47.30.15 160.8 14.745 46.80.3 156.2 16.324 45.30.5 150 18.13 43.20.7 143.6 19.598 41.11 134.1 21.206 37.94. Âëèÿíèå êîëè÷åñòâà çàòÿæíûõ ýëåìåíòîâ íàâåëè÷èíû âåðòèêàëüíûõ ïåðåìåùåíèé, ðàñïîðà èèçãèáàþùèõ ìîìåíòîâÂ ðàññìàòðèâàåìîé ìîäåëè ïðåäïîëàãàëîñü êðåïëåíèå çàòÿæêèê òîðöàì áàëêè, ÷òî ïðàêòè÷åñêè íåâîçìîæíî, òàê êàê ýòî ïëîùàä-êè îïèðàíèÿ êîíñòðóêöèè. Òî åñòü â ðåàëüíûõ êîíñòðóêöèÿõ ðàç-



Èññëåäîâàíèå ñèñòåìû øïðåíãåëüíîãî òèïà . . . 105ìåðû çàòÿæêè ìåíüøå (èìååòñÿ â âèäó äëèíà). Âîçíèêàåò âîïðîñî âîçìîæíîñòè óñòðîéñòâà âòîðîé çàòÿæêè, ÷òîáû êîìïåíñèðîâàòüâûøåñêàçàííîå. Äëÿ îòâåòà íà âîïðîñ áûëà ñîçäàíà ìîäåëü, ó÷è-òûâàþùàÿ íàëè÷èå äâóõ çàòÿæåê, ïðèêðåïëåííûõ ê áàëêå:
2∑
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′′(x) + f ′′

i (x)) + EIyIV (x) = q(x) + νT ′′(x) + qpn(x),
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√
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√
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1
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)
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]
.Ãðàíè÷íûå óñëîâèÿ:

yx=0 = yx=l = y′′x=0 = y′′x=l = 0.Çäåñü êîëè÷åñòâî íåèçâåñòíûõ óâåëè÷èâàåòñÿ íà îäíî (i = 1, 2):
Hi � ðàñïîðû (óñèëèÿ ðàñòÿæåíèÿ â çàòÿæêàõ), fi(x) � ôóíêöèè,îïèñûâàþùèå ôîðìó çàòÿæåê. Ïàðàìåòðû: Es

i � ìîäóëè Þíãà çà-òÿæåê; As
i � ïëîùàäè ïîïåðå÷íûõ ñå÷åíèé çàòÿæåê, Ls

i � äëèíûçàòÿæåê, ðàñïîëîæåííûõ íà ðàññòîÿíèÿõ αi îò ëåâîãî òîðöà áàëêèè βi îò ïðàâîãî êîíöà áàëêè. Äëÿ ðàñ÷åòîâ â ðàáîòå èñïîëüçîâàëîñüñëåäóþùåå ðàñïîëîæåíèå çàòÿæåê: α1 = 0.5, β1 = L − 0.5, α2 = 1,
β2 = L− 1.Îòëè÷èå îò ïðåäûäóùåé ìîäåëè ñîñòîèò â ïîÿâëåíèè íîâîãîíåèçâåñòíîãî è íîâîãî óðàâíåíèÿ. Â ðåçóëüòàòå âûÿâëåíî, ÷òî äâó-ìÿ óêîðî÷åííûìè çàòÿæêàìè ìîæíî ïîëó÷èòü ìåíüøèå âåðòèêàëü-íûå ïåðåìåùåíèÿ, ÷åì ñ îäíîé, íî áîëåå äëèííîé çàòÿæêîé (äî10%). Òàêæå íà 45% ñíèçèëèñü óñèëèÿ ðàñòÿæåíèÿ â çàòÿæêàõ, ÷òîïîçâîëÿåò ýêîíîìèòü íà èõ ñå÷åíèè.



106 À.Í. Áåñòóæåâà, À.È. Êîðîëåâ, Á.Â.Êîñòåíêî, Ì.È. Ëóêèí, Ì.Ñ. Ñåäîâ5. Çàêëþ÷åíèåÏî ðåçóëüòàòàì èññëåäîâàíèé êîìáèíèðîâàííîé ñèñòåìû øïðåí-ãåëüíîãî òèïà è âëèÿíèÿ ðàçëè÷íûõ êîíñòðóêòèâíûõ îñîáåííîñòåéíà åãî ðàáîòó ìîæíî ñäåëàòü ñëåäóþùèå âûâîäû.1. Ðàññìàòðèâàåìàÿ êîíñòðóêöèÿ ýôôåêòèâíåå íàèáîëåå ðàñïðî-ñòðàíåííûõ â íàøå âðåìÿ (îáû÷íûõ áàëî÷íûõ ýëåìåíòîâ) ñ òî÷êèçðåíèÿ ìàòåðèàëîåìêîñòè, ò. å. îíè ñïîñîáíû âîñïðèíèìàòü òå æåâíåøíèå íàãðóçêè ïðè ìåíüøåì ïîïåðå÷íîì ñå÷åíèè (äî 15%).2. Ïîëó÷åííîå ÷èñëåííî-àíàëèòè÷åñêîå ðåøåíèå ÿâëÿåòñÿ íàè-áîëåå òî÷íûì ðåøåíèåì äëÿ äàííîé êîíñòðóêöèè â ñðàâíåíèè ñïðîèçâîäèâøèìèñÿ ïðèáëèæåííûìè ðàñ÷åòàìè äðóãèõ èññëåäîâà-òåëåé.3. Äîñòàòî÷íî òî÷íîå ðåøåíèå ïîçâîëèëî ñ àíàëîãè÷íîé òî÷íî-ñòüþ ïðîàíàëèçèðîâàòü âëèÿíèå êîíñòðóêòèâíûõ íîâøåñòâ äàííîéêîìáèíèðîâàííîé ñèñòåìû.Ëèòåðàòóðà1. Åãîðîâ Â.Â. Ïàòåíò ÐÔ íà èçîáðåòåíèå �2190735, Å04 Ñ 3/10. Ñïî-ñîá êîìáèíèðîâàííîãî ïðåäâàðèòåëüíîãî íàïðÿæåíèÿ ïåðôîðèðîâàííîéøïðåíãåëüíîé áàëêè// Îïóáë. 10.10.2002. Áþë. �28.2. Ðæàíèöûí À.Ð. Ñîñòàâíûå ñòåðæíè è ïëàñòèíêè. Ì. Ñòðîéèçäàò, 1986.316 ñ.3. Åãîðîâ Â.Â. Ðàçâèòèå êîíñòðóêòèâíûõ ôîðì è ìåòîäîâ ðàñ÷åòà êîìáè-íèðîâàííûõ ñèñòåì øïðåíãåëüíîãî òèïà.: äèñ. ... äîêò. òåõí. íàóê. ÑÏá.,2004. 535 c.4. Áåëåíÿ Å.È. Ìåòàëëè÷åñêèå êîíñòðóêöèè: ó÷åáíèê / ïîä ðåä. Å.È. Áå-ëåíÿ. 6-å èçä., ïåðåðàá. è äîï. Ì. Ñòðîéèçäàò, 1985. 560 ñ.



ÒÅÎÐÈß È ÐÀÑ×ÅÒ ÁÎËÜØÈÕ ÓÏÐÓÃÈÕÄÅÔÎÐÌÀÖÈÉ ÏËÎÑÊÈÕ ÑÒÅÐÆÍÅÉÑ ÐÀÑÒßÆÅÍÈÅÌ È ÑÄÂÈÃÎÌÂ.Â. Åëèñååâ, Å.À. Îáîðèí
Ïðåäñòàâëåíà îáùàÿ íåëèíåéíàÿ òåîðèÿ ñòåðæíåé êàê ìàòåðèàëü-íûõ ëèíèé Êîññåðà, à òàêæå óðàâíåíèÿ â êîìïîíåíòàõ äëÿ ïëîñêîé çà-äà÷è. Ïðåäëîæåí ñïîñîá ÷èñëåííîãî ðåøåíèÿ ñ ïîìîùüþ êîìïüþòåðíîéìàòåìàòèêè. Ðàññìîòðåíû ìîäåëè ñòåðæíåé ñ ó÷åòîì ïîäàòëèâîñòè íàðàñòÿæåíèå è ñäâèã. Ñðåäè íèõ � ïðÿìîé ñòåðæåíü, êðèâîëèíåéíûéñòåðæåíü ñ îïèñàíèåì ôîðìû àíàëèòè÷åñêè è ïî òî÷êàì.1. Îáùàÿ òåîðèÿÈñïîëüçóåì ïðÿìîé ïîäõîä ê ñòåðæíþ êàê ìàòåðèàëüíîé ëèíèèÊîññåðà, ÷àñòèöû êîòîðîé ÿâëÿþòñÿ òâåðäûìè òåëàìè [1]. Äâèæå-íèå ñòåðæíÿ (ðèñ. 1) îïðåäåëÿåòñÿ çàâèñèìîñòüþ ðàäèóñ-âåêòîðà

r(s, t) è òåíçîðà ïîâîðîòà P (s, t) = eiei0 îò ìàòåðèàëüíîé êîîðäèíà-òû s è âðåìåíè (ñóììèðóåì ïî ïîâòîðÿþùåìóñÿ èíäåêñó). Òðîéêàîðòîâ ei ñâÿçàíà ñ êàæäîé ÷àñòèöåé äëÿ çàäàíèÿ óãëîâîé îðèåí-òàöèè; â íà÷àëüíîì ñîñòîÿíèè ei = ei0, r(s, 0) = r0(s), P (s, 0) = E(åäèíè÷íûé òåíçîð).Â ìîäåëè Êîññåðà íàãðóçêàìè ÿâëÿþòñÿ ñèëû è ìîìåíòû. Íàýëåìåíò ds äåéñòâóþò âíåøíÿÿ ñèëà qds è ìîìåíò mds. Âíóòðåííÿñèëà Q(s) è ìîìåíò M(s) çàäàþò âîçäåéñòâèå �ñïðàâà íàëåâî� � îò
s+ 0 ê s− 0.Ñèñòåìà óðàâíåíèé âûâîäèòñÿ èç ïðèíöèïà âèðòóàëüíîé ðàáîòûäëÿ îòðåçêà ñòåðæíÿ (ñì. [3, 4])

s2∫

s1

(q · δr +m · δo− δΠ)ds+ (Q · δr +M · δo)
∣∣s2
s1 = 0. (1)Äîêëàä íà ñåìèíàðå 25 ìàðòà 2014 ã.c© Â.Â. Åëèñååâ, Å.À. Îáîðèí, 2014
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Ðèñ. 1. Ñòåðæåíü êàê ìàòåðèàëüíàÿ ëèíèÿ.Çäåñü δo � âåêòîð ìàëîãî ïîâîðîòà (δP = δo× P
), Π � ýíåðãèÿäåôîðìàöèè íà åäèíèöó �äëèíû�. Ñëåäñòâèÿìè (1) ÿâëÿþòñÿ èç-âåñòíûå [2, 3, 4, 6] óðàâíåíèÿ áàëàíñà ñèë è ìîìåíòîâ :

Q′ + q = 0,M ′ + r′ ×Q+m = 0. (2)Äàëåå ââîäèì âûðàæåíèÿ äâóõ âåêòîðîâ äåôîðìàöèè:
Γ ≡ r′ − P · r′0,K ≡ Ω− P · Ω0. (3)Âåêòîð Γ îïðåäåëÿåò ðàñòÿæåíèå è ïîïåðå÷íûé ñäâèã. Âòîðîé âåê-òîð äåôîðìàöèè K, õàðàêòåðèçóþùèé èçãèá è êðó÷åíèå, âûðàæà-åòñÿ ÷åðåç âåêòîð Ω:

e′i = Ω× ei,Ω =
1

2
ei × e′i. (4)Ïðè ýòîì îêàçûâàåòñÿ

P ′ = K× P ⇔ K = −1

2

(
P ′ · PT

)
×
. (5)Ðàçóìååòñÿ, âåêòîðû äåôîðìàöèè ðàâíû íóëþ íà �æåñòêèõ� ïåðå-ìåùåíèÿõ:

P (s) = const(s), r(s)− r(s1) = P · (r0(s)− r0(s1)) → K = 0,Γ = 0.



Òåîðèÿ è ðàñ÷åò áîëüøèõ óïðóãèõ äåôîðìàöèé ïëîñêèõ ñòåðæíåé . . . 109Èç ïðèíöèïà âèðòóàëüíîé ðàáîòû ñëåäóþò è ñîîòíîøåíèÿ óïðó-ãîñòè, ñâÿçûâàþùèå ñèëîâûå ôàêòîðû ñ äåôîðìàöèÿìè. Ó÷èòûâàÿ(2), èç (1) ïîëó÷èì
δΠ = Q · (δr′ − δo× r′) +M · δo′ = QiδΓi +MiδKi. (6)Çäåñü èñïîëüçîâàíû ôîðìóëû äëÿ âàðèàöèé âåêòîðîâ äåôîðìà-öèè (Êëåáøà) [3, 4] è ââåäåíû êîìïîíåíòû â àêòóàëüíîì áàçèñå(Qi = Q · ei).Ñëåäñòâèåì (6) ÿâëÿþòñÿ ñîîòíîøåíèÿ óïðóãîñòè: Qi = ∂Π/∂Γi,

Mi = ∂Π/∂Ki. Ñ÷èòàÿ äàëåå ïëîòíîñòü ýíåðãèè äåôîðìàöèè
Π(Γi,Ki) êâàäðàòè÷íîé ôîðìîé, ïîëó÷èì

M = a ·K+ c · Γ, Q = b · Γ + K · c (7)ñ òðåìÿ òåíçîðàìè æåñòêîñòè.Ýòè ñîîòíîøåíèÿ ìîæíî îáðàòèòü ïðåîáðàçîâàíèåì Ëåæàíäðà:
Γi = ∂Π̂/∂Qi,Ki = ∂Π̂/∂Mi, Π̂ = ΓiQi +QiMi −Π. (8)Â ðàññìàòðèâàåìîé ôèçè÷åñêè-ëèíåéíîé ìîäåëè ïîòåíöèàëüíàÿýíåðãèÿ Π ðàâíà äîïîëíèòåëüíîé Π̂, ïîýòîìó ñîîòíîøåíèÿ óïðó-ãîñòè ìîæíî çàïèñàòü â ñëåäóþùåé îáðàùåííîé ôîðìå:

K = A ·M + C ·Q,Γ = B ·Q+M · C. (9)Çäåñü òðè òåíçîðà: A � ïîäàòëèâîñòü íà êðó÷åíèå è èçãèá, B � íàðàñòÿæåíèå è ñäâèã, C � òåíçîð ïåðåêðåñòíûõ ñâÿçåé (íàïðèìåð,êðó÷åíèå îò ïðîäîëüíîé ñèëû).Òåíçîðíûå óïðóãèå ìîäóëè îïðåäåëÿþòñÿ ôîðìîé ñå÷åíèÿ èñâîéñòâàìè ìàòåðèàëà. Èõ ðàñ÷åò � çà ðàìêàìè äàííîé ðàáîòû.Ìîæíî èñïîëüçîâàòü ðåøåíèå Ñåí-Âåíàíà ñ ðàâåíñòâîì ýíåðãèé îä-íîìåðíîé è òðåõìåðíîé ìîäåëåé. Íå òîëüêî ìîäóëè, íî è âñå óðàâíå-íèÿ ñòåðæíÿ ìîæíî âûâåñòè àñèìïòîòè÷åñêèì ðàñùåïëåíèåì òðåõ-ìåðíîé çàäà÷è [3, 4]. Çàìåòèì, ÷òî òåíçîðû ïîâîðà÷èâàþòñÿ âìåñòåñ îðòàìè: A′(s) = Ω×A−A×Ω. Åñëè íàïðàâèòü îðòû ïî ãëàâíûìîñÿì òåíçîðà A, òî A =
∑

Akekek. Ïîäîáíûì îáðàçîì ïðåäñòàâëÿ-åòñÿ B; íî íå C � îí íåñèììåòðè÷åí.



110 Â.Â. Åëèñååâ, Å.À. ÎáîðèíÓðàâíåíèÿ áàëàíñà ñèë è ìîìåíòîâ (2), âûðàæåíèÿ âåêòîðîâ äå-ôîðìàöèé (3) è ñîîòíîøåíèÿ óïðóãîñòè (7),(9) ñîñòàâëÿþò ïîëíóþñèñòåìó íåëèíåéíîé òåîðèè ñòåðæíåé ñ ðàñòÿæåíèåì è ñäâèãîì.Ãðàíè÷íûìè óñëîâèÿìè ê äàííîé çàäà÷å ÿâëÿþòñÿ çàäàííûå âû-ðàæåíèÿ ñèë, ìîìåíòîâ, ðàäèóñ-âåêòîðà è òåíçîðà ïîâîðîòà. Âñòðå-÷àþòñÿ ëèøü òàêèå êîìáèíàöèè, èç êîòîðûõ íåëüçÿ îïðåäåëèòü ðà-áîòó, � òàêîâû åñòåñòâåííûå ãðàíè÷íûå óñëîâèÿ âàðèàöèîííîé ïî-ñòàíîâêè.2. Ïëîñêàÿ çàäà÷àÌîæíî èñïîëüçîâàòü ðèñ. 1. Âåêòîðû r,Q, e1, e2 ëåæàò â ïëîñêî-ñòè ÷åðòåæà, âåêòîð ìîìåíòà M = Me3; e3 = e30 � ïî äåêàðòîâîéîñè z. Ïîâîðîò (âîêðóã îñè z, îò x ê y) îïðåäåëÿåòñÿ óãëîì θ; òåíçîð
P íå íóæåí. Èç (3)�(5) ïîëó÷èì K = θ′e3. Òåíçîðû ïîäàòëèâîñòèïðèìåì â ïðîñòåéøåì âèäå

A = Ae3e3, B = B1e1e1 +B2e2e2, C = 0. (10)Óðàâíåíèÿ ïîëíîé ñèñòåìû óïðîùàþòñÿ:
Q′ = −q,M ′ = −e3 · r′ ×Q+m = −x′Qy + y′Qx +m,

θ′ = AM,Γ = r′ − P · r′0 = B ·Q.
(11)Ïåðåéäåì çäåñü ê ïðîåêöèÿì íà îñè x, y. Ïîñêîëüêó r′0 = e10,

P · ek0 = ek, òî
r′ = (1 +B1Q1) e1 +B2Q2e2

∆
= d →

x′ = dx = (1 +B1Q1) cosΘ− B2Q2 sinΘ,Θ ≡ θ + α,

y′ = dy = (1 +B1Q1) sinΘ +B2Q2 cosΘ.

(12)Ââåäåí α(s) � óãîë ìåæäó e10 è îñüþ x; òîãäà Θ � ìåæäó e1 è x.Ïðè ýòîì
Q1 = Qx cosΘ +Qy sinΘ,

Q2 = −Qx sinΘ +Qy cosΘ → d = d (Qx, Qy, θ, s) .
(13)



Òåîðèÿ è ðàñ÷åò áîëüøèõ óïðóãèõ äåôîðìàöèé ïëîñêèõ ñòåðæíåé . . . 111Âíåøíÿÿ íàãðóçêà q(s) = qxe10 + qye20 è m = me30 ïðîèçâîëüíàè ìîæåò ñîäåðæàòü ñîñðåäîòî÷åííûå ñèëû è ìîìåíòû (ñ äåëüòà-ôóíêöèåé). Ïðèõîäèì ê ñèñòåìå ÎÄÓ øåñòîãî ïîðÿäêà:
Q′

x = −qx, Q
′
y = −qy,M

′ = −dxQy + dyQx +m,

θ′ = AM,x′ = dx, y
′ = dy.

(14)Ñëåäóåò äîáàâèòü ê ñèñòåìå øåñòü ãðàíè÷íûõ óñëîâèé â êîì-ïîíåíòàõ, îïèñûâàþùèõ íàãðóçêè, ïîâîðîòû è êîîðäèíàòû êîíöîâñòåðæíÿ.3. Àëãîðèòì â ñèñòåìå êîìïüþòåðíîé ìàòåìàòèêèÂ ñèñòåìå êîìïüþòåðíîé ìàòåìàòèêè Mathcad åñòü âñòðîåííûåñðåäñòâà ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ ñèñòåì ÎÄÓ. Ñèñòåìà (14)ïðåäñòàâëÿåòñÿ â ìàòðè÷íîé ôîðìå:
Y ′ = F (s, Y ), Y =




Qx

Qy

M
θ
x
y




, F =




−pqx(s)
−pqy(s)

−dxY1 + dyY0 +m
AY2

dx
dy




. (15)Çäåñü îáîçíà÷åíî:
dx(Y )

∆
= (1 +B1Q1(Y )) cos (Y3 + α (s))−B2Q2(Y ) sin (Y3 + α (s)) ,

dy(Y )
∆
= (1 +B1Q1(Y )) sin (Y3 + α (s)) +B2Q2(Y ) cos (Y3 + α (s)) ,

Q1(Y )
∆
= Y0 cos (Y3 + α (s)) + Y1 sin (Y3 + α (s)) ,

Q2(Y )
∆
= −Y0 sin (Y3 + α (s)) + Y1 cos (Y3 + α (s)) . (16)Êðàåâàÿ çàäà÷à äëÿ ñèñòåìû (15) ðåøàåòñÿ ñ ïîìîùüþ âñòðîåí-íûõ ôóíêöèé sbval-rk�xed, ðåàëèçóþùèõ ìåòîä ñòðåëüáû. Â íåêî-òîðûõ ñëó÷àÿõ öåëåñîîáðàçíî èñïîëüçîâàòü òîëüêî ìåòîä Ðóíãå�Êóòòû, çàíèìàÿñü �ïðèñòðåëêîé� âðó÷íóþ.



112 Â.Â. Åëèñååâ, Å.À. Îáîðèí4. Ïðÿìîé ñòåðæåíüÐàññìîòðèì çàäà÷ó î ñæàòèè (ñ èçãèáîì) êîíñîëüíîãî ïðÿìîãîñòåðæíÿ (ðèñ. 2). Ñèëà íà ñâîáîäíîì êîíöå èìååò íåáîëüøóþ ïîïå-ðå÷íóþ êîìïîíåíòó.
Ðèñ. 2. Ïðîäîëüíî-ñæàòûé ñòåðæåíüñ ìàëîé ïîïåðå÷íîé íàãðóçêîé.Èñïîëüçóåì óðàâíåíèÿ (14), â íèõ ðàâíû íóëþ ðàñïðåäåëåííûåíàãðóçêè è ìîìåíòû. Ãðàíè÷íûå óñëîâèÿ:

s = 0 : θ = 0, x = 0, y = 0;
s = L : M = 0, Qx = −p, Qy = λp.

(17)Çäåñü p � ïàðàìåòð íàãðóçêè, λ � 1 � ìàëûé ïàðàìåòð. Èç ïåðâûõäâóõ óðàâíåíèé (14) è ãðàíè÷íûõ óñëîâèé (17) èìååì
Qx

′ = 0, Qy
′ = 0; Qx (L) = −p; Qy (L) = λp,

Qx (s) = const = −p, Qy (s) = const = λp.
(18)Äëÿ êîíêðåòíûõ çíà÷åíèé ïàðàìåòðîâ è λ = (0.1; 0.01; 0.001) ìå-òîäîì ñòðåëüáû íàéäåíû ÷èñëåííûå ðåøåíèÿ óðàâíåíèé ïðè óâåëè-÷åíèè p. Ôîðìà ñòåðæíÿ èçîáðàæåíà ðèñ. 3. Íà ðèñ. 3, 4 íà âêëåéêåâèäíî, ÷òî ïðè äîñòèæåíèè îïðåäåëåííîé íàãðóçêè (êðèòè÷åñêîé)äàëüíåéøåå åå óâåëè÷åíèå ïðèâîäèò ê ðåçêîìó óâåëè÷åíèþ ïðîãè-áîâ.5. Êðèâîëèíåéíûé ñòåðæåíüñ àíàëèòè÷åñêèì çàäàíèåì ôîðìûÏðåäñòàâëåííûé â ïàðàãðàôå 4 àëãîðèòì ïîçâîëÿåò ðàññ÷èòû-âàòü ñòåðæíè ïðîèçâîëüíîé ôîðìû ñ àíàëèòè÷åñêèì çàäàíèåì:
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Ðèñ. 3. Ôîðìà ñòåðæíÿ ïðè çàêðèòè÷åñêîé íàãðóçêå.
x = x(s), y = y(s). Ýòî çàäàíèå ìîæåò áûòü ðåçóëüòàòîì èíòåð-ïîëÿöèè ñïëàéíàìè (ñì. ïàðàãðàô 7). À ïîêà ðàññìîòðèì ñõåìó íàðèñ. 4, ãäå çàäàíà êðèâèçíà k(s) íåäåôîðìèðîâàííîãî ñòåðæíÿ êàêôóíêöèÿ ìàòåðèàëüíîé êîîðäèíàòû s (îò 0 äî L).Èçâåñòíî, ÷òî k(s) îïðåäåëÿåò ôîðìó ëèíèè ñ òî÷íîñòüþ äî ïå-ðåìåùåíèÿ òâåðäîãî òåëà. Èç ôîðìóë Ôðåíå èìååì:
(cosα)′ = −k (s) sinα, (sinα)′ = k (s) cosα, x0

′ = cosα, y0
′ = sinα.(19)Ãðàíè÷íûå óñëîâèÿ íà ëåâîì êîíöå íåäåôîðìèðîâàííîãî ñòåðæíÿ:

s = 0 : cosα = 1, sinα = 0, x0 = 0, y0 = 0. (20)Ñèñòåìà èç ÷åòûðåõ óðàâíåíèé â êîìïîíåíòàõ ñ ãðàíè÷íûìè óñëî-âèÿìè ðåøåíà ÷èñëåííî êàê íà÷àëüíàÿ çàäà÷à Êîøè.Ïîñëå ïîñòðîåíèÿ ôîðìû ñòåðæíÿ èñïîëüçóåì óðàâíåíèÿ ñòàòè-êè ñòåðæíÿ â ïëîñêîñòè (15). Ãðàíè÷íûå óñëîâèÿ áóäóò â ñîîòâåò-ñòâèè ñ ðèñ. 4:
s = 0 : x = 0, y = 0, θ = 0,
s = L : x = x0 (L) , y = y0 (L) , M = 0.

(21)
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Ðèñ. 4. Ñòåðæåíü ñ çàäàííîé êðèâèçíîé.Áûëè ðåøåíû óðàâíåíèÿ (15) â Mathcad äëÿ ÷àñòíîãî ñëó÷àÿ (âñèñòåìå ÑÈ):
L = 1, A = 0.022, B1 = 2.976× 10−8, B2 = 9.143× 10−8,
qy = 1; k (s) = −2 sin (5s) + 3.5s, pmin = −3200, pmax = 1850.Íà ðèñ. 5 ïîêàçàíû ôîðìû ñòåðæíÿ ïðè ïîëîæèòåëüíîé è îò-ðèöàòåëüíîé íàãðóçêå.

Ðèñ. 5. Ôîðìà ñòåðæíÿ, íà÷àëüíàÿ è äåôîðìèðîâàííàÿ.Íà ðèñ. 6 ïðåäñòàâëåíû íàãðóçêà â çàâèñèìîñòè îò ïðîãèáîâñåðåäèíû ñòåðæíÿ.
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Ðèñ. 6. Íàãðóçêà â çàâèñèìîñòè îò ïðîãèáîâ.6. Êðèâîëèíåéíûé ñòåðæåíü ñ çàäàíèåì ôîðìûïî òî÷êàìÑòåðæåíü çàäàí íàáîðîì òî÷åê ñ òðåìÿ ìàññèâàìè: ξi, x0i, y0i(ðèñ. 7). Çäåñü ξ � íîìåðà òî÷åê îò 0. Èíòåðïîëÿöèÿ äà-åò ïàðàìåòðè÷åñêîå çàäàíèå ëèíèè: x0 = x0(ξ), y0 = y0(ξ)(ξ êàê ìàòåðèàëüíàÿ êîîðäèíàòà). Ñâÿçü ñ äóãîâîé êîîðäèíà-òîé â îòñ÷åòíîé êîíôèãóðàöèè: ds = mdξ,m =
√
ẋ2
0 + ẏ20 .Ðàäèóñ-âåêòîð r0(ξ) = x0(ξ)e10 + y0(ξ)e20. Îðò êàñàòåëüíîé

t0 = r0
′ = m−1ṙ0 ⇒ cosα = m−1ẋ0, sinα = m−1ẏ0 (ðèñ. 8).Ïðè äåôîðìàöèè êàæäàÿ ÷àñòèöà ñòåðæíÿ ïîâîðà÷èâàåòñÿ íàóãîë θ (ðèñ. 8). Âñëåäñòâèå ñäâèãà �íàïðàâëÿþùèé� îðò e1 íå ðàâåíîðòó êàñàòåëüíîé t ïîñëå äåôîðìàöèè.Èñïîëüçóåì óðàâíåíèÿ íåëèíåéíîé ñòàòèêè ñòåðæíåé â ïëîñêî-ñòè (14). Ïðèìåì òåíçîðû ïîäàòëèâîñòè â âèäå (10). Èñïîëüçóåìçäåñü âûðàæåíèÿ êîìïîíåíò ñèëû:
Q1 = Qx cosΘ +Qy sinΘ,
Q2 = −Qx sinΘ +Qy cosΘ

}

⇒ d = d(Qx, Qy,Θ, ξ).
(22)Íàïîìíèì, çäåñü óãîë Θ ≡ θ + α.Âíåøíÿÿ íàãðóçêà q(s) = qxe10 + qye20 ïðîèçâîëüíà è ìîæåòñîäåðæàòü ñîñðåäîòî÷åííûå ñèëû (ñ äåëüòà-ôóíêöèåé). Ñ êîîðäè-
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Ðèñ. 7. Ôîðìà ñòåðæíÿ, çàäàííàÿ ïî òî÷êàì.
Ðèñ. 8. Îðòû îòñ÷åòíîé è àêòóàëüíîé êîíôèãóðàöèè.íàòîé ξ ïîëó÷àåòñÿ âûðàæåíèå

q(s)ds = q̃(ξ)dξ ⇒ q(s) = m−1q̃(ξ). (23)Ìîæíî ïåðåéòè ê äèôôåðåíöèðîâàíèþ ïî ξ, óìíîæèâ ïðàâûå÷àñòè âñåõ øåñòè óðàâíåíèé (14) íà m, ïîñêîëüêó (...)′ = m−1(...)·.Ïðè çàäåëêå íà �ëåâîì� êîíöå è ñâîáîäíîì �ïðàâîì� ãðàíè÷íûåóñëîâèÿ òàêîâû:
s = 0 (ξ = 0) : x = x0, y = y0, θ = 0;
s = L (ξ = l) : Qx = Qy = 0, M = 0.

(24)
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Qx(ξ) =

l∫

ξ

q̃x(ξ)dξ, Qy(ξ) =

l∫

ξ

q̃y(ξ)dξ. (25)Ïðåîáðàçóÿ ñèñòåìó ÎÄÓ äëÿ ðàáîòû â ñèñòåìå êîìïüþòåðíîéìàòåìàòèêè Mathcad, èìååì:
Ẏ = D(ξ, Y ), Y =




M
θ
x
y


 , D = m




−dxQy + dyQx

AY0

dx
dy


 . (26)Çäåñü îáîçíà÷åíî:

dx(ξ, Y1) = (1 +B1Q1(ξ, Y1)) cosΘ(ξ, Y1)−B2Q2(ξ, Y1) sinΘ(ξ, Y1),
dy(ξ, Y1) = (1 +B1Q1(ξ, Y1)) sinΘ(ξ, Y1) +B2Q2(ξ, Y1) cosΘ(ξ, Y1),
Θ(ξ, Y ) = Y1 + α(ξ),
Q1(ξ, Y1) = Qx(ξ) cosΘ(ξ, Y1) +Qy(ξ) sinΘ(ξ, Y1),
Q2(ξ, Y1) = −Qx(ξ) sinΘ(ξ, Y1) +Qy(ξ) cosΘ(ξ, Y1). (27)Îäíàêî ñòîèò ïðåîáðàçîâàòü cosΘ è sinΘ:

cosΘ = m−1(cosY1 · ẋ0 − sinY1 · ẏ0),
sinΘ = m−1(sinY1 · ẋ0 + cosY1 · ẏ0).

(28)Äëÿ óñêîðåíèÿ âû÷èñëåíèé ê ñëîæíûì çàâèñèìîñòÿì îò ξ ïðèìå-íÿåòñÿ ëèíåéíàÿ èíòåðïîëÿöèÿ.Íî êðàåâóþ çàäà÷ó äàæå ñ îäíèì ïàðàìåòðîì ïðîöåäóðîé sbvalðåøèòü íå óäàëîñü. Ïîýòîìó ñäåëàí ýêâèâàëåíò.Äëÿ êîíêðåòíûõ çíà÷åíèé âõîäÿùèõ â óðàâíåíèÿ ïàðàìåòðîâ (âñèñòåìå ÑÈ): A = 1.63× 10−5, B1 = 2.546× 10−9, B2 = 7.945× 10−9,
p = 150.243 è çàäàííîé ñ ïîìîùüþ ìàññèâîâ òî÷åê ôîðìû ñòåðæíÿ(ñì. òàáëèöó) áûëè ïðîâåäåíû ðàñ÷åòû. Ðåçóëüòàòû � îòñ÷åòíàÿ èàêòóàëüíàÿ êîíôèãóðàöèè ñòåðæíÿ � ïðåäñòàâëåíû íà ðèñ. 5 íàâêëåéêå.
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ξ 0 1 2 3 4 5 6 7 8 9

x0 −1.3 −1.6 −1.7 −1.1 −0.3 1.2 2.1 2.6 2.4 1.5
y0 2.9 1.5 −0.4 −2.0 −2.5 −2.3 −1.7 −0.8 0.2 0.57. Ýôôåêòû ðàñòÿæåíèÿ è ñäâèãàÏðèìåíÿÿ àíàëèòè÷åñêèå ìåòîäû, îáû÷íî îãðàíè÷èâàþòñÿêëàññè÷åñêîé òåîðèåé áåç ñäâèãà � ýòî íàìíîãî ïðîùå. Íî ñ èñïîëü-çîâàíèåì êîìïüþòåðíîé ìàòåìàòèêè ó÷åò ñäâèãà íèêàê íå óñëîæ-íÿåò ðàñ÷åò (ñì. [5]).Èçâåñòíî, ÷òî ýôôåêòû ðàñòÿæåíèÿ è ñäâèãà çíà÷èòåëüíû äëÿáûñòðîìåíÿþùèõñÿ ðåøåíèé, îòíîñèòåëüíàÿ òîëùèíà ïðè ýòîì âîç-ðàñòàåò. Èõ ðîëü âàæíà è â òàêèõ ñïåöèàëüíûõ ñëó÷àÿõ, êàê èçãèáïðÿìîãî ñòåðæíÿ ñ çàêðåïëåííûìè êîíöàìè èëè äåôîðìàöèÿ çà-ìêíóòîãî êîëüöà âíóòðåííèì äàâëåíèåì.Âïå÷àòëÿþùåé èëëþñòðàöèåé ñ êà÷åñòâåííûìè ýôôåêòàìè ìî-æåò ñëóæèòü çàäà÷à Ýéëåðà î ñæàòèè êîíñîëüíîé áàëêè "ìåðò-âîé"ñèëîé. Â ýòîì ñëó÷àå ïîëó÷àåòñÿ ñëåäóþùàÿ êðàåâàÿ çàäà÷à[4]:
A−1

3 θ′′ +Q sin θ+
1

2
Q2(B2 −B1) sin 2θ = 0, θ(0) = 0, θ′(l) = 0. (29)Ëèíåàðèçóÿ, ïîëó÷èì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ ñ êâàäðàò-íûì óðàâíåíèåì äëÿ êðèòè÷åñêîé ñèëû Q. Åñëè (êàê îáû÷íî) æåñò-êîñòü íà ðàñòÿæåíèå áîëüøå, ÷åì íà ñäâèã, òî êîðíè óðàâíåíèÿ èìå-þò ðàçíûå çíàêè. Ïîëîæèòåëüíûé êîðåíü íåìíîãî ìåíüøå êðèòè-÷åñêîé ñèëû Ýéëåðà. Îòðèöàòåëüíûé æå êîðåíü îçíà÷àåò íåóñòîé-÷èâîñòü ïðè ðàñòÿæåíèè, ÷òî êàæåòñÿ ïàðàäîêñàëüíûì. Åñëè æåæåñòêîñòü íà ðàñòÿæåíèå ìåíüøå, òî íåóñòîé÷èâîñòü ìîæåò âîîá-ùå îòñóòñòâîâàòü. Îá ýòîì íàïèñàíî â ðàáîòå [3].Ëèòåðàòóðà1. Êîññåðà Ý. è Êîññåðà Ô. Çàìåòêà î òåîðèè ýâêëèäîâà äåéñòâèÿ/ Ïåð.À. Áåçðóêîâà. Ì.: Òèï. Êóøíåðåâà È.Í., 1911. 71 ñ.2. Ïîïîâ Å. Ï. Òåîðèÿ è ðàñ÷åò ãèáêèõ óïðóãèõ ñòåðæíåé. Ì.: Íàóêà, 1986.296 ñ.
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ÄÎÊËÀÄÛ, ÍÅ ÂÎØÅÄØÈÅ Â ÑÁÎÐÍÈÊÔèëüòðàöèÿ æèäêîñòè èç ñòðîèòåëüíûõ êîòëîâàíîâ,îãðàæäåííûõ øïóíòàìèÄîêëàä íà ñåìèíàðå 17 ñåíòÿáðÿ 2013 ã.Å.Â. ÏåñòåðåâÐÅÇÞÌÅÐàññìàòðèâàåòñÿ ôèëüòðàöèÿ èç êîòëîâàíîâ, îãðàæäåííûõ øïóíòàìè Æó-êîâñêîãî ÷åðåç ñëîé ãðóíòà, ïîäñòèëàåìûé õîðîøî ïðîíèöàåìûì íàïîðíûìâîäîíîñíûì ãîðèçîíòîì, íà êðîâëå êîòîðîãî ñîäåðæèòñÿ âîäîíåïðîíèöàåìûéó÷àñòîê. Äëÿ èçó÷åíèÿ èíôèëüòðàöèè íà ñâîáîäíóþ ïîâåðõíîñòü ôîðìóëèðó-åòñÿ ñìåøàííàÿ ìíîãîïàðàìåòðè÷åñêàÿ êðàåâàÿ çàäà÷à òåîðèè àíàëèòè÷åñêèõôóíêöèé, êîòîðàÿ ðåøàåòñÿ ñ ïîìîùüþ ïðèìåíåíèÿ ìåòîäà Ïîëóáàðèíîâîé-Êî÷èíîé. Àíàëèçèðóþòñÿ ïðåäåëüíûå ñëó÷àè, ñâÿçàííûå ñ îòñóòñòâèåì îäíîãîèç ôàêòîðîâ, õàðàêòåðèçóþùèõ ìîäåëèðóåìûé ïðîöåññ.Áîëüøèå äåôîðìàöèè ìÿãêèõ îáîëî÷åêïîä äåéñòâèåì âíóòðåííåãî äàâëåíèÿÄîêëàä íà ñåìèíàðå 29 îêòÿáðÿ 2013 ã.À.Â. ÊóçüìèíÐÅÇÞÌÅÂ ïåðâîé ÷àñòè ðàáîòû ðàññìàòðèâàåòñÿ äåôîðìàöèÿ áåñêîíå÷íîé öèëèí-äðè÷åñêîé îáîëî÷êè, ñæèìàåìîé äâóìÿ ïëàñòèíàìè. Îáîëî÷êà çàïîëíåíà èäå-àëüíîé íåñæèìàåìîé æèäêîñòüþ. Ïîëó÷åíû ôîðìóëû, âûðàæàþùèå çàâèñè-ìîñòü äåôîðìàöèè è äàâëåíèÿ â æèäêîñòè îò ðàññòîÿíèÿ ìåæäó ïëàñòèíàìè.Âòîðàÿ ÷àñòü ðàáîòû ïîñâÿùåíà èññëåäîâàíèþ îñåñèììåòðè÷íîé äåôîðìà-öèè òîðîèäàëüíîé îáîëî÷êè, îáðàçîâàííîé ñâîðà÷èâàíèåì â òîð ìÿãêîé öè-ëèíäðè÷åñêîé îáîëî÷êè. Îáîëî÷êà íàõîäèòñÿ ïîä äåéñòâèåì âíóòðåííåãî äàâ-ëåíèÿ. Ïðîâåäåíî ÷èñëåííîå èíòåãðèðîâàíèå ñèñòåìû íåëèíåéíûõ äèôôåðåí-öèàëüíûõ óðàâíåíèé, îïèñûâàþùèõ äåôîðìàöèþ îáîëî÷êè. Ïîëó÷åíû ñëåäó-þùèå ÷ëåíû àñèìïòîòè÷åñêèõ ðàçëîæåíèé ðåøåíèé ýòîé ñèñòåìû. Ïðîâåäåíîñðàâíåíèå ÷èñëåííûõ è àñèìïòîòè÷åñêèõ ðåçóëüòàòîâ.



Äîêëàäû, íå âîøåäøèå â ñáîðíèê 121Äèôôåðåíöèàëüíûå óðàâíåíèÿ ëèáðàöèîííîãî äâèæåíèÿãðàâèòàöèîííî-îðèåíòèðîâàííîãî òâåðäîãî òåëàÄîêëàä íà ñåìèíàðå 26 íîÿáðÿ 2013 ã.Å.À. ÊîñÿêîâÐÅÇÞÌÅÐàññìàòðèâàåòñÿ ãðàâèòàöèîííî-îðèåíòèðîâàííîå òâåðäîå òåëî íà êðóãîâîéêåïëåðîâîé îðáèòå â öåíòðàëüíîì ãðàâèòàöèîííîì ïîëå. Âðàùàòåëüíîå äâèæå-íèå òåëà çàâèñèò îò âîçìóùàþùåãî ìîìåíòà, êîòîðûé ïîääàåòñÿ êóáè÷åñêîé àï-ïðîêñèìàöèè. Âêëþ÷åíèå âåëè÷èí òðåòüåãî ïîðÿäêà ìàëîñòè ïîçâîëèëî ïîëó-÷èòü îáîáùåíèå èçâåñòíûõ óðàâíåíèé â êàíîíè÷åñêèõ ïåðåìåííûõ äëÿ ñëó÷àÿäåéñòâèÿ êàê ïîòåíöèàëüíûõ, òàê è íåïîòåíöèàëüíûõ ñèë. Ñèñòåìà óðàâíåíèéòàêîãî âèäà óäîáíà äëÿ àíàëèçà êâàçèëèíåéíûõ êîëåáàíèé òåëà ïðè äâèæåíèèâîêðóã åãî öåíòðà ìàññ ñ èñïîëüçîâàíèåì àñèìïòîòè÷åñêèõ ìåòîäîâ íåëèíåéíîéìåõàíèêè.Î ôîðìóëàõ Ã.Â. Êîëîñîâà â ïëîñêîé çàäà÷å òåîðèè òðåùèíÄîêëàä íà ñåìèíàðå 25 ôåâðàëÿ 2014 ã.Þ.Ì. ÄàëüÐÅÇÞÌÅÄàíî ôèçè÷åñêîå è ìàòåìàòè÷åñêîå èñòîëêîâàíèå çàâèñèìîñòåé Ã. Â. Êî-ëîñîâà, ñâÿçûâàþùèõ êîìïîíåíòû òåíçîðà íàïðÿæåíèé ñ äâóìÿ ðåãóëÿðíûìèôóíêöèÿìè Φ(z) è Ψ(z) êîìïëåêñíîãî ïåðåìåííîãî z = x + iy. Ïðèâåäåíû íî-âûå ñîîòíîøåíèÿ, ýêâèâàëåíòíûå ýòèì çàâèñèìîñòÿì, óñòàíîâëåíà èõ ôîðìàäëÿ îãðàíè÷åííîãî è íåîãðàíè÷åííîãî óïðóãîãî òåëà.Íàéäåíî òî÷íîå àíàëèòè÷åñêîå ðåøåíèå ïåðèîäè÷åñêîé çàäà÷è î ïëîñêîñòè,îñëàáëåííîé íà îñè àáñöèññ íåîãðàíè÷åííûì ÷èñëîì ïðÿìîëèíåéíûõ òðåùèí.Âûÿâëåíû óñëîâèÿ, ïîçâîëÿþùèå ñâåñòè ïåðâóþ îñíîâíóþ êðàåâóþ çàäà÷ó òåî-ðèè òðåùèí ê çàäà÷å Ãèëüáåðòà�Ïðèâàëîâà äëÿ ôóíêöèè Φ(z).Äèíàìè÷åñêèé àíàëèç ñîñòîÿíèÿ ñèñòåìû�áåäðåííàÿ êîñòü�ðåãåíåðàò�èìïëàíòàò� ïðè ðåàáèëèòàöèèÄîêëàä íà ñåìèíàðå 11 ìàðòà 2014 ã.Î.Â. ÙåïèëèíàÐÅÇÞÌÅÖåëü èññëåäîâàíèÿ � ðàçðàáîòêà ìåòîäà èññëåäîâàíèÿ áåäðåííîé êî-ñòè ïîñëå îñòåîñèíòåçà ñ ó÷åòîì ìûøå÷íîé àêòèâíîñòè è èçìåíåíèÿ ìîäó-



122 Äîêëàäû, íå âîøåäøèå â ñáîðíèêëÿ óïðóãîñòè (Å, ÌÏà) íà êàæäîì ýòàïå ðåìîäåëèðîâàíèÿ êîñòíîãî ðåãåíå-ðàòà. Ðàçðàáîòàí àëãîðèòì, âûïîëíåíû ðàñ÷åòû è ïðîâåäåíû èññëåäîâàíèÿ èàíàëèç íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ñèñòåìû �áåäðåííàÿ êîñòü�ðåãåíåðàò�èìïëàíòàò� íà ðàçíûõ ñòàäèÿõ ðåàáèëèòàöèè.Ìîäåëü áåäðåííîé êîñòè ñèñòåìû �áåäðåííàÿ êîñòü�ðåãåíåðàò�èìïëàíòàò�ïðè ââåäåííûõ äîïóùåíèÿõ ïîñòðîåíà ñ ïîìîùüþ ïðîãðàììíîãî ïðîäóêòàMimics, ïàêåòà ïðèêëàäíûõ ïðîãðàìì SolidWorks è âêëþ÷àåò êîñòü, ïðåä-ñòàâëåííóþ äâóìÿ îäíîðîäíûìè èçîòðîïíûìè ñëîÿìè, ðåãåíåðàò è èìïëàíòàò-òèòàíîâûå âèíòû.Ïî ðåçóëüòàòàì èññëåäîâàíèé ïîëó÷åíû çàâèñèìîñòè äåôîðìàöèè â ýëå-ìåíòàõ ñèñòåìû îò âðåìåíè ïðè äèíàìè÷åñêîì íàãðóæåíèè ãîëîâêè áåäðåííîéêîñòè â ñîîòâåòñòâèè ñ êëèíè÷åñêèì ýêñïåðèìåíòîì è ñôîðìóëèðîâàíû ðåêî-ìåíäàöèè ïî âíåñåíèþ êîððåêöèè â ñóùåñòâóþùèå òåõíîëîãèè ðåàáèëèòàöèè.Ðîáîò ïðîòèâ àñòåðîèäàÄîêëàä íà ñåìèíàðå 8 àïðåëÿ 2014 ã.Á.À. Ñìîëüíèêîâ, Â.À ËåîíòüåâÐÅÇÞÌÅÏðåäëàãàåòñÿ êîíöåïöèÿ òðàíñïîðòèðîâêè àñòåðîèäà íà áåçîïàñíóþ äëÿÇåìëè îðáèòó. Ðàññìàòðèâàþòñÿ âîïðîñû êàê âðàùàòåëüíîãî, òàê è ïîñòóïà-òåëüíîãî äâèæåíèÿ òðàíñïîðòèðóåìîãî îáúåêòà. Â êà÷åñòâå òÿãà÷à ïðåäïîëà-ãàåòñÿ èñïîëüçîâàòü áåñïèëîòíûé êîñìè÷åñêèé àïïàðàò ñ ìàëîé òÿãîé.Èñïîëüçîâàíèå ïðîãðàììíîãî ïàêåòà Comsol Multiphysicsâ çàäà÷àõ áèîìåõàíèêè ãëàçàÄîêëàä íà ñåìèíàðå 22 àïðåëÿ 2014 ã.Å.Á. ÂîðîíêîâàÐÅÇÞÌÅÂ äîêëàäå îáñóæäàåòñÿ ìîäåëèðîâàíèå â ïðîãðàììíîì ïàêåòå COMSOLMultiphysics íà ïðèìåðå çàäà÷è îá èçìåíåíèè âíóòðèãëàçíîãî äàâëåíèÿ ïðèââåäåíèè â ãëàç äîïîëíèòåëüíîãî îáúåìà æèäêîñòè. Ãëàç ìîäåëèðóåòñÿ êàê ýë-ëèïñîèäàëüíàÿ îáîëî÷êà âðàùåíèÿ, ñîñòîÿùàÿ èç îäíîãî (òîëüêî ñêëåðà) èëèäâóõ ñåãìåíòîâ (ñêëåðà è ðîãîâèöà). Èçó÷àåòñÿ âëèÿíèå ñâîéñòâ òêàíåé ãëàçàíà ïîâåäåíèå îáîëî÷êè. Ïîêàçàíû âîçìîæíîñòè COMSOL äëÿ çàäàíèÿ íåîä-íîðîäíûõ ñâîéñòâ òêàíåé, à òàêæå ïðè ðåøåíèè ñâÿçàííûõ çàäà÷, íàïðèìåðìåõàíèêè òâåðäîãî òåëà è ìåõàíèêè æèäêîñòè.



ÕÐÎÍÈÊÀ26-é ñåìèíàð Ñåâåðíûõ còðàíïî âû÷èñëèòåëüíîé ìåõàíèêå25�26 îêòÿáðÿ 2013 ã. â Îñëî (Íîðâåãèÿ) ïðîøåë 26-é ñåìè-íàð Ñåâåðíûõ ñòðàí ïî âû÷èñëèòåëüíîé ìåõàíèêå. Îðãàíèçàòîðîìñåìèíàðà ÿâëÿëàñü Ñåâåðíàÿ àññîöèàöèÿ âû÷èñëèòåëüíîé ìåõà-íèêè (NoACM, http://www.noacm.org/), ïðåäñòàâëÿþùàÿ èíòåðå-ñû Ìåæäóíàðîäíîé àññîöèàöèè âû÷èñëèòåëüíîé ìåõàíèêè (IACM).Ïåðâûé ïîäîáíûé åæåãîäíûé ñåìèíàð ïðîøåë â 1988 ã. â Ã¼òåáîð-ãå (Øâåöèÿ). Â ñåìèíàðå òðàäèöèîííî ó÷àñòâóþò ïðåäñòàâèòåëèñòðàí Ñåâåðíîé Åâðîïû: Äàíèè, Ôèíëÿíäèè, Èñëàíäèè, Íîðâåãèè,Øâåöèè è Ïðèáàëòèêè (Ýñòîíèÿ, Ëàòâèÿ è Ëèòâà).Ýòîò ðàç ñåìèíàð ïðîâîäèë Öåíòð áèîìåäèöèíñêèõ âû÷èñëåíèé(Center for Biomedical Computing (CBC)), âõîäÿùèé â ñîñòàâ èñ-ñëåäîâàòåëüñêîé ëàáîðàòîðèè Simula (Simula Research Laboratory).Îðãêîìèòåò âîçãëàâëÿë äîöåíò Anders Logg. Â ñåìèíàðå ïðèíÿëèó÷àñòèå ìîëîäûå ïðåäñòàâèòåëè ðîññèéñêîé íàó÷íîé øêîëû, ïî-ñòîÿííûå ó÷àñòíèêè ñåìèíàðà �Êîìïüþòåðíûå ìåòîäû â ìåõàíèêåñïëîøíîé ñðåäû�: Ê.À. Èãíàòüåâà (ÑÏáÃÓ) è À.Ì. Åðìàêîâ.Ñåìèíàð áûë ïîñâÿùåí âîïðîñàì, ñâÿçàííûì ñ âû÷èñëèòåëü-íûìè ìåòîäàìè è èõ ïðèëîæåíèÿì ê øèðîêîìó êëàññó çàäà÷ ìå-õàíèêè. Ñ ïëåíàðíûìè äîêëàäàìè âûñòóïèëè Dr. Erik Burman(University College London, UK), Prof. Elena Celledoni (NorwegianUniversity of Science and Technology, Norway), Asso. Prof. Jakob S.Jensen (Technical University of Denmark, Denmark), Dr. Juho K�onn�o(W�artsil�a, Finland) è Dr. Garth Wells (University of Cambridge, UK).Íàó÷íûé óðîâåíü äîêëàäîâ áûë î÷åíü âûñîêèì, àòìîñôåðà íàñåìèíàðå � òâîð÷åñêîé è äðóæåñòâåííîé, ÷åìó ñïîñîáñòâîâàëè êîì-ôîðòíûå óñëîâèÿ äëÿ îáùåíèÿ, ðàâíîïðàâèå ó÷àñòíèêîâ, îòñóò-ñòâèå áàðüåðîâ äëÿ îáìåíà ìíåíèÿìè, îáñóæäåíèå àêòóàëüíûõ çà-äà÷ è ïåðñïåêòèâû ïàðòíåðñòâà ïî èòîãàì êîíôåðåíöèè.Ñëåäóþùèé, 26-é ñåìèíàð ïëàíèðóåòñÿ ïðîâåñòè â Ñòîêãîëüìå(Øâåöèÿ). Ê.À. Èãíàòüåâà



ÎÁ ÀÂÒÎÐÀÕÀëü÷èáàåâ Äàíèèë Âèòàëüåâè÷� ñòóäåíò ìàãèñòðàòóðûêàôåäðû òåîðåòè÷åñêîé è ïðèêëàäíîé ìåõàíèêè ÑÏáÃÓ. Îá-ëàñòü íàó÷íûõ èíòåðåñîâ � ìåõàíèêà äåôîðìèðóåìîãî òâåð-äîãî òåëà. Íàó÷íûé ðóêîâîäèòåëü � ïðîô. Ï.Å. Òîâñòèê.E-mail: soor1204@gmail.comÁàóýð Ñâåòëàíà Ìèõàéëîâíà�äîêòîð ôèçèêî-ìàòåìàòè-÷åñêèõ íàóê, ïðîôåññîð êàôåäðû ãèäðîóïðóãîñòè ÑÏáÃÓ. Îáëàñòüíàó÷íûõ èíòåðåñîâ � áèîìåõàíèêà è ìåõàíèêà äåôîðìèðóåìîãîòâåðäîãî òåëà. E-mail: s_bauer@mail.ruÁåñòóæåâà Àëëà Íèêîëàåâíà� êàíäèäàò ôèçèêî-ìàòåìàòè-÷åñêèõ íàóê, äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè ÏÃÓÏÑ. Àâ-òîð ñòàòåé, ïîñâÿùåííûõ çàäà÷àì î âîëíîâûõ äâèæåíèÿõ æèäêîñòèâ îáëàñòè ïåðåìåííîé ãëóáèíû, îïóáëèêîâàííûõ â æóðíàëàõ �Îêå-àíîëîãèÿ�, �Ïðèêëàäíàÿ ìàòåìàòèêà è ìåõàíèêà�, �Ïðèêëàäíàÿ ìà-òåìàòèêà è òåõíè÷åñêàÿ ôèçèêà� è äð. E-mail: bes_alla@inbox.ruÂîðîíêîâà Åâà Áîðóõîâíà�êàíäèäàò ôèçèêî-ìàòåìàòè÷åñ-êèõ íàóê, äîöåíò êàôåäðû ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ýíåð-ãåòè÷åñêèõ ñèñòåì ôàêóëüòåòà ïðèêëàäíîé ìåõàíèêè � ïðîöåññîâóïðàâëåíèÿ ÑÏáÃÓ, àâòîð ñòàòåé ïî âîïðîñàì áèîìåõàíèêè è ìå-õàíèêè òâåðäîãî òåëà. E-mail: e.voronkova@spbu.ruÄàëü Þðèé Ìèõàéëîâè÷� äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõíàóê, ïðîôåññîð êàôåäðû âû÷èñëèòåëüíûõ ìåòîäîâ ìåõàíèêè äå-ôîðìèðóåìîãî òåëà ÑÏáÃÓ, çàñëóæåííûé äåÿòåëü íàóêè Ðîñ-ñèéñêîé Ôåäåðàöèè. Îáëàñòü íàó÷íûõ èíòåðåñîâ � ìàòåìàòè÷å-ñêèå ìåòîäû ìåõàíèêè äåôîðìèðóåìîãî òåëà, ëèíåéíàÿ è íåëè-íåéíàÿ òåîðèÿ óïðóãîñòè, ìåõàíèêà ðàçðóøåíèÿ, âëèÿíèå ôèçè-
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Summaries 129Bauer S. M., Voronkova E. B. Models of shells and plates inthe problem of ophthalmology.In this paper an overview of the mathematical models, developed incollaboration with ophthalmologists is presented. Models for the stress-strain state analyses of the eyeball after retinal detachment surgery,models related to the theory of accommodation of the eye are brie�ydescribed. The mathematical model for applanation tonometry anddetermination of true intraocular pressure (IOP) are discussed. Modelsthat can be used for assessment of the e�ect of out-of-sphericity ofthe cornea and the scleral shapes, the central corneal thickness onintraocular pressure readings are displayed.New results in solid mechanics were obtained while developingbiomechanical models of the eye. For example, the problem of stabilityof spherical shell subjected to concentrated force and inner pressure,the problem of axisymmetric stability of annular plates, the problemof stability of orthotropic spherical segments under inner pressure andload with �atted foundation, the problems of deformation of sphericaland cylindrical layers subjected to inner and outer pressure weresolved. For pressurized spherical and cylindrical layers, the accuracyof the approximate solutions, obtained with the re�ned shell theories isanalyzed by comparison of these solutions with the 3D exact solutions.Keywords: mathematical simulation, shell theory, nonclassicalmodelsReferences1. Avetisov S.E., Bubnova I.A., Antonov A.A The study of the e�ect of thecorneal biomechanical properties on the intraocular pressure mesurement //�Bulletin of the Siberian Branch of the Russian Academy of Medical Sciences�.2009. N 4. P. 30�33 (in Russian).2. Ambartsumyan S.A. Theory of anysotropic plates. Ì., 1967. 226 p. (inRussian).3. Atroshenko E.I.Models of some surgery in ophthalmology // Transactions ofseminar ¾Computer methods in continuum mechanics¿, 2006�2007 // St.Pe-tersburg University Press, 2007. P. 29�38 (in Russian).4. Balashevich L.I., Kachanov A.B., Nikulin S.A., Bauer S.M., ZiminB.A. Clinical Aberrometry and Keratotopography in Emmetropials andAmetropias // Ocular Biomechanics. M., 2007, P. 230�237 (in Russian).



130 Transactions of seminar �Computer methods in continuum mechanics�5. Balashevich L.I., Kachanov A.B., Nikulin S.A., Bauer S.M., Zimin B.A.,Vovnenko N.V.Aberrations of eyes in Emmetropia and Ametropias // OcularBiomechanics. M., 2007, P. 238�241 (in Russian).6. Balashevich L.I., Kachanov A.B., Nikulin S.A., Golovatenko S.P.,Bauer S.M., Zimin B.A. The e�ect of cornea thickness on the intraocularpressure measurement // Ophthalmosurgery. 2005. N 1. P. 27�29 (inRussian).7. Bauer S.M. On the necessarity of creation of mathematical model of thetheory of accommodation // Ocular Biomechanics. M., 2001, P. 137�141 (inRussian).8. Bauer S.M. Axisymmetric deformations of inhomogeneous circular plates//Vestnik of St. Petersburg University. Ser. 1, No. 3. 2002, P. 65�68 (inRussian).9. Bauer S.M. On the applanations method of the intraocular pressuremeasurements// Transactions of seminar ¾Computer methods in continuummechanics¿, 2006�2007 // St.Petersburg University Press, 2007. P. 84�99 (inRussian).10. Bauer S.M., Voronkova E.B. Nonclassical shell theories for the analysisof transversally isotropic sphericalo and cylindrical layers under normalpressure. // Vestnik of St. Petersburg University. Ser. 1, N 3. 2011. P. 86�93(in Russian).11. Bauer S.M., Voronkova E.B., Ermakov A.M., Kachanov A.B., Fedotova L.A.The change of stress-strain state of cornea and IOP measurements afterrefractive surgery on the hyperopia // Proceedings of VI All-Russian nationalforum. 2013. Vol. 1. P. 191�194 (in Russian).12. Bauer S.M., Voronkova E.B., Romanova A.A. On the unsymmetricalbuckling of circular plates under normal pressure // Vestnik of St. PetersburgUniversity. Ser. 1, No. 1. 2012. P. 80�85 (in Russian).13. Bauer S.M., Voronkova E.B., Semenov B.N. Mathematical models forapplanational tonometry // Izvestiya VUZov. Severo-Kavkazskii region.Natural sciences. 2009. P. 19�22 (in Russian).14. Bauer S.M., Voronkova E.B., Semenov B.N. Mechanical aspects of ocularrigidity // Modern problems of continium mechanics. Proceedings XIVinternational Conference. Rostov-na-Dony. 2010. Vol. 1. P. 59�62 (inRussian).15. Bauer S.M., Voronkova E.B., Tipyasev A.S. On Pressure-Volumerelationship for a human eye shell // Vestnik of St. Petersburg University.Ser. 1, No. 4. 2010, P. 106�109 (in Russian).16. Bauer S.M., Zamuraev L.A., Kotliar K.E.Model of the transversal-isotropicspherical layer for estimation of intraocular pressure changes after intravitrealinjections // Russian Journal of Biomechanis. 2006. Vol. 2. P. 43�49 (inRussian).



Summaries 13117. Bauer S.M., Zimin B.A., Volkov V.V., Kachanov A.B.On the biomechanicalmodel of choroidea detachment // Applied Mechanics. SPb., 1995. Issue 9.P. 149�155 (in Russian).18. Bauer S.M., Zimin B.A., Kolezhuk U.N., Kachanov A.B., Lyubimov G.A.On the Mathematical Simulation of the Intraocular Pressure Measurementby Maklakov's Method // Ocular Biomechanics. M., 2005. P. 121�123 (inRussian).19. Bauer S.M., Zimin B.A., Mironov A.N., Begun P.I., Kachanov A.B. Onthe mathematical model of the eye after circlage // Damage to the organof vision in children. Proceedings of the Saint-Petersburg State PediatricMedical University. SPb., 1991. P. 57�64 (in Russian).20. Bauer S.M., Zimin B.A., Fedorchenko M.V., Balashevich L.I., Kachanov A.B.On the change of the strength of the cornea after refractive surgery // OcularBiomechanics. M., 2002. P. 55�60 (in Russian).21. Bauer S.M., Zimin B.A., Shelepin Yu.E., Vovnenko N.V., Lahman K.O.Hydrodynamic model the intraocular �uid �ow under oculagyration //Modern problems of continium mechanics. Proceedings XIV internationalConference. Rostov-na-Dony., 2010, Vol. 2, P. 112�115 (in Russian).22. Bauer S.M., Karamshina L.À., Kachanov A.B. Mechanical Models ofthe Measurements of Intraocular Pressure by Goldmann and MaklakovApplanation tonometers after refractive surgery // Russian Journal ofBiomechanis. 2012. Vol. 16. No. 3. P. 25�31 (in Russian).23. Bauer S.M., Karamshina L.À., Kachanov A.B., Kornikov V.V. Intraocularpressure measurement models after refractive surgery // Modern problemsof continium mechanics. Proceedings XIV international Conference. Rostov-na-Dony. Vol. 2, 2012. P. 26�33 (in Russian).24. Bauer S.M., Kachanov A.B., Semenov B.N., Sliesoraityte I. The e�ect ofcornea thickness on the measurements of intraocular pressure by applanationmethods // Ocular Biomechanics. M., 2007. P. 119�124 (in Russian).25. Bauer S.M., Lyubimov G.A., Tovstik P.E. Mathematical Modelling ofMaklako�'s Method for Mesuring the Intraocular Pressure // FluidDynamics, Vol. 40, N 1. 2005, P. 20�33 Translated from Izvestiya RossiiskoiAcademii Nauk, Mechanika Gidkosti i Gaza, N 1. 2005. P. 24�3926. Bauer S.M., Lyubimov G.A., Tovstik P.E. Physical analysis on intraocularpressure measurement by Maklakov's method // Ocular Biomechanics. M.,2004. P. 91�96 (in Russian).27. Bauer S.M., Mironov A.N. The contact between a spherical shell and anelastic ring // Vestnik of St. Petersburg University. Ser. 1, No. 3. 2007. P. 111�114 (in Russian).28. Bauer S.M., Tipyasev A. S. On the Mathematical Model of the Measuring ofthe Intraocular Pressure by Maklakov Method // Vestnik of St. PetersburgUniversity. Ser. 1, No. 4. 2008. P. 98�101. (in Russian)



132 Transactions of seminar �Computer methods in continuum mechanics�29. Bauer S.M., Tovstik P.E., Zimin B.A. The simplest models of shells andplates in ophthalmology. SPb., 2000. 92 p. (in Russian).30. Bauer S.M., Tovstik P.E., Kachanov A.B. On the mathematical models ofglaucoma. // Russian Journal of Biomechanis. 1999. Vol. 3. No. 2. P. 9�10.31. Volkov V.V. Actual and the most perspective directions of studybiomechanics of the eyes in normal and pathological states // OcularBiomechanics. M., 2001. P. 3�4.32. Volkov V.V. Pseudonormal Pressure Glaucoma. Guide for Physicians.M.: Meditsina, 2001 (in Russian).33. Voronkova E.B. Mathematical models of glaucoma // Transactions ofseminar ¾Computer methods in continuum mechanics¿, 2005�2006 // St.Pe-tersburg University Press, 2006. P. 82�107 (in Russian).34. Vurgaft M.B., Vurgaft Ya.M Tonometric methods of the research ofintraocular pressure and hydrodynamics of eye under glaucoma. Kazan, 1991.112 p. (in Russian).35. Ermakov A.M. Stress-strain state of ortotropic nonhomogeneous conjugatedelliptical shells under inner pressure // Transactions of seminar ¾Computermethods in continuum mechanics¿, 2008�2009 // St.Petersburg UniversityPress, 2009. P. 4-16 (in Russian).36. Ermakov A.M. Large deformations of ortotropic spherical shells under innerpressure // Vestnik of St. Petersburg University. Ser. 1, No. 43. 2010, P. 119�126 (in Russian).37. Ermakov A.M. Stress-strain state and stability of spherical segment under theload with the plane base. // Transactions of seminar ¾Computer methods incontinuum mechanics¿, 2011�2012 // St.Petersburg University Press, 2012.P. 78�89 (in Russian).38. Zamuraev L.A. Deformation of transversally isotropic spherical layer underthe inner and outer pressure. // Transactions of seminar ¾Computer methodsin continuum mechanics¿, 2005�2006 // St.Petersburg University Press, 2006.P. 119�129 (in Russian).39. Zolotuchina (Karamshina) L.A. On the deformation of the multilayerLamina Cribrosa // Russian Journal of Biomechanis. No. 4 (42), 2008. P.40-46 (in Russian).40. Iomdina E.N. Biomechanics of the scleral eye shell in myopia: diagnostics ofdamages and their experimental correction: abstract of doctoral dissertation.Ì., 2000. 32 p. (in Russian).41. Ivanova O.V. Models of lens under accommodation // Transactions ofseminar ¾Computer methods in continuum mechanics¿, 2005�2006 // St.Pe-tersburg University Press, 2006. P. 52�63 (in Russian).42. Ivchenkova A.V. Deformation of he sperical segment under dynamic loading(the elementary model of a pneumotonometer) // Transactions of seminar¾Computer methods in continuum mechanics¿, 2013�2014 // St.PetersburgUniversity Press, 2014 (in Russian).



Summaries 13343. Ignateva K.A. Buckling of axisymmetric equilibrium states of circular platesunder normal pressure // Transactions of seminar ¾Computer methods incontinuum mechanics¿, 2012�2013 // St.Petersburg University Press, 2013.P. 21�34 (in Russian).44. Kalfa S.Yu. Elastotonometry of eye // Russian Ophthalmological Journal.1928. Vol. 8. N 2. P. 250�262 (in Russian).45. Karamshina L.A . Mechanical models of applanation tonometry taking intoaccount the cornea multilayer structure // Russian Journal of Biomechanis.2011. No. 3. P. 30�36 (in Russian).46. Karamshina L.A. On the deformations of double-layer transversal -isotropicspherical shell // Vestnik of St. Petersburg University, Ser. 1, No. 2. 2011,P. 133�138 (in Russian).47. Karamshina L.A. On the deformations of three-layer isotropic spherical shell// Transactions of seminar ¾Computer methods in continuum mechanics¿,2010�2011 // St.Petersburg University Press. 2012. P. 15�26 (in Russian).48. Krakovskaya E.V. On the deformation of the conjugated spherical shell underinternal pressure // Vestnik of St. Petersburg University, Ser. 1, No. 2. 2008,P. 129�132. (in Russian)49. Krakovskaya E.V. Stress-strain state of conjugated spherical shells underthe internal pressure // Transactions of seminar ¾Computer methods incontinuum mechanics¿, 2006�2007 // St.Petersburg University Press. 2007.P. 84�99 (in Russian).50. Krakovskaya E.V. Application of the conjugated theory of shells to someproblem in Ophthalmology // Transactions of seminar ¾Computer methodsin continuum mechanics¿, 2005�2006 // St.Petersburg University Press. 2006.P. 5�19 (in Russian).51. Lahman K.O. Hydrodynamic model the intraocular �uid �ow under themooving of the head // Transactions of seminar ¾Computer methods incontinuum mechanics¿, 2010�2011 // St.Petersburg University Press. 2012.P. 65�70 (in Russian).52. Lebedev O.I., Yavorskii A.E. The impact of refractive surgery on the levelof intraocular pressure readings in myopic patients // Russian Journal ofOphthalmology. 2008. N 2. P. 23�25 (in Russian).53. Maklako� A.N. Ophthalmotonometry // Med.Obozrenie. 1884. Vol. 24.P. 1092�1095 (in Russian).54. Mironov A.N. Axisymmetrical contact problem for not shallow sphericalshells // Applied mechanics. Proceedings // St.Petersburg University Press.1997. Vol. 10. P. 136�140 (in Russian).55. Mironov A.N., Semenov B.N. Mathematical modelling of the episcleralsealing of the eye // Applied mechanics. Proceedings // St.PetersburgUniversity Press, 1995. Vol. 9. P. 155�160 (in Russian).



134 Transactions of seminar �Computer methods in continuum mechanics�56. Mironov À. Í. On the construction of elastic potential of sclera's tissue// Transactions of seminar ¾Computer methods in continuum mechanics¿,2005�2006 // St.Petersburg University Press. 2006. P. 130-�142 (in Russian).57. Mishina E.N. On the estimation of stress-strain state of the eye shell underthe bell load // Vestnik of St. Petersburg University. Ser. 1, No. 2. 1995,P. 68�72 (in Russian).58. Mishina E.N. The stress-strain state of ortotropic spherical shell under thebell load// Vestnik of St. Petersburg University. Ser. 1, No. 4. 1999 (inRussian).59. Morozov N.F. To the question of the existence of an asymmetrical solution inthe problem on the large de�ection of a circular plates loaded by symmetricalload // Izvestuja vishih uchebnih zavedenii, Mathematics. 1961. N 2. P. 126�129 (in Russian).60. Nestorov A. P., Bunin A. Y., Kantselson L. A. Intraocular pressure, M.:Nauka, 1974. 381 p. (in Russian).61. Obrubov S.A., Sidorenko E.I., Fedorova V.N., Dubovaja T.K., Dreval A.A.Acoustic Biomechanics of the eye and its clinic value. M., 2001. 128 p. (inRussian).62. Palii O.M., Spiro V.E. Anisotropic Shells in Shipbuildings. Theory andAnalysis. Leningrad: Sudostroenie, 1977. 386 p. (in Russian).63. Panov, D. Yu.,. Feodos'ev V.I. Equilibrum and loss of stability of shallowshells with large de�ections // J. Appl. Math. Mech, Vol. 12, 1948, P. 389�406(in Russian).64. Romanova A.A. On the models of the lamina cribrosa deformation //Transactions of seminar ¾Computer methods in continuum mechanics¿,2007�2008 // St.Petersburg University Press. 2008. P. 110�116 (in Russian).65. Rodionova V.A., Titaev B.F., Chenyh K.F. Applied theory of plates andshells. SPb.: SPbU, 1996. 278 p. (in Russian).66. Svetlova O.V., Bauer S.M., Koshits I.N. Biomechanical aspects of thetreatment of presbyopia by method's R. Schahar and H. Fukusaku //Proceedings of the international symposium 18�20.12.2001. M., 2001. P. 232�233 (in Russian).67. Taruta E.P., Erichev V.P., Larina T.Yu. Controlling intraocular pressureafter keratorefractive operations // Ocular Biomechanics. M., 2004. P. 120�122 (in Russian).68. Tipyasev A.S. The estimation of the e�ect of the curvature of cornea andsclera on intraocular pressure measurements by applanation tonometers.// Transactions of seminar ¾Computer methods in continuum mechanics¿,2008�2009 // St.Petersburg University Press. 2009. P. 98�111 (in Russian).69. Trofmenko P.V. On pressure-volume dependence for a human eye //Transactions of seminar ¾Computer methods in continuum mechanics¿,2012�2013 // St.Petersburg University Press. 2013. P. 35�41 (in Russian).



Summaries 13570. Trofmenko P.V. Nonclassical shell theories for the analysis of transversallyisotropic spherical layers under normal pressure // Transactions of seminar¾Computer methods in continuum mechanics¿, 2013�2014 // St.PetersburgUniversity Press. 2014 (in Russian).71. Franus D. V. On mathematical models of tonography // Transactions ofseminar ¾Computer methods in continuum mechanics¿, 2012�2013 // St.Pe-tersburg University Press. 2013. P. 42�52 (in Russian).72. Battaglioly J.L., Kamm R.D.Measurements of the compressive properties ofscleral tissue // Invest. Ophthalmol. Vis. Sci. 1984. Vol. 25, No. 1. P. 59�65.73. Bauer S.M. Mechanical models of the development of glaucoma // Advancesin Mechanics of Solids In Memory of Prof E M Haseganu. Singapore, 2006.P. 153�178.74. Bauer S.M. Mathematical simulation in ophthalmology // Shell andmembrane theories in mechanics and biology: from Macro-to NanoscaleStructures. Proceedings of the international Scienti�c Conference. Minsk,2013. P. 16�17.75. Bauer S.M., Ermakov A.M. Buckling of a spherical segment under the �atbase load // Proceedings of the 2nd International Conference Optimizationand Analysis of Structures. 2013. P. 24�27.76. Bauer S.M., Krakovskaya E.V. On the stress-strain state of the �brous eyeshell after refractive surgery // Proceedings of the 23rd Nordic Seminar onComputational Mechanics. 2010. P. 60�62.77. Bauer S.M., Lyubimov G.A., Tovstik P.E. On the mathematical simulationof the measuring of the intraocular pressure by Maklakov method //Technische Mechanik. 2004. Vol. 24, N 3. P. 231�235.78. Bauer S.M. and Mironov A.�.On the mathematical simulation of the stress-strain state of the eye shell undergoing the scleral buckling procedure //Proceedings of the XIII Conference of the European Society of Biomechanics.2002. P. 726�727.79. Bauer S.M., Romanova A.A., Semenov B.N. Mathematical models forapplanation tonometry // Proceedings of the 23rd Nordic Seminar onComputational Mechanics. Stockholm, 2010. P. 66�68.80. Bauer S.M., Romanova A.A., Smirnov A.L. On formulation of the problemon deformation of the lamina cribrosa // Russian Journal of Biomechanics.2001. Vol. 5, N 3. P. 18�22.81. Bauer S.M., Tovstik P.E. Buckling of Spherical Shells under ConcentratedLoad and Internal Pressure // Technische Mechanik. 1998. Vol. 18. N 2.P. 135�139.82. Bauer S.M., Tovstik P.E., Kachanov A.B. On the stability of the eye shellunder encercling band // Technische Mechanik. 1995. Vol. 15, N 3. P. 183�190.



136 Transactions of seminar �Computer methods in continuum mechanics�83. Bauer S.M., Voronkova E.B. On the deformation of the lamina cribrosaunder intraocular pressure // Russian Journal of Biomechanics. 2001. Vol. 5,N 1. P. 273�82.84. Bauer S.M., Voronkova E.B. The mechanical response of the lamina cribrosato the elevated intraocular pressure // Proceedings of the XIII Conferenceof the European Society of Biomechanics. 2002. P. 712�713.85. Bauer S.M., Voronkova E.B. On the unsymmetrical buckling of thenonuniform orthotropic circular plates // Lecture Notes in ComputerScience. Numerical Analysis and its Applications. Springer. 2013. Vol. 8236.P. 198�205.86. Bauer S.M. and Voronkova E.B. Nonclassical theories for bending analysisof orthotropic circular plate // Shell Structures: Theory and Applications.Proceedings of the 10th SSTA 2013 Conference. Gdansk, 2014. Vol. 3, P. 57�60.87. Bauer S.M., Voronkova E.B., Ignateva K.A.Unsymmetric equilibrium statesof inhomogeneous circular plates under normal pressure // Shell Structures:Theory and Applications. Proceedings of the 10th SSTA 2013 Conference.Gdansk, 2014. Vol. 3, P. 171�174.88. Cheo L.S., Reiss E.L. Unsymmetric wrinkling of circular plates // Quart.Appl. Math. 1971. N 31. P. 75�91.89. Faucher A., Gregoire J., Blondeau P. Accuracy of goldmann tonometry afterrefractive surgery // J. Cataract Refract. Surg. 1997. Vol. 23. P. 832�838.90. Kotliar K., Maier M., Bauer S., Feucht N., Lohmann C., Lanzl I. E�ectof intravitreal injectios and volume changes on intraocular pressure: clinicalresults and biomechanical model // Acta Ophthalmol. Scand. 2007. Vol. 85,N 7. P. 777�781.91. Ljubimova D.Y., Eriksson A., Bauer S.M. Numerical study of e�ect ofvitreous support on eye accommodation // Acta of Bioengineering andBiomechanics. 2005. Vol. 7, N 2. P. 3�15.92. Ljubimova D.Y., Eriksson A., Bauer S.M. Aspects of eye accommodationevaluated by �nite elements // Biomech. Model. Mechanobiol. 2008. Vol. 7,� 2. P. 139�150.93. Maier M.M., Bauer S.M., Lanzl I.M., Kotliar K.E. How Does OpticalRefraction Change in Myopia, Emmetropia and Hypermetropia AfterEncircling Band Procedure? A Biomechanical Model //Invest. Ophthalmol.Vis. Sci. 2005. Vol. 46: E-Abstract 5523.94. Mironov A.N., Semenov B.N. Zum problem der mathematischenmodellierung in der ophtalmologie // Technische Mechanik. 1996. � 3.P. 245�249.95. Piechocki W. On the non-linear theory of thin elastic spherical shells //Arch. Mech. Stos. 1969. N 21. P. 81�101.



Summaries 13796. Voronkova E.B., Bauer S.M., Eriksson A. Nonclassical theories of shellsin application to soft biological tissues // Advanced Structured Materials.Shell-like Structures. Springer. 2011. Vol. 15. P. 647�654.97. Yan D. B., Flanagan J. G., Farra T., Trope G. E., Ethier C. R. Study ofregional deformation of the optic nerve head using scanning lazei tomography,// Current Eye Research. 1998. Vol. 17, P. 903�916.Bestuzheva A.N., Korolev A.I., Kostenko B.V., Lukin V.I.,Sedov M.S. The numerical�analytical study of the stress-strainstate of the combined frame system.The combined sti�ening beam the cross section of which consistsof two or three welded beams is studied. Such design feature makesthe model more complex since it contains the additional unknown,the shear force, required in analysis of the joint weld. The problem ofevaluation of the internal stress resultants, de�ections and deformationsof the combined frame system is analyzed. The mathematical modeldescribing the structure is reduced to a system of ordinary di�erentialequations of the fourth order. Firstly, the system of equation is solvedanalytically. The solution contains the unknown parameter, which isevaluated when the transcendental equations is solved numerically. Themain results obtained by means of numerical�analytical methods agreewell with the results of analysis with the program complex SCAD. Theproposed mathematical model takes into account the speci�c futuresof pre stressed strutted frame structures. The use of the analyticalsolutions permits to analyze the technology concepts in design of suchstructures.Keywords: combined frame systems, collar tie.References1. Egorov V.V. RF patent for invention �2190735, Å04 Ñ 3/10. The way ofthe combined pre-voltage perforated trussed girders. Published 10.10.2002.Bulletin�28 (in Russian).2. Rzhanichyn A.R. Composite rods and plates. Moscow, "Stroyizdat 1986.3. Egorov V.V. Development of a constructive forms and methods ofcalculation combined systems strut frame type: thesis ... doctor of technicalSciences:05.23.01 St. Petersburg, 2004. P. 535.4. Belenya E.I. Metal construction: textbook, edited by E.I.Belenya. Edition6th, revised and expanded // Moscow, "Stroyizdat 1985.



138 Transactions of seminar �Computer methods in continuum mechanics�Ivchenkova A.V. Deformation of a spherical segmentunder dynamic loading (the elementary model of apneumotonometer).The problem of dynamic loading of a spherical shallow shell isanalyzed. Modeling of the interaction between a pneumotonometer anda cornea under measurement of intraocular pressure has special interest.Two mathematical models of a pneumotonometer are developed in thepaper. The �rst one is based on equations of the moment theory ofshells and the second � on the membrane theory of shells. The e�ect ofdi�erent parameters on behavior of a spherical shallow shell is studied.It appears that results obtained with the membrane shell model agreebetter with experimental data than those due to the moment shelltheory. It seems that last theory cannot provide an adequate descriptionof the clinical data.Keywords: spherical shallow shell, pneumotonometer.References1. Bauer S.M. On applanation methods of measurements of intraocularpressure. Trudy seminara "Komp'iuternye metody v mekhanike sploshnoisredy"2006�2007. St. Petersburg University Press, 2007. P. 3�19.2. Volmir A.S. Shells in a �ow of liquid and gas. Aero- elastic Problems. Nauka:Moscow, l976 (in Russian).3. Volmir A.S. Stability of elastic system. Defense Technical InformationCenter, 1965. 1045 p.4. Vurgaft M.B.., Vurgaft Ya.M. Tonometric methods of studt of intraocularpressure and hydrodynamics of eye under glaucoma. Kazan, 1991. 112 p.5. Iomdina E.N. Biomechanics of the Scleral Shell of the Eye in Myopia:Diagnostics of Impairments and their Experimental Corrections: Thesis forthe degree of Doctor of Science in biology. M., 2000. 32 p. (in Russian).6. Kalfa S.Yu. Elastonometry of Eye // Russian Ophthalmological Journal,1928, Ò. VIII, No. 2. P. 250�262.7. Maklako� A.N. Ophthalmotonometry // Med. Obozrenie. 1884. Vol. 24.P. 1092�1095.8. Nesterov A.P., Vurgaft M.B. Calibration Tables for the Filatov-Kalfelastonometer // Vest. Oftalmol. 1972. � 2. P. 20�25.9. Nesterov A., Bunin A., Katsnelson L. Intraocular pressure: physiology andpatholog. Moscow: Mir Publishers, 1978. 448 p.10. Filin A.P. Elements of theory of shells [Elementy teorii obolochek].Leningrad: Stroyizdat, Leningr. otd-nie, 1975. 256 p. (in Russian).



Summaries 13911. Khusainov R.R., Tsibul'skii V.R., Yakushev V.L. Simulation of eyedeformation in the measurement of intraocular pressure // ComputationalMathematics and Mathematical Physics, 2011. Volume 51, Issue 2. P. 326�338.12. Yakushev V.L. Statement of the problem of intraocular pressuremeasurement modeling by a pneumotonometric method // Mechanics ofSolids, 2011. Volume 46, Issue 6. P. 937�945.13. Lusce D., Taylor D. Reichert Ocular Response Analyzer. Measures CornealBiomechanical Properties and IOP. Reichert Ophthalmic Instruments, 2006.Naumova N.V., Ivanov D.N., Zaitseva M.V. MathematicalModelling of cylindrical shell vibrations under internalpressure of �uid �ow.Axisymmetric vibrations of thin elastic cylindrical shell underthe internal pressure of �uid �ow are analyzed. Fluid in cylindricaltube is assumed to be an incompressible homogeneous ideal �uid.The mathematical model describing the structure is reduced to asystem of linearized ordinary di�erential equations of the second order.Solutions of the problem are obtained by using the approximatetheory, whereas the system of equation is solved analytically. Thesolution contains the unknown constants, which are evaluated withMathematica 8.0. Analytical formula for evaluation of components ofnormal and tangential de�ections of the shell middle surface are found.The approximate results are presented by either analytical formulas orin the form of plots. The obtained analytical results agree well withnumerical (FEM) results obtained with the program complex ANSYSWORKBENCH 13.Keywords: cylindrical shell vibrations, shell under internal pressure.References1. Kirichevskii V. V. Finite Elements Method in Mechanics of Elastomers. Kiev:Naukova Dumka, 2002. 655 p. (in Russian).2. Oden J. T. Finite Elements of Nonlinear Continua. Dover Publications Inc.Mineola. N.Y., 2006.3. Misyura E.Yu. Numerical solution of geometry nonlinear problem forthickwall cylinder made of Jone's material // Vestnik of NTU. Dynamicsand stability of machines. 2004. � 19. P. 141�148 (in Russian).



140 Transactions of seminar �Computer methods in continuum mechanics�4. Muha B., Canic S. Existence of a weak solution to a nonlinear �uid-structureinteraction problem modeling the �ow of an incompressible,viscous �uid ina cylinder with deformable walls // Arch. Rational Mech. Anal. 2013. Vol.207. P. 919�968.5. Guidorzi M., Padula M., Plotnikov P. I. HOPF solutions to a �uid-elasticinteraction model // Math. Models Methods Appl. Sci. 2008. � 18. P. 215�225.6. Arshinov G.A., Zemlyanukhin A.I., Mogilevich L.I. Twodimensional solitarywaves in nonlinear viscoelastic continua // RAN. Acoustical Journal. 2000.Vol. 46. � 1. P. 116�117 (in Russian).7. Arshinov G.A., Mogilevich L.I. Statical and dynamical problems ofViscoelasticity. Saratov: SSAU, 2000 (in Russian).8. Blinkova À.Yu. Modeling of nonlinear deformations waves in linearviscoelastic cylindrical shell, containing viscous incompressible �uid //Saratov: Vestnik of SGTU, 2012. No. 4 (68). P. 7�15 (in Russian).9. Kantor B.Ya., Kundelev A.Yu., Misyura E.Yu. Biomechanics of hyperelasticbodies of revolution. Kharkov, 2006 (in Russian).10. Kotschin N. J., Kibel I. A., Rose N. W. Theoretische Hydromechanik. Vol.2. Akademie-Verlag, 1954.11. Landau L. D., Lifshitz E. M. Fluid Mechanics, Second Edition: Vol. 6 (Courseof Theoretical Physics). Pergamon Press, 1959.12. Goldenveizer A. L., Lidskii V. B. , Tovstik P.E. Free vibrations of thin shells.Moscow: Nauka, 1979 (in Russian).13. Filippov S.B. The theory of the joint and supported shells. SPb., 1999 (inRussian).Tro�menko P.V.Nonclassical shell theories for the analysis oftransversely isotropic spherical layers under normal pressure.Scleral and �brous shells are similar in structure to transverselyisotropic tissue, which are characterized with modulus of elasticitythose are smaller in the radial direction than in the tangential plane.The problem of deformation of thin elastic spherical shell consisting oftwo transversely isotropic layers under internal and external pressureis analyzed. Solutions are obtained by using the exact 3D theory ofelasticity and two approximate theories for orthotropic plates: thetheory of shells of moderate thicknesses by Paliy�Spiro (PS) and there�ned theory developed by Rodinova�Titaev�Chernykh (RTC). Themotion of the inner and outer shells of the eye, the radial stresses ofthe inner and outer shells of the eye, the tangential stresses in the inner



Summaries 141and outer shells of the eye, the e�ect of strains and displacements onthe elastic characteristics are studies. The results are compared withthe exact solutions obtained with three-dimensional theory of elasticity.Keywords: deformations of transversally isotropic spherical layers.References1. Iomdina E. N. Mechanical properties of the human eye tissues. ModernProblems of Biomechanics. Vol. 11. Moscow University Press, 2006. P. 183�200.2. Saulgozis J. Deformation features of the sclera. Mechanics of compositematerials. N 3. 1981. P. 505�514.3. Poloz M.V., Iomdina E.N. Active deformation of the human eyeBiomechanics-2010, Õ Russian Conference, theses of reports. SaratovUniversity Publishing. P. 137�139.4. Novozhilov V V Thin Shell Theory. Groningen: P. Noordho�, 1964. 377 p.5. Bauer, S.M., Voronkova, E.B.: Nonclassiacl shell theories for the analysis oftransversally isotropic spherical and cylindrical layers under normal pressure.Vestnik of St. Petersburg University. Ser. 1, No. 3. 2011. P. 86�93 (inRussian).6. Lurie A.I. Three-dimensional Problems of the Theory of Elasticity. Moscow:Gostekhizdat, 1955. 492 p. (in Russian)7. Palii, O.M., Spiro, V.E. Anisotrotic Shells in Shipbuildings. Theory andAnalysis. Leningrad: Sudostroenie, 1977. 386 p. (in Russian).8. Rodionova, V.A., Titaev, V.F., Chernykh, K.F.: Applied Theory ofAnisotropic Plares and Shells. St.Petersburg: St. Petersburg University Press,1996. 280 p (in Russian).Yeliseyev V.V.., Oborin E.A. Theory and calculation of largeelastic deformations of �at rods with tension and shearA general geometrically nonlinear theory of rods in 3D space ispresented. Rods are described as Cosserat material lines. Each materialpoint of these lines has three translational and three rotational degreesof freedom. For the plane problem the nonlinear system of six ordinarydi�erential equations in displacements and the boundary conditions areobtained. For numerical solution of the boundary value problem theshooting method is applied and an elegant method to �nd solutionswith the help of applied software is proposed. Some models of rodstaking into account tension and shear are considered including i) a



142 Transactions of seminar �Computer methods in continuum mechanics�straight rod under large compressive force and small transverse forceand ii) a curved rod under distributed load. The forms of rods aredescribed either by analytical formulas or as an array of points. Thenumerical solutions are presented in the form of plots. The qualitativee�ects of simultaneous consideration of bending, tension and shear arediscussedKeywords: nonlinear rods, bending with tension and shear.References1. Cosserat E. and Cosserat F. Theorie des corps deformables. Paris: Hermann.1909. 465 p.2. Popov E. P. Theory and calculation of �exible elastic rods. Moscow: Nauka,1986. 296 p. (in Russian).3. Yeliseyev V. V. Mechanics of elastic bodies. SPb.: SPbSPU, 2003. 336 p. (inRussian).4. Yeliseyev V. V. Mechanics of deformable solid bodies. SPb.: SPbSPU, 2006.231 p. (in Russian).5. Yeliseyev V. V., Zinovieva T. V.. Nonlinear-elastic strain of underwaterpipeline in laying process // Computational continuum mechanics. 2012. Vol.5. N 1. P. 70�78.6. Yeliseyev V. V., Oborin E. A. Deformation and plastic fracture of guardrailbands under the impact of a car hit // Science and Engineering for roads.2014. N 1. P. 9�11.



ÑÎÄÅÐÆÀÍÈÅÎò ðåäêîëëåãèè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3Ñ.Ì. Áàóýð, Å.Á. Âîðîíêîâà.Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèåâ îôòàëüìîëîãèè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51. Ââåäåíèå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52. Ìîäåëè ëå÷åíèÿ îòñëîéêè ñåò÷àòêè. . . . . . . . . . . . . . . . . . . . . . 73. Ìîäåëè îòñëîåíèÿ ñîñóäèñòîé îáîëî÷êè . . . . . . . . . . . . . . . . . 134. Äåôîðìàöèÿ ðåøåò÷àòîé ïëàñòèíêè äèñêà çðèòåëüíîãîíåðâà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155. Ìîäåëè òåîðèè àêêîìîäàöèè . . . . . . . . . . . . . . . . . . . . . . . . . . . . 236. Îá îïåðàöèÿõ íà ðîãîâèöå ãëàçà . . . . . . . . . . . . . . . . . . . . . . . . . 247. Ìàòåìàòè÷åñêèå ìîäåëè òîíîìåòðèè � ìåòîäîâ èçìåðå-íèÿ âíóòðèãëàçíîãî äàâëåíèÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . 268. Î çàâèñèìîñòè îáúåì�äàâëåíèå äëÿ ãëàçíîãî ÿáëîêà. (Èç-ìåíåíèå ÂÃÄ ïðè ââåäåíèè èíúåêöèé â ñòåêëîâèäíîå òå-ëî) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 359. Çàêëþ÷åíèå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39Ä.Â. Àëü÷èáàåâ. Óñòîé÷èâîñòü àíèçîòðîïíîé öèëèíäðè÷å-ñêîé îáîëî÷êè ïîä äåéñòâèåì íîðìàëüíîãî äàâëå-íèÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 481. Ââåäåíèå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 492. Ïîñòàíîâêà çàäà÷è . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 503. Îáîáùåííàÿ ìîäåëü Òèìîøåíêî-Ðåéñíåðà. . . . . . . . . . . . . . . 514. Ïðèìåð àíèçîòðîïèè. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 535. Óðàâíåíèÿ ðàâíîâåñèÿ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 546. Ïîñòðîåíèå ðåøåíèÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 587. Âûâîäû . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59Í.Â. Íàóìîâà, Ä.Í. Èâàíîâ, Ì.Â. Çàéöåâà. Ìàòåìàòè÷åñêîåìîäåëèðîâàíèå êîëåáàíèé öèëèíäðè÷åñêîé îáîëî÷-êè, âûçûâàåìûõ äåéñòâèåì âíóòðåííåãî ïîòîêàæèäêîñòè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 611. Ââåäåíèå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 612. Ïîñòàíîâêà çàäà÷è . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 633. O âû÷èñëåíèè äàâëåíèÿ â âÿçêîé æèäêîñòè . . . . . . . . . . . . . 654. Óðàâíåíèÿ âûíóæäåííûõ êîëåáàíèé öèëèíäðè÷åñêîéîáîëî÷êè. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 675. Ðåøåíèå ñèñòåìû (24) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70



144 Ñîäåðæàíèå6. Ðåøåíèå ñèñòåìû (25) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 717. ×èñëåííûå ðàñ÷åòû . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 738. Çàêëþ÷åíèå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73Ï.Â. Òðîôèìåíêî. Íåêëàññè÷åñêèå òåîðèè àíèçîòðîïíûõîáîëî÷åê â çàäà÷àõ î äåôîðìàöèè òðàíñâåðñàëüíî-èçîòðîïíûõ ñôåðè÷åñêèõ ñëîåâ ïîä äåéñòâèåì íîð-ìàëüíîãî äàâëåíèÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 761. Ââåäåíèå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 762. Äåôîðìàöèè äâóõñëîéíîé òðàíñâåðñàëüíî-èçîòðîïíîéñôåðè÷åñêîé îáîëî÷êè. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 772.1. Ïîñòàíîâêà çàäà÷è . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 772.2. Äåôîðìàöèè äâóõñëîéíîé òðàíñâåðñàëüíî-èçîòðîïíîéñôåðè÷åñêîé îáîëî÷êè ïî òåîðèè Ïàëèÿ�Ñïèðî . . . . 782.3. Äåôîðìàöèè äâóõñëîéíîé òðàíñâåðñàëüíî-èçîòðîïíîéñôåðè÷åñêîé îáîëî÷êè ïî òåîðèè Ðîäèîíîâîé�Òèòàåâà�×åðíûõà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 812.4. Äåôîðìàöèè äâóõñëîéíîé òðàíñâåðñàëüíî-èçîòðîïíîéñôåðè÷åñêîé îáîëî÷êè ïî òðåõìåðíîé òåîðèè. . . . . . . 823. Ñðàâíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ . . . . . . . . . . . . . . . . . . . . . 844. Çàêëþ÷åíèå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87À.Â. Èâ÷åíêîâà. Äåôîðìàöèÿ ñôåðè÷åñêîãî ñåãìåíòà ïîääåéñòâèåì äèíàìè÷åñêîé íàãðóçêè (ïðîñòåéøàÿ ìî-äåëü ïíåâìîòîíîìåòðà) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 891. Ââåäåíèå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 892. Ïîñòàíîâêà çàäà÷è . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 913. Ðåçóëüòàòû àíàëèçà. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 964. Çàêëþ÷åíèå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97À.Í. Áåñòóæåâà, À.È. Êîðîëåâ, Á.Â. Êîñòåíêî, Ì.È. Ëó-êèí, Ì.Ñ. Ñåäîâ. Èññëåäîâàíèå íàïðÿæåííî-äåôîð-ìèðîâàííîãî ñîñòîÿíèÿ êîìáèíèðîâàííîé ñèñòåìûøïðåíãåëüíîãî òèïà ÷èñëåííî-àíàëèòè÷åñêèìè ìå-òîäàìè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 991. Ââåäåíèå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 992. Ðåøåíèå. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1023. Âëèÿíèå âåëè÷èíû âûíîñà çàòÿæêè íà âåðòèêàëüíûå ïå-ðåìåùåíèÿ, ðàñïîð è èçãèáàþùèå ìîìåíòû . . . . . . . . . . . . . 1044. Âëèÿíèå êîëè÷åñòâà çàòÿæíûõ ýëåìåíòîâ íà âåðòèêàëü-íûå ïåðåìåùåíèÿ, ðàñïîð è èçãèáàþùèå ìîìåíòû . . . . . . 1045. Çàêëþ÷åíèå . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105



Ñîäåðæàíèå 145Â.Â. Åëèñååâ, Å.À. Îáîðèí. Òåîðèÿ è ðàñ÷åò áîëüøèõ óïðó-ãèõ äåôîðìàöèé ïëîñêèõ ñòåðæíåé ñ ðàñòÿæåíèåìè ñäâèãîì . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1071. Îáùàÿ òåîðèÿ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1072. Ïëîñêàÿ çàäà÷à . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1103. Àëãîðèòì â ñèñòåìå êîìïüþòåðíîé ìàòåìàòèêè. . . . . . . . . 1114. Ïðÿìîé ñòåðæåíü . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1125. Êðèâîëèíåéíûé ñòåðæåíü ñ àíàëèòè÷åñêèì çàäàíèåìôîðìû . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1126. Êðèâîëèíåéíûé ñòåðæåíü ñ çàäàíèåì ôîðìû ïî òî÷êàì 1157. Ýôôåêòû ðàñòÿæåíèÿ è ñäâèãà . . . . . . . . . . . . . . . . . . . . . . . . . . 118Äîêëàäû, íå âîøåäøèå â ñáîðíèê . . . . . . . . . . . . . . . . . . . . . . . . . . . 120Õðîíèêà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123Îá àâòîðàõ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124Summaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128



146 Òðóäû ñåìèíàðà �Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû�ÐÅÔÅÐÀÒÛÓÄÊ 539.3Àëü÷èáàåâ Ä.Â. Óñòîé÷èâîñòü àíèçîòðîïíîé öèëèíäðè÷å-ñêîé îáîëî÷êè ïîä äåéñòâèåì íîðìàëüíîãî äàâëåíèÿ //Òðóäû ñåìèíàðà �Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðå-äû� 2013�2014 ãã. Ñ. 48�59.Â ðàáîòå ðàññìàòðèâàåòñÿ óñòîé÷èâîñòü òîíêîé öèëèíäðè÷åñêîéîáîëî÷êè ñðåäíåé äëèíû, âûïîëíåííîé èç àíèçîòðîïíîãî ìàòåðèà-ëà, îïèñûâàåìîãî 21 óïðóãèì ìîäóëåì, ïîä äåéñòâèåì íîðìàëüíîãîäàâëåíèÿ. Íàéäåíû ïåðâûå äâà ñëàãàåìûõ àñèìïòîòè÷åñêîãî ðàçëî-æåíèÿ ôîðìû ïîòåðè óñòîé÷èâîñòè â ñëó÷àå æåñòêîé çàäåëêè êðàÿ.Ïîëó÷åíî, ÷òî ïîïðàâêà ê âåëè÷èíå êðèòè÷åñêîé íàãðóçêè èìååòïîðÿäîê, ðàâíûé êâàäðàòó îòíîñèòåëüíîé òîëùèíû îáîëî÷êè. Îá-íàðóæåíû îñîáåííîñòè, îòëè÷àþùèå åå îò èçîòðîïíîé îáîëî÷êè.Ôîðìà ïîòåðè óñòîé÷èâîñòè ïðèîáðåòàåò íàêëîí ïî îòíîøåíèþ êîáðàçóþùåé.Áèáëèîãð. 8 íàçâ. Èë. 3.Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, òåîðèÿ îáîëî-÷åê, àíèçîòðîïèÿ, óñòîé÷èâîñòü.ÓÄÊ 539.3Áàóýð Ñ.Ì., Âîðîíêîâà Å.Á. Ìàòåìàòè÷åñêîå ìîäåëèðîâà-íèå â îôòàëüìîëîãèè // Òðóäû ñåìèíàðà �Êîìïüþòåðíûå ìåòî-äû â ìåõàíèêå ñïëîøíîé ñðåäû� 2013�2014 ãã. Ñ. 5�47.Ïðåäìåòîì íàñòîÿùåãî îáçîðà ñòàëè ìàòåìàòè÷åñêèå ìîäåëè,ïîñòðîåííûå â ñîòðóäíè÷åñòâå ñ âðà÷àìè-îôòàëüìîëîãàìè. Êðàòêîîïèñàíû ìîäåëè ðàñ÷åòà íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿîáîëî÷êè ãëàçà ïîñëå âûïîëíåíèÿ îïåðàöèé, ñâÿçàííûõ ñ ëå÷åíèåìîòñëîéêè ñåò÷àòêè, ìîäåëè òåîðèè àêêîìîäàöèè.Îáñóæäàþòñÿ ìàòåìàòè÷åñêèå ìîäåëè, îïèñûâàþùèå ïðîöåññîïðåäåëåíèÿ èñòèííîãî âíóòðèãëàçíîãî äàâëåíèÿ (ÂÃÄ) ïðè ïîìî-ùè àïïëàíàöèîííûõ ìåòîäîâ. Ïðåäñòàâëåíû ìîäåëè, êîòîðûå ïîç-âîëÿþò îöåíèòü âëèÿíèå îòêëîíåíèé ôîðìû ðîãîâèöû è ñêëåðûîò ñôåðè÷åñêîé ôîðìû, âëèÿíèÿ òîëùèíû ðîãîâèöû íà ïîêàçàòå-ëè âíóòðèãëàçíîãî äàâëåíèÿ. Îòìå÷àåòñÿ, ÷òî ìîäåëè áèîìåõàíèêè



Ðåôåðàòû 147ãëàçà ïîìîãëè ïîëó÷èòü ðÿä íîâûõ ðåçóëüòàòîâ â ìåõàíèêå äåôîð-ìèðóåìîãî òâåðäîãî òåëà, íàïðèìåð ðåøèòü çàäà÷ó îá óñòîé÷èâîñòèñôåðè÷åñêîé îáîëî÷êè, íàõîäÿùåéñÿ ïîä äåéñòâèåì ñîñðåäîòî÷åí-íîé ñèëû è âíóòðåííåãî íîðìàëüíîãî äàâëåíèÿ, îá óñòîé÷èâîñòèîñåñèììåòðè÷íîé ôîðìû ðàâíîâåñèÿ êîëüöåâûõ íåîäíîðîäíûõ îð-òîòðîïíûõ ïëàñòèí, íàõîäÿùèõñÿ ïîä äåéñòâèåì íîðìàëüíîãî äàâ-ëåíèÿ, çàäà÷ó îá óñòîé÷èâîñòè ñåãìåíòà îðòîòðîïíîé îáîëî÷êè, íà-õîäÿùåãîñÿ ïîä äåéñòâèåì íîðìàëüíîãî âíóòðåííåãî äàâëåíèÿ èïðèëîæåííîãî ãðóçà ñ ïëîñêèì îñíîâàíèåì, ðåøèòü çàäà÷è î äå-ôîðìàöèè òðàíñâåðñàëüíî-èçîòðîïíûõ ñôåðè÷åñêèõ è öèëèíäðè-÷åñêèõ ñëîåâ, íàõîäÿùèõñÿ ïîä äåéñòâèåì âíóòðåííåãî è âíåøíåãîäàâëåíèé. Ñðàâíåíèå ýòèõ ðåøåíèé ñ ðåøåíèÿìè, ïîëó÷àþùèìèñÿïî íåêëàññè÷åñêèì òåîðèÿì îáîëî÷åê, ïîçâîëèëè îöåíèòü òî÷íîñòüíåêîòîðûõ òåîðèé.Áèáëèîãð. 97 íàçâ. Èë. 13.Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, áèîìåõàíèêàãëàçà, òåîðèÿ îáîëî÷åê, ìîäåëè íåêëàññè÷åñêèõ òåîðèé îáîëî÷åê.ÓÄÊ 624.072.2/.4:519.6Áåñòóæåâà À.Í., Êîðîëåâ À.È., Êîñòåíêî Á.Â., Ëóêèí Ì.È.,Ñåäîâ Ì.Ñ. Èññëåäîâàíèå íàïðÿæåííî-äåôîðìèðîâàííîãîñîñòîÿíèÿ êîìáèíèðîâàííîé ñèñòåìû øïðåíãåëüíîãî òè-ïà ÷èñëåííî-àíàëèòè÷åñêèìè ìåòîäàìè // Òðóäû ñåìèíàðà�Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû� 2013�2014 ãã.Ñ. 101�108.Â ðàáîòå ðåøàëàñü çàäà÷à î íàõîæäåíèè âíóòðåííèõ óñèëèé,ïðîãèáîâ, äåôîðìàöèé êîíòèíóàëüíîé ìîäåëè êîìáèíèðîâàííîéêîíñòðóêöèè. Ìàòåìàòè÷åñêàÿ ìîäåëü ñâîäèëàñü ê ñèñòåìå îáûêíî-âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ÷åòâåðòîãî ïîðÿäêà. Ìåòîäðåøåíèÿ çàêëþ÷àëñÿ â àíàëèòè÷åñêîì ðåøåíèè ñèñòåìû óðàâíåíèéñ òî÷íîñòüþ äî íåèçâåñòíîãî ïàðàìåòðà è ïîñëåäóþùåì óòî÷íå-íèè ýòîãî ïàðàìåòðà ñ ïîìîùüþ ðåøåíèÿ òðàíñöåíäåíòíîãî óðàâ-íåíèÿ ÷èñëåííûìè ìåòîäàìè. Îñíîâíûå ðåçóëüòàòû, ïîëó÷åííûå÷èñëåííî-àíàëèòè÷åñêèìè ìåòîäàìè, ñðàâíèâàëèñü ñ ðåçóëüòàòàìèðàñ÷åòà â ïðîãðàììíîì êîìïëåêñå SCAD.Áèáëèîãð. 4 íàçâ. Òàáë. 1. Èë. 4.



148 Òðóäû ñåìèíàðà �Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû�Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, êîìáèíèðî-âàííûå ñèñòåìû øïðåíãåëüíîãî òèïà, çàòÿæêà.ÓÄÊ 519.63:539.3Åëèñååâ Â.Â., Îáîðèí Å.À. Òåîðèÿ è ðàñ÷åò áîëüøèõ óïðó-ãèõ äåôîðìàöèé ïëîñêèõ ñòåðæíåé ñ ðàñòÿæåíèåì è ñäâè-ãîì // Òðóäû ñåìèíàðà �Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîø-íîé ñðåäû� 2013�2014 ãã. Ñ. 109�121.Ïðåäñòàâëåíà îáùàÿ íåëèíåéíàÿ òåîðèÿ ñòåðæíåé êàê ìàòåðè-àëüíûõ ëèíèé Êîññåðà, à òàêæå óðàâíåíèÿ â êîìïîíåíòàõ äëÿ ïëîñ-êîé çàäà÷è. Ïðåäëîæåí ñïîñîá ÷èñëåííîãî ðåøåíèÿ ñ ïîìîùüþ êîì-ïüþòåðíîé ìàòåìàòèêè. Ðàññìîòðåíû ìîäåëè ñòåðæíåé ñ ó÷åòîìïîäàòëèâîñòè íà ðàñòÿæåíèå è ñäâèã, ñðåäè íèõ � ïðÿìîé ñòåð-æåíü, êðèâîëèíåéíûé ñòåðæåíü ñ îïèñàíèåì ôîðìû àíàëèòè÷åñêèè ïî òî÷êàì.Áèáëèîãð. 6 íàçâ. Èë. 11.Êëþ÷åâûå ñëîâà: íåëèíåéíûå ñòåðæíè, èçãèá ñ ðàñòÿæåíèåì èñäâèãîì.ÓÄÊ 539.37Èâ÷åíêîâà À. Â. Äåôîðìàöèÿ ñôåðè÷åñêîãî ñåãìåíòà ïîääåéñòâèåì äèíàìè÷åñêîé íàãðóçêè (ïðîñòåéøàÿ ìîäåëüïíåâìîòîíîìåòðà). // Òðóäû ñåìèíàðà �Êîìïüþòåðíûå ìåòîäûâ ìåõàíèêå ñïëîøíîé ñðåäû� 2013�2014 ãã. Ñ. 90�100.Ðàññìàòðèâàåòñÿ çàäà÷à î äåéñòâèè äèíàìè÷åñêîé íàãðóçêè íàïîëîãóþ ñôåðè÷åñêóþ îáîëî÷êó. Çàäà÷à ïðåäñòàâëÿåò îñîáûé èí-òåðåñ êàê ìîäåëü äëÿ èçó÷åíèÿ äåéñòâèÿ ïíåâìîòîíîìåòðà íà ðî-ãîâèöó ãëàçà ïðè èçìåðåíèè âíóòðèãëàçíîãî äàâëåíèÿ. Â ðàáîòåïîñòðîåíû äâå ïðîñòåéøèå ìîäåëè ïíåâìîòîíîìåòðà, îäíà èç êîòî-ðûõ îñíîâûâàåòñÿ íà óðàâíåíèÿõ äëÿ ìîìåíòíîé òåîðèè îáîëî÷åê,äðóãàÿ � äëÿ áåçìîìåíòíîé òåîðèè îáîëî÷åê. Ïðîâåäåíû èññëåäî-âàíèå ïîâåäåíèÿ ïîëîãîé ñôåðè÷åñêîé îáîëî÷êè ïðè ðàçíûõ ïàðà-ìåòðàõ è ñðàâíåíèå ïðåäñòàâëåííûõ ìîäåëåé. Íà îñíîâàíèè ñðàâ-íåíèé ñäåëàí âûâîä î òîì, ÷òî ìîäåëü áåçìîìåíòíîé îáîëî÷êè äà¼òðåçóëüòàòû, áëèçêèå ê íàáëþäàåìûì â ýêñïåðèìåíòàõ. Ïîêàçàíî,÷òî ìîìåíòíàÿ ìîäåëü íå ìîæåò àäåêâàòíî îïèñàòü êëèíè÷åñêèåäàííûå.



Ðåôåðàòû 149Áèáëèîãð. 13 íàçâ. Èë. 5.Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, òåîðèÿ îáîëî-÷åê, ïîëîãèå îáîëî÷êè, áèîìåõàíèêà ãëàçà.ÓÄÊ 539.3Íàóìîâà Í.Â., Èâàíîâ Ä.Í., Çàéöåâà Ì.Â. Ìàòåìàòè÷åñêîåìîäåëèðîâàíèå êîëåáàíèé öèëèíäðè÷åñêîé îáîëî÷êè, âû-çûâàåìûõ äåéñòâèåì âíóòðåííåãî ïîòîêà æèäêîñòè // Òðó-äû ñåìèíàðà ¾Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû¿2013�2014 ãã. Ñ. 3�16.Èññëåäîâàíà çàäà÷à î êîëåáàíèÿõ òîíêîé óïðóãîé öèëèíäðè÷å-ñêîé îáîëî÷êè ïîä âëèÿíèåì äàâëåíèÿ, äåéñòâóþùåãî ñî ñòîðîíûâíóòðåííåãî ïîòîêà æèäêîñòè.Ïðè äâèæåíèè æèäêîñòè â óïðóãîé òðóáå ïðîèñõîäèò ñèëîâîåâçàèìîäåéñòâèå æèäêîé è óïðóãîé ñðåäû. Óïðóãàÿ ñðåäà � òîíêàÿóïðóãàÿ öèëèíäðè÷åñêàÿ îáîëî÷êà êðóãîâîãî ñå÷åíèÿ ïîñòîÿííîéòîëùèíû. Â ðàáîòå äîêàçàíî, ÷òî äàâëåíèå â âÿçêîé íåñæèìàåìîéæèäêîñòè, ïóëüñèðóþùåé â öèëèíäðè÷åñêîé îáîëî÷êå, èçìåíÿåòñÿïî îïðåäåëåííîìó çàêîíó. Ïîëó÷åíî âûðàæåíèå äëÿ äàâëåíèÿ æèä-êîñòè â îáùåì âèäå. Â êà÷åñòâå ïðèìåðà, â ÷àñòíîì ñëó÷àå, áûëàâçÿòà ìîäåëü èäåàëüíîé íåñæèìàåìîé æèäêîñòè è ïîëó÷åíî âûðà-æåíèå äëÿ äàâëåíèÿ, äåéñòâóþùåãî ñî ñòîðîíû æèäêîñòè íà âíóò-ðåííþþ ïîâåðõíîñòü îáîëî÷êè. Â ðåçóëüòàòå ðåøåíèÿ ïîñòàâëåííîéçàäà÷è ãèäðîóïðóãîñòè áûëè íàéäåíû ïðèáëèæåííûå âûðàæåíèÿäëÿ òàíãåíöèàëüíûõ è íîðìàëüíûõ êîìïîíåíòîâ ïåðåìåùåíèé ñðå-äèííîé ïîâåðõíîñòè öèëèíäðè÷åñêîé îáîëî÷êè. Ïðè ðåøåíèè çàäà-÷è ïðèìåíåíî ñî÷åòàíèå àíàëèòè÷åñêèõ è ÷èñëåííûõ ìåòîäîâ.Áèáëèîãð. 13 íàçâ. Èë. 4.Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, òåîðèÿ îáîëî-÷åê, ìîäåëè íåêëàññè÷åñêèõ òåîðèé îáîëî÷åê.ÓÄÊ 539.3Òðîôèìåíêî Ï.Â. Íåêëàññè÷åñêèå òåîðèè àíèðàòðîï-íûõ îáîëî÷åê â çàäà÷àõ î äåôîðìàöèè òðàíñâåðñàëüíî-èçîòðîïíûõ ñôåðè÷åñêèõ ñëîåâ ïîä äåéñòâèåì íîðìàëüíî-ãî äàâëåíèÿ // Òðóäû ñåìèíàðà �Êîìïüþòåðíûå ìåòîäû â ìåõà-íèêå ñïëîøíîé ñðåäû� 2013�2014 ãã. Ñ. 75�89.



150 Òðóäû ñåìèíàðà �Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû�Ñêëåðàëüíàÿ è ôèáðîçíàÿ îáîëî÷êè áëèçêè ïî ñâîåé ñòðóêòóðåê òðàíñâåðñàëüíî-èçîòðîïíîé òêàíè: õàðàêòåðèçóþòñÿ áîëåå íèç-êèì ìîäóëåì óïðóãîñòè â íàïðàâëåíèè ñâîåé òîëùèíû (â ðàäèàëü-íîì íàïðàâëåíèè), ÷åì â ïðîäîëüíîì è ïîïåðå÷íîì. Ðàññìàòðèâàåò-ñÿ çàäà÷à î äåôîðìàöèè òîíêîé óïðóãîé ñôåðè÷åñêîé îáîëî÷êè, ñî-ñòîÿùåé èç äâóõ òðàíñâåðñàëüíî-èçîòðîïíûõ ñëîåâ, ïîä äåéñòâèåìâíóòðåííåãî è âíåøíåãî äàâëåíèÿ. Ðåøåíèå çàäà÷è ïîñòðîåííî ñ ïî-ìîùüþ íåêëàññè÷åñêèõ òåîðèé îáîëî÷åê: òåîðèÿ Ïàëèÿ�Ñïèðî, òåî-ðèÿ Ðîäèîíîâîé�Òèòàåâîé�×åðíûõà. Ïîëó÷åíû çàâèñèìîñòè: äëÿïåðåìåùåíèé âíóòðåííåé è âíåøíåé îáîëî÷åê ãëàçà, äëÿ ðàäèàëü-íûõ íàïðÿæåíèé âíóòðåííåé è âíåøíåé îáîëî÷åê ãëàçà, äëÿ òàíãåí-öèàëüíûõ íàïðÿæåíèé âíóòðåííåé è âíåøíåé îáîëî÷åê ãëàçà, íà-ïðÿæåíèé è ñìåùåíèé îò óïðóãèõ õàðàêòåðèñòèê. Ïðîâåäåíî ñðàâ-íåíèå ðåçóëüòàòîâ ñ òî÷íûì ðåøåíèåì òðåõìåðíîé òåîðèè óïðóãî-ñòè.Áèáëèîãð. 8 íàçâ. Èë. 7.Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, òåîðèÿ îáîëî-÷åê, ìîäåëè íåêëàññè÷åñêèõ òåîðèé îáîëî÷åê.
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Ñâåòëàíà Ìèõàéëîâíà Áàóýð



(a) (á)Ðèñ. 1. Ïðîãèá øïðåíãåëüíîé è îáû÷íîé áàëêè (ñëåâà) è ïðîãèáøïðåíãåëüíîé áàëêè � òåîðåòè÷åñêèé ðàñ÷åò è ðàñ÷åò â êîìïëåêñåSCAD (ñïðàâà) (ê ñòàòüå À.Í. Áåñòóæåâîé è äð.).

(a) (á)Ðèñ. 2. Ôîðìà ïðîãèáà â íóëåâîì è ïåðâîì ïðèáëèæåíèè (ê ñòàòüåÄ.Â. Àëü÷èáàåâà).



Ðèñ. 3. Ãîðèçîíòàëüíîå ïåðåìåùåíèå êîíöà ñòåðæíÿ â çàâèñèìîñòèîò íàãðóçêè (ê ñòàòüå Â.Â. Åëèñååâà è Å.À. Îáîðèíà).

Ðèñ. 4. Âåðòèêàëüíîå ïåðåìåùåíèå êîíöà ñòåðæíÿ â çàâèñèìîñòèîò íàãðóçêè (ê ñòàòüå Â.Â. Åëèñååâà è Å.À. Îáîðèíà).



Ðèñ. 5. Íà÷àëüíàÿ è äåôîðìèðîâàííàÿ ôîðìà ñòåðæíÿ (ê ñòàòüåÂ.Â. Åëèñååâà è Å.À. Îáîðèíà).

Íà ñåìèíàðå NSCM-26: (ñëåâà íàïðàâî) êàíä ôèç-ìàò. íàóê À.Ì. Åðìàêîâ(ÑÏáÃÓ), L. Feklistova, PhD (Estonia), àñïèðàíò Ê.À. Èãíàòüåâà (ÑÏáÃÓ)


