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ÏÐÈÌÅÍÅÍÈÅ ÎÁÎÁÙÅÍÍÎÃÎ ÏÐÈÍÖÈÏÀ
ÃÀÓÑÑÀ Ê ÇÀÄÀ×Å ÃÀØÅÍÈß ÊÎËÅÁÀÍÈÉ

ÊÎÍÑÎËÈ

Ä.Í. Ãàâðèëîâ

Ðàññìàòðèâàåòñÿ âîçìîæíîñòü ïðèìåíåíèÿ îáîáùåííîãî ïðèíöèïà
Ãàóññà äëÿ èññëåäîâàíèÿ çàäà÷ óïðàâëåíèÿ êîëåáàíèÿìè ìåõàíè÷åñêèõ
ñèñòåì íà ïðèìåðå ãàøåíèÿ êîëåáàíèé êîíñîëè. Íàðÿäó ñ êëàññè÷åñêîé
ïîñòàíîâêîé èññëåäóåòñÿ âîçìîæíîñòü ìèíèìèçàöèè ïîëíîé ýíåðãèè êî-
ëåáàíèé êîíñîëè, êàê óñëîâèå ïðåêðàùåíèÿ åå êîëåáàíèé. Ïðåäëàãàþòñÿ
ñïîñîáû óïðîùåíèÿ ðåøåíèÿ çà ñ÷åò èñïîëüçîâàíèÿ ñâîéñòâ ñèììåòðèè
ñèñòåìû.

Â ðàáîòå ðåøàåòñÿ çàäà÷à ïðåêðàùåíèÿ êîëåáàíèé êîíñîëè â çà-
äàííûé ìîìåíò âðåìåíè è â çàäàíîì ïîëîæåíèè çà ñ÷åò ñïåöèàëü-
íîãî âûáîðà óïðàâëåíèÿ. Êîíñîëü ïðåäïîëàãàåòñÿ îäíîðîäíîé, ïî-
ñòîÿííîãî ïîïåðå÷íîãî ñå÷åíèÿ. Åå îñíîâàíèå ìîæåò ïåðåìåùàòüñÿ
ïðÿìîëèíåéíî â ïëîñêîñòè, ïåðïåíäèêóëÿðíîé îñè êîíñîëè. Òðåáó-
åòñÿ îïðåäåëèòü, ïî êàêîìó çàêîíó äîëæíî èçìåíÿòüñÿ óñêîðåíèå
îñíîâàíèÿ êîíñîëè äëÿ òîãî, ÷òîáû çà çàäàííîå âðåìÿ T îñíîâàíèå
êîíñîëè ïåðåìåñòèëàñü íà ðàññòîÿíèå a, è â ìîìåíò îñòàíîâêè îñíî-
âàíèÿ ïîïåðå÷íûå êîëåáàíèÿ êîíñîëè îòñóòñòâîâàëè áû (ñì. ðèñ. 1).
Äëÿ ïðîñòîòû ïîëàãàåòñÿ, ÷òî â íà÷àëüíûé ìîìåíò êîíñîëü ïîêîè-
ëàñü.

Äëÿ ðåøåíèÿ çàäà÷è óäîáíî ââåñòè äâå äåêàðòîâû ñèñòåìû êî-
îðäèíàò: íåïîäâèæíóþ ñèñòåìó êîîðäèíàò ñ íà÷àëîì â îñíîâàíèè
êîíñîëè è îñüþ, ñîâïàäàþùåé ñ íàïðàâëåíèåì äâèæåíèÿ, è ñèñòå-
ìó, æåñòêî ñâÿçàííóþ ñ êîíñîëüþ, òàê ÷òî åå öåíòð íàõîäèòñÿ â
îñíîâàíèè êîíñîëè, îñü OX íàïðàâëåíà âäîëü êîíñîëè, à îñü OY �
ïåðïåíäèêóëÿðíà åé è ñîâïàäàåò ñ íàïðàâëåíèåì äâèæåíèÿ (ðèñ. 1).

Äîêëàä íà ñåìèíàðå 21 ñåíòÿáðÿ 2010 ã.
c⃝ Ä.Í. Ãàâðèëîâ, 2012
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Ðèñ. 1. Ñõåìà äâèæåíèÿ êîíñîëè

Àáñîëþòíîå ïåðåìåùåíèå òî÷åê êîíñîëè, òàêèì îáðàçîì, ìîæåò
áûòü âû÷èñëåíî:

ya(x, t) = ξ(t) + yr(x, t),

ãäå yr(x, t) � ñîîòâåòñòâóåò ïðîãèáó êîíñîëè.
Äëÿ âû÷èñëåíèÿ ïðîãèáà êîíñîëè óäîáíî èñïîëüçîâàòü îáîáùåí-

íûå ëàãðàíæåâû êîîðäèíàòû. Òîãäà ïðîãèá yr(x, t) ìîæåò áûòü íàé-
äåí êàê

yr(x, t) =
∞∑
σ=1

qσ(t)Xσ(x),

çäåñü qσ � îáîáùåííûå ëàãðàíæåâû êîîðäèíàòû,Xσ � ñîáñòâåííûå
ôîðìû êîíñîëè.

Êàê ïîêàçàíî â ðàáîòå [1], ñîáñòâåííûå ÷èñëà λσ äëÿ îäíîðîäíîé
êîíñîëè ïîñòîÿííîãî ñå÷åíèÿ íàõîäÿòñÿ èç ñëåäóþùåãî óðàâíåíèÿ:

cosλσ coshλσ = −1,

à ñîáñòâåííûå ôîðìû Xσ(x) çàäàþòñÿ âûðàæåíèåì

Xσ(x) = sin
λσx

l
− sh

λσx

l
+Aσ

(
ch
λσx

l
− cos

λσx

l

)
.

Ñîáñòâåííûå ÷àñòîòû ωσ ñâÿçàíû ñ ñîáñòâåííûìè ÷èñëàìè λσ ñëå-
äóþùèìè ñîîòíîøåíèÿìè:

ω2
σ =

EJ

ml3
λ4σ,
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çäåñü l � äëèíà êîíñîëè, m � åå ìàññà, E � ìîäóëü Þíãà, J �
ìîìåíò èíåðöèè.

Îñíîâíûì ïðåèìóùåñòâîì èñïîëüçîâàíèÿ îáîáùåííûõ ëàãðàí-
æåâûõ êîîðäèíàò ÿâëÿåòñÿ òî, ÷òî â íèõ ïîëó÷àþòñÿ ïðîñòûå âû-
ðàæåíèÿ äëÿ ïîòåíöèàëüíîé è êèíåòè÷åñêîé ýíåðãèè:

Tr =
∞∑
σ=1

Mσ q̇
2
σ

2
, (1)

Π =
∞∑
σ=1

Mσω
2
σ

2
q2σ, (2)

çäåñü Mσ � ïðèâåäåííûå ìàññû, êîòîðûå ìîãóò áûòü íàéäåíû ñëå-
äóþùèì îáðàçîì:

Mσ =
m

l

l∫
0

X2
σ(x)dx = mA2

σ,

ãäå

Aσ =
shλσ + sinλσ
chλσ + cosλσ

.

Ïîëíàÿ êèíåòè÷åñêàÿ ýíåðãèÿ ñèñòåìû ìîæåò áûòü íàéäåíà ïî
ôîðìóëå

T =
m

2l

l∫
0

(
∂ya
∂t

)2

dx. (3)

Ó÷èòûâàÿ âûðàæåíèÿ äëÿ ïîòåíöèàëüíîé è êèíåòè÷åñêîé ýíåð-
ãèé (2), (3), ñ ïîìîùüþ óðàâíåíèé Ëàãðàíæà ïîëó÷èì ñëåäóþùóþ
ñèñòåìó óðàâíåíèé:

q̈σ + ω2
σqσ = − aσ

A2
σ

ξ̈, σ = 1,∞, (4)

ãäå

aσ =
1

l

l∫
0

Xσ(x) dx.
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Â äàííîé çàäà÷å óäîáíî ïåðåéòè ê áåçðàçìåðíûì ïåðåìåííûì è
áåçðàçìåðíîìó âðåìåíè ïî ôîðìóëàì

x0 =
ξ

l
, xσ = −A

2
σ

aσ

qσ
l
, τ = ω1t. (5)

Äëÿ ïðîñòîòû çäåñü è äàëåå ïðîèçâîäíàÿ ïî áåçðàçìåðíîìó âðå-
ìåíè τ áóäåò îáîçíà÷àòüñÿ òî÷êîé. Ñ ó÷åòîì çàìåíû (5) ââåäåì
ñëåäóþùèå îáîçíà÷åíèÿ äëÿ áåçðàçìåðíûõ ïîñòîÿííûõ:

ā =
a

l
, T̄ = ω1T, ω̄σ =

(
ωσ
ω1

)2

. (6)

Â êà÷åñòâå èñêîìîãî óïðàâëåíèÿ âîçüìåì ôóíêöèþ u(τ), ñâÿçàííóþ
ñ óñêîðåíèåì îñíîâàíèÿ êîíñîëè ξ̈ ñîîòíîøåíèåì

u =
d2

dτ2

(
ξ

l

)
=

1

ω2
1

ξ̈

l
. (7)

Ïîäñòàâëÿÿ âûðàæåíèÿ (5)�(7) â (4), ïîëó÷èì ñëåäóþùèå óðàâ-
íåíèÿ äëÿ íàõîæäåíèÿ u(τ):

ẍ0 = u,

ẍσ + ω̄2
σxσ = u, ω̄σ =

(
ωσ
ω1

)2

, σ = 1,∞.
(8)

Ñèñòåìà (8) ñîäåðæèò áåñêîíå÷íîå ÷èñëî óðàâíåíèé. Ýòî îáú-
ÿñíÿåòñÿ íàëè÷èåì ó êîíñîëè áåñêîíå÷íîãî ÷èñëà ñîáñòâåííûõ ÷à-
ñòîò. Åñòåñòâåííî, âîçíèêàåò âîïðîñ, öåëåñîîáðàçíî ëè â ýòîì ñëó-
÷àå îáåñïå÷èâàòü ãàøåíèå êîëåáàíèé â êîíöå ïóòè äëÿ âñåãî ñïåêòðà
÷àñòîò èëè ìîæíî îãðàíè÷èòüñÿ êîíå÷íûì ÷èñëîì. Òàê êàê ðÿäû
äëÿ êèíåòè÷åñêîé è ïîòåíöèàëüíîé ýíåðãèé áûñòðî ñõîäÿòñÿ, òî ðà-
çóìíî ïðåäïîëàãàòü, ÷òî âêëàä âûñøèõ ôîðì êîëåáàíèÿ äîñòàòî÷íî
ìàë è ìîæíî îãðàíè÷èòüñÿ ó÷åòîì ëèøü ïåðâûõ n ôîðì êîëåáàíèé
êîíñîëè. Îáùåå ÷èñëî óðàâíåíèé áóäåò ïðè ýòîì s = n+ 1. Ïåðâîå
óðàâíåíèå ñîîòâåòñòâóåò èñêîìîìó óïðàâëåíèþ u(τ).

Â äàííûõ ïðåäïîëîæåíèÿõ çàäà÷à î ãàøåíèè êîëåáàíèé êîíñîëè
ïðè ïåðåìåùåíèè åå îñíîâàíèÿ çà áåçðàçìåðíîå âðåìÿ T̄ = ω1T íà
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çàäàííóþ áåçðàçìåðíóþ âåëè÷èíó ā ñâåäåòñÿ ê ñëåäóþùåé êðàåâîé
çàäà÷å: 

ẍ0 = u,

ẍσ + ω̄2
σxσ = u, ω̄σ =

(
ωσ
ω1

)2

, σ = 1, n,

x0(0) = ẋ0(0) = ẋ0(T̄ ) = 0, x0(T̄ ) = ā,
xσ(0) = ẋσ(0) = xσ(T̄ ) = ẋσ(T̄ ) = 0, σ = 1, n.

(9)

Çàìåòèì, ÷òî ïàðàìåòðàìè ñèñòåìû ÿâëÿþòñÿ ñïåêòð ñîáñòâåííûõ
÷àñòîò (ω̄σ), âðåìÿ, çà êîòîðîå ñèñòåìà äîëæíà áûòü îñòàíîâëåíà
(T̄ ), è ðàññòîÿíèå, êîòîðîå îíà äîëæíà ïðåîäîëåòü (ā). Ïðè ýòîì
çàâèñèìîñòü îò ðàññòîÿíèÿ ā ÿâëÿåòñÿ ëèíåéíîé, ïîýòîìó ïðè âû-
÷èñëåíèÿõ óäîáíî ïîëàãàòü, ÷òî ā = 1.

Êàê îòìå÷àëîñü âûøå â ñèñòåìå (9), êîíñîëü, èìåþùàÿ áåñêî-
íå÷íîå ÷èñëî ñòåïåíåé ñâîáîäû, ìîäåëèðóåòñÿ ñèñòåìîé ñ n ñòåïåíÿ-
ìè ñâîáîäû. Êîíñòðóêòèâíîå ðåøåíèå âîïðîñà î âîçìîæíîñòè ãàøå-
íèÿ òîëüêî ïåðâûõ nôîðì áûëî ïðåäëîæåíî Êîñòèíûì â ðàáîòå [2].
Îí ïðåäëîæèë âìåñòî ãàøåíèÿ ìèíèìèçèðîâàòü ïîëíóþ ýíåðãèè
êîíñîëè â ìîìåíò îñòàíîâêè îñíîâàíèÿ. È õîòÿ ýòîò ïîäõîä òîæå
ïðåäëàãàåò îãðàíè÷èâàòüñÿ íåêîòîðûì ÷èñëîì ñîáñòâåííûõ êîëåáà-
íèé, îí ïîçâîëÿåò îöåíèòü âêëàä âûñîêèõ ÷àñòîò è âûáðàòü íåîá-
õîäèìîå ÷èñëî ñîáñòâåííûõ êîëåáàíèé. Êðèâàÿ ïðîãèáà, âõîäÿùàÿ
â âûðàæåíèÿ äëÿ ïîëíîé ýíåðãèè êîëåáàíèé, îïðåäåëÿëàñü Êîñòè-
íûì ïî ìåòîäó èíòåãðîäèôôåðåíöèàëüíûõ ñîîòíîøåíèé. Ýòîò ïðè-
áëèæåííûé âû÷èñëèòåëüíûé àëãîðèòì îïðåäåëåíèÿ ïîëíîé ýíåð-
ãèè êîëåáàíèé êîíñîëè ÿâëÿåòñÿ è ñëîæíûì, è ãðîìîçäêèì. Â äàí-
íîé ðàáîòå ýòà èäåÿ ðåàëèçóåòñÿ íà îñíîâàíèè îáîáùåííûõ ëàãðàí-
æåâûõ êîîðäèíàò, êîòîðûå ïîçâîëÿþò çíà÷èòåëüíî óïðîñòèòü ñîîò-
âåòñòâóþùèå âû÷èñëåíèÿ.

Äëÿ èñïîëüçîâàíèÿ ýíåðãåòè÷åñêîãî ïîäõîäà, ïðåäëîæåííîãî
Êîñòèíûì, íåîáõîäèìî ââåñòè ïîëíóþ ýíåðãèþ êîëåáàíèé êîíñî-
ëè. Ñ ó÷åòîì ôîðìóë äëÿ êèíåòè÷åñêîé (1) è ïîòåíöèàëüíîé (2)
ýíåðãèé è çàìåíû ïåðåìåííîé (5) îíà áóäåò èìåòü âèä

Tr +Π =
ml2

2
ω2
1

N∑
σ=1

a2σ
A2
σ

(
ẋ2σ + ω̄2

σx
2
σ

)
.
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Çäåñü N � ÷èñëî ðàññìàòðèâàåìûõ ôîðì êîëåáàíèé.
Äëÿ íàãëÿäíîñòè ðåçóëüòàòîâ óäîáíåå ââåñòè îòíîñèòåëüíóþ

ïîëíóþ ýíåðãèþ êîëåáàíèé êîíñîëè, êîòîðàÿ áóäåò âû÷èñëÿòüñÿ â
äîëÿõ T ∗ � ìàêñèìàëüíîé ýíåðãèè êîíñîëè, êàê àáñîëþòíî òâåðäî-
ãî òåëà:

En(τ) =
Tr +Π

T ∗ =
1

v2m

N∑
σ=1

a2σ
A2
σ

(
ẋ2σ + ω̄2

σx
2
σ

)
, (10)

T ∗ =
mv2max

2
, vmax = lω1vm,

ãäå vm � ìàêñèìàëüíàÿ ñêîðîñòü äâèæåíèÿ êîíñîëè êàê òâåðäîãî
òåëà.

Ðåøåíèå ñèñòåìû óðàâíåíèé (9), â ñèëó óñëîâèé â ìîìåíò âðå-
ìåíè t = 0, èìååò âèä:

x0(τ) =
τ∫
0

u(t)(τ − t) dt,

xσ(τ) =
1

ω̄σ

τ∫
0

u(t) sin(ω̄σ(τ − t)) dt, σ = 1, n.
(11)

Èçâåñòíî, ÷òî ñóùåñòâóåò áåñêîíå÷íîå ÷èñëî ðàçëè÷íûõ óïðàâ-
ëåíèé u(τ), êîòîðûå ïîçâîëÿò óäîâëåòâîðèòü ñèñòåìå óðàâíåíèé (9).
Ïîýòîìó íåîáõîäèìî ïðèáåãíóòü ê êàêîìó-òî êðèòåðèþ, êîòîðûé
ïîçâîëèò óñòðàíèòü ýòó íåîïðåäåëåííîñòü. Íàèáîëåå ÷àñòî â êà÷å-
ñòâå óñëîâèÿ âûáîðà ôóíêöèè u(τ) âûáèðàþò óñëîâèå ìèíèìàëüíî-
ñòè ôóíêöèîíàëà:

J =

T̄∫
0

u(τ)2dτ. (12)

Ïðè ðåøåíèè êðàåâîé çàäà÷è (9) äëÿ îïðåäåëåíèÿ âèäà òîé ôóíê-
öèè u(τ), ïðè êîòîðîé ôóíêöèîíàë (12) èìååò ìèíèìóì, íåîáõîäè-
ìî âîñïîëüçîâàòüñÿ ïðèíöèïîì ìàêñèìóìà Ïîíòðÿãèíà. Ïðèìåíÿÿ
ýòîò ïðèíöèï, ïîëó÷èì, ÷òî óïðàâëåíèå u(τ) ñëåäóåò èñêàòü â âèäå

u(τ) = A0 +B0τ +

n∑
k=1

Ak cos(ω̄kτ) +Bk sin(ω̄kτ). (13)
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Òàê êàê óïðàâëåíèå u(τ) èùåòñÿ â âèäå ðÿäà ïî ãàðìîíè÷åñêèì
ôóíêöèÿì (13), òî íàéäåííîå óïðàâëåíèå áóäåò ñîñòîÿòü èç n ãàð-

ìîíèê è ïðè áîëüøîì îòíîøåíèè
T

T1
áóäåò èìåòü ñèëüíûé êîëåáà-

òåëüíûé õàðàêòåð.
Â ðàáîòàõ [3], [4] ïðåäëàãàåòñÿ èñïîëüçîâàòü äðóãîé êðèòåðèé,

à èìåííî èñêàòü óïðàâëåíèå íà îñíîâàíèè îáîáùåííîãî ïðèíöèïà
Ãàóññà. Êàê ïîêàçàíî â ðàáîòå [5], äàííûé ïîäõîä â ýòîé çàäà÷å ïî
ðÿäó ïàðàìåòðîâ ÿâëÿåòñÿ áîëåå ïðåäïî÷òèòåëüíûì. Óïðàâëÿþùåå
âîçäåéñòâèå u(τ) ïðè èñïîëüçîâàíèè îáîùåííîãî ïðèíöèïà Ãàóññà
ñëåäóåò èñêàòü â âèäå

u(τ) =

2s∑
k=1

Ckτ
k−1, (14)

ãäå Ck � íåêîòîðûå ïîñòîÿííûå, à s (s = n+1) � ïîðÿäîê ñèñòåìû
óðàâíåíèé (9).

Ïðîäåìîíñòðèðóåì ðàçíèöó ýòèõ ïîäõîäîâ íà ñëåäóþùåì ïðè-
ìåðå.

Ðàññìîòðèì ñëó÷àé, êîãäà n = 2,
T

T1
= 8 è

T1
T2

= 6.27. Ñïëîø-

íîé ëèíèåé íà ðèñ. 2 ïîêàçàíî óïðàâëåíèå, ñîîòâåòñòâóþùåå ìèíè-
ìèçàöèè ôóíêöèîíàëà (12), à øòðèõîâàííîé � óïðàâëåíèå, ñîîò-
âåòñòâóþùåå îáîáùåííîìó ïðèíöèïó Ãàóññà. Îáðàòèì âíèìàíèå íå
òîëüêî íà îñöèëëÿöèè óïðàâëåíèÿ u(τ), ñîîòâåòñòâóþùåãî ïðèíöè-
ïó ìàêñèìóìà Ïîíòðÿãèíà, ïî âòîðîé ãàðìîíèêå, íî è íà ðàçðûâ ïî
óñêîðåíèþ ó âñåõ òî÷åê ñèñòåìû ïðè t = 0 è t = T . Îòìåòèì, ÷òî

îòíîøåíèå
T1
T2

= 6.27 ñîîòâåòñòâóåò îòíîøåíèþ ïåðèîäîâ êîëåáàíèé
êîíñîëè ïîñòîÿííîãî ïîïåðå÷íîãî ñå÷åíèÿ.

Ïîäñòàâëÿÿ âûðàæåíèå (14) â (9), â ñëó÷àå ãàøåíèÿ n ïåðâûõ
ôîðì ïðèäåì ê ëèíåéíîé ñèñòåìå àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ
îïðåäåëåíèÿ ïîñòîÿííûõ Ck.

Â ñëó÷àå ìèíèìèçàöèè íåîáõîäèìî âûðàæåíèå (14) ïîäñòàâèòü
â ðåøåíèÿ (11), ïîñëå ÷åãî ýòè ðåøåíèÿ ïîäñòàâèòü â ôîðìóëó (10).
Ïîñòîÿííûå Ck ìîãóò áûòü íàéäåíû èç óñëîâèé â êîíå÷íûé ìîìåíò
âðåìåíè äëÿ îñíîâàíèÿ êîíñîëè è ìèíèìèçàöèè ïîëó÷åííîãî âûðà-
æåíèÿ äëÿ En(T ) ïî Ck.
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Ðèñ. 2. Ñðàâíåíèå óïðàâëåíèé, ñîîòâåòñòâóþùèõ ïðèìåíåíèþ
ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà è îáîáùåííîãî ïðèíöèïà Ãàóññà

Âû÷èñëèòåëüíàÿ ïðîöåäóðà ìîæåò áûòü ñóùåñòâåííî ñîêðàùå-
íà ñ ïîìîùüþ ñâîéñòâ ñèììåòðèè, ïðèñóùèõ äàííîé çàäà÷å.

Ïîêàæåì, ÷òî ôóíêöèè u(τ), x0(τ) è xσ(τ) (σ = 1, n) â çàäà÷å
(9) ÿâëÿþòñÿ òàêèìè, ÷òî

u(τ) = −u(T̄ − τ),
x0(τ) = ā− x0(T̄ − τ),
xσ(τ) = −xσ(T̄ − τ), σ = 1, n.

(15)

Ââåäåì â ðàññìîòðåíèå ôóíêöèè

x̃0(τ) = x0(T̄ − τ)− ā,
x̃σ(τ) = xσ(T̄ − τ), σ = 1, n.

(16)

Îíè òàêîâû, ÷òî

¨̃x0(τ) = ẍ0(τ), ¨̃xσ(τ) = ẍσ(T̄ − τ), σ = 1, n.

Îòñþäà è èç âûðàæåíèÿ (16) ñëåäóåò, ÷òî çàäà÷à (9) â íîâûõ ôóíê-
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öèÿõ çàïèøåòñÿ â âèäå
¨̃x0 = ũ,
¨̃xσ + ω2

σx̃σ = ũ,

x̃0(0) = ˙̃x0(0) = 0, x̃σ(0) = ˙̃xσ(0) = 0, σ = 1, n,

x̃0(T̄ ) = −ā, ˙̃x0(T̄ ) = 0, x̃σ(T̄ ) = ˙̃xσ(T̄ ) = 0, σ = 1, n.
(17)

Çäåñü
ũ(τ) = u(T̄ − τ). (18)

Ðåøåíèå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ïðîïîð-
öèîíàëüíî âåëè÷èíå ā, è ïîòîìó, ñðàâíèâàÿ (9) è (17), âèäèì, ÷òî

x̃0(τ) = −x0(τ),
x̃σ(τ) = −xσ(τ), σ = 1, n,
ũ(τ) = −u(τ).

Èç ýòèõ ôîðìóë è âûðàæåíèé (16) è (18) ñëåäóåò, ÷òî ñîîòíî-
øåíèÿ (15) âûïîëíÿþòñÿ.

Òàêèì îáðàçîì, ñîîòíîøåíèÿ (15) íàêëàäûâàþò äîïîëíèòåëü-
íûå óñëîâèÿ íà ôóíêöèè u(τ), x0(τ) è xσ(τ). Âîñïîëüçóåìñÿ èìè
äëÿ óïðîùåíèÿ âûðàæåíèÿ (14) äëÿ u(τ).

Ðàññìîòðèì ñîîòíîøåíèå íà u(τ):

u(τ) = −u(T̄ − τ). (19)

Ýòî ñâîéñòâî u(τ) åñòü íå ÷òî èíîå, êàê àíòèñèììåòðèÿ îòíîñè-

òåëüíî òî÷êè
T̄

2
. Òàêèì îáðàçîì, äîñòàòî÷íî ïîñòðîèòü óïðàâëåíèå

íà ïðîìåæóòêå τ =

[
0,
T̄

2

]
, à äàëüøå ïðîäîëæèòü ðåøåíèå ïî àí-

òèñèììåòðèè îòíîñèòåëüíî ìîìåíòà âðåìåíè τ =
T̄

2
.

Ñîãëàñíî îáîáùåííîìó ïðèíöèïó Ãàóññà, óïðàâëåíèå u(τ) ñëå-
äóåò èñêàòü â âèäå (14). Èñïîëüçóÿ ñîîòíîøåíèå (19), ìîæíî ñî-
êðàòèòü êîëè÷åñòâî íåèçâåñòíûõ ïîñòîÿííûõ â âûðàæåíèè (14) äî
n + 1. Îáîçíà÷èì ýòè íîâûå íåçàâèñèìûå ïîñòîÿííûå òàêæå ÷åðåç
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Ck, è ýòîò íîâûé ïîëèíîì, àíòèñèììåòðè÷íûé îòíîñèòåëüíî ìî-

ìåíòà âðåìåíè
T̄

2
, ïðåäñòàâèì â âèäå

u(τ) =
n+1∑
k=1

Ck

(
τ − T̄

2

)2k−1

,

ãäå, êàê è ðàíüøå, ÷èñëî n ðàâíî êîëè÷åñòâó ãàñèìûõ ñîáñòâåííûõ
ôîðì.

Âìåñòå ñ óìåíüøåíèåì ÷èñëà íåèçâåñòíûõ ïîñòîÿííûõ Ck
óìåíüøèòüñÿ è ÷èñëî ãðàíè÷íûõ óñëîâèé, èç êîòîðûõ îíè ìîãóò
áûòü íàéäåíû. Òàê êàê ïðîöåññ óïðàâëåíèÿ ìîæåò áûòü ïðîäîë-

æåí ïî àíòèñèììåòðèè äëÿ τ =

[
T̄

2
, T̄

]
, âìåñòî óñëîâèÿ â êîíå÷íûé

ìîìåíò âðåìåíè òåïåðü ñòàâÿòñÿ ãðàíè÷íûå óñëîâèÿ â ìîìåíò âðå-

ìåíè τ =
T̄

2
:

x0

(
T̄

2

)
=
ā

2
,

xσ

(
T̄

2

)
= 0, σ = 1, n.

Ýòî ïîçâîëÿåò óìåíüøèòü ïîðÿäîê ñèñòåìû â äâà ðàçà, ÷òî çíà÷è-
òåëüíî óïðîùàåò íàõîæäåíèå ðåøåíèÿ.

Äëÿ ðåàëèçàöèè îïèñàííîãî ðåøåíèÿ èñïîëüçîâàëñÿ ìàòåìàòè-
÷åñêèé ïàêåò Mathematica. Ýòî ïîçâîëèëî ÷èñëåííî ïîñòðîèòü ðÿä
ðåøåíèé è èññëåäîâàòü èõ ñâîéñòâà. Ãëàâíîé çàäà÷åé áûëî îáîñ-
íîâàòü âîçìîæíîñòü ãàøåíèÿ òîëüêî n ïåðâûõ ôîðì êîëåáàíèé ñè-
ñòåìû íà îñíîâå ïðèíöèïà ìèíèìèçàöèè ïîëíîé ýíåðãèè êîëåáàíèé
êîíñîëè. Ïîëó÷åííûå ðåçóëüòàòû ïðåäñòàâëåíû â òàáë. 1.

Èç íåå âèäíî, ÷òî ïðè âðåìåíè äåéñòâèÿ T , áîëüøèõ, ÷åì ïåðâûé
ïåðèîä ñîáñòâåííûõ êîëåáàíèé, ãàøåíèå è ìèíèìèçàöèÿ äàþò îäè-
íàêîâûå ðåçóëüòàòû. Âêëàä ýíåðãèé ïî ÷àñòîòàì äëÿ ýòèõ ñëó÷àåâ
ïðåäñòàâëåí â òàáë. 2.

Âèäíî, ÷òî îñíîâíîé âêëàä â ýíåðãèþ äàåò, êàê ïðàâèëî, ñëåäó-
þùàÿ ÷àñòîòà çà ãàñèìûì ñïåêòðîì. Âêëàä áîëåå âûñîêèõ ÷àñòîò
çíà÷èòåëüíî ìåíüøå.
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Òàáëèöà 1. Ýíåðãèÿ êîëåáàíèé En(T ) ïðè ãàøåíèè ïåðâîé
ôîðìû è ïðè ìèíèìèçàöèè ïî îäíîìó ïàðàìåòðó

k =
T

T1
Ãàøåíèå Ìèíèìèçàöèÿ

0.6 1.758 2.527
1.0 0.163 · 10−1 0.168 · 10−1

1.5 0.256 · 10−3 0.256 · 10−3

2.0 0.185 · 10−3 0.184 · 10−3

Òàáëèöà 2. Âêëàä â ýíåðãèþ En(T ) ïî ôîðìàì êîëåáàíèé ïðè ãà-
øåíèè ïåðâîé ñîáñòâåííîé ÷àñòîòû

k =
T

T1
Íîìåð ñîáñòâåííîé ÷àñòîòû

1 2 3 4 5

0.6 0 1.747 ∼ 10−2 ∼ 10−2 ∼ 10−2

1.0 0 0.160 ·10−1 ∼ 10−3 ∼ 10−4 ∼ 10−4

1.5 0 0.225 ·10−3 ∼ 10−4 ∼ 10−7 ∼ 10−6

2.0 0 0.155 ·10−3 ∼ 10−4 ∼ 10−6 ∼ 10−7

Ãëàâíûì ïðåèìóùåñòâîì ïðèìåíåíèÿ îáîáùåííîãî ïðèíöèïà
Ãàóññà ìîæíî ñ÷èòàòü áîëåå óäîáíûé ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ
âèä óïðàâëåíèÿ, íå èìåþùèé îñöèëëÿöèé ïî ðàçíûì ãàðìîíèêàì.
Äëÿ áîëüøèõ âðåìåí ìèíèìèçàöèÿ ýíåðãèè êîëåáàíèé è ãàøåíèå
äàþò îäèíàêîâûé ðåçóëüòàò, íî ìèíèìèçàöèÿ ïîçâîëÿåò ÷èñëåííî
âûÿñíèòü íåîáõîäèìîå ÷èñëî ñîáñòâåííûõ ôîðì, à òàêæå èññëåäî-
âàòü âëèÿíèå ãàøåíèÿ n ïåðâûõ ÷àñòîò íà ïîñëåäóþùèå. Òàêèì
îáðàçîì, ìèíèìèçàöèÿ ÿâëÿåòñÿ õîòü è áîëåå ñëîæíûì, íî òåì íå
ìåíåå è áîëåå óíèâåðñàëüíûì ïðèåìîì.
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Î ÄÅÔÎÐÌÀÖÈÈ ÒÐÅÕÑËÎÉÍÎÉ
ÈÇÎÒÐÎÏÍÎÉ ÑÔÅÐÈ×ÅÑÊÎÉ ÎÁÎËÎ×ÊÈ

Ë.À. Êàðàìøèíà

Ðàññìàòðèâàåòñÿ çàäà÷à î íàïðÿæåííî-äåôîðìèðîâàííîì ñîñòîÿíèè
òðåõñëîéíîé èçîòðîïíîé ñôåðè÷åñêîé îáîëî÷êè, ñîñòîÿùèõ èç ñëîåâ
ðàçëè÷íîé òîëùèíû ñ ðàçëè÷íûìè óïðóãèìè ñâîéñòâàìè ïîä äåéñòâè-
åì âíóòðèãëàçíîãî äàâëåíèÿ. Çàäà÷à ðåøàåòñÿ ñ èñïîëüçîâàíèåì òðåõ-
ìåðíîé òåîðèè óïðóãîñòè. Àíàëèç íàïðÿæåííî-äåôîðìèðîâàííîãî ñî-
ñòîÿíèÿ ãëàçà ïðîâîäèòñÿ ñ ó÷åòîì âîçìîæíîñòè ñîñóäèñòîé îáîëî÷êè
èçìåíÿòü ñâîè áèîìåõàíè÷åñêèå ñâîéñòâà.

1. Ââåäåíèå

Ãëàçíîå ÿáëîêî èìååò íåðàâíîìåðíóþ òîëùèíó è ñîñòîèò èç
òðåõ îñíîâíûõ îáîëî÷åê: ïëîòíîé íàðóæíîé ôèáðîçíîé îáîëî÷êè
� ñêëåðû, òîëùèíîé 0.6�1.0 ìì, ñðåäíåé ñîñóäèñòîé îáîëî÷êè � õî-
ðèîèäåè, òîëùèíîé 0.3�0.4 ìì, è ñàìîé òîíêîé è ìÿãêîé âíóòðåííåé
îáîëî÷êè � ñåò÷àòêè, òîëùèíà êîòîðîé ìåíÿåòñÿ îò 0.08 äî 0.4 ìì;
âñþ âíóòðåííþþ ïîëîñòü ãëàçíîãî ÿáëîêà çàïîëíÿåò âíóòðèãëàçíàÿ
æèäêîñòü (âîäÿíèñòàÿ âëàãà è ñòåêëîâèäíîå òåëî). Âíóòðèãëàçíàÿ
æèäêîñòü îáåñïå÷èâàåò íîðìàëüíîå ïðèëåãàíèå âíóòðåííèõ îáîëî-
÷åê ãëàçà, à òàêæå ïîääåðæàíèå îïðåäåëåííîãî óðîâíÿ âíóòðèãëàç-
íîãî äàâëåíèÿ (ÂÃÄ). Ñ âíåøíåé ñòîðîíû íà îáîëî÷êó âîçäåéñòâó-
þò ýêñòðàîêóëÿðíûå ìûøöû. Â ñâÿçè ñ ýòèì â ðàññìàòðèâàåìîé çà-
äà÷å ãëàçíîå ÿáëîêî ìîäåëèðóåòñÿ íàïðÿæåííî-óïðóãîé çàìêíóòîé
ìíîãîñëîéíîé ñôåðè÷åñêîé îáîëî÷êîé ïîä äåéñòâèåì âíóòðåííåãî
è âíåøíåãî äàâëåíèÿ.

Ñêëåðà, õîðèîèäåÿ è ñåò÷àòêà îáëàäàþò ðàçíûìè áèîìåõàíè÷å-

Äîêëàä íà ñåìèíàðå 2 íîÿáðÿ 2010 ã.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò � 09-01-00140)
c⃝ Ë.À. Êàðàìøèíà, 2012
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ñêèìè ñâîéñòâàìè. Èçó÷åíèþ ìåõàíè÷åñêèõ õàðàêòåðèñòèê ñêëåðû
ïîñâÿùåí ðÿä èññëåäîâàíèé. Î áèîìåõàíè÷åñêèõ ñâîéñòâàõ ñîñóäè-
ñòîé è ñåò÷àòîé îáîëî÷êàõ ãëàçà èçâåñòíî ïîêà êðàéíå ìàëî.

Â òàáë. 1 ïðèâåäåíû çíà÷åíèÿ ìîäóëÿ óïðóãîñòè, ïîëó÷åííûå
ðàçëè÷íûìè àâòîðàìè ïðè èññëåäîâàíèè ìåõàíè÷åñêèõ ñâîéñòâ îñ-
íîâíûõ ãëàçíûõ òêàíåé (ñì. [1]).

Òàáëèöà 1. Îñíîâíûå ñâîéñòâà ãëàçíûõ òêàíåé
Âèä Ìîäóëü

ãëàçíîé óïðóãîñòè, Ëèòåðàòóðà
òêàíè ÌÏà

Ñêëåðà 5.5 A.Kobayashi et al., 1971
4.76 J.Battaglioli, R.Kamm, 1984

5.3 � 41 A.Arciniegas et al., 1986
1.8 �2.9 T.Friberg, J.Lace, 1984

17.4 � 44.2 Å.Í.Èîìäèíà, 1984, 2000
28.5 � 36 E.Spoerl et al., 2005

Õîðèîèäåÿ 0.193 � 0.477 R.Moses, 1965
0.555 � 0.52 J.Saulgozis et al., 2087

Ñåò÷àòêà 0.02 W.Wu et al., 1987
I.Jones et al., 1992

Ñîñóäèñòàÿ îáîëî÷êà îòíîñèòñÿ ê �àêòèâíûì� ñòðóêòóðàì ãëàçà
(ñì. [2]): èçìåíÿÿ ñâîé îáúåì è æåñòêîñòü â çàâèñèìîñòè îò êðîâå-
íàïîëíåíèÿ, îíà ñïîñîáíà èçìåíÿòü ñâîè ìåõàíè÷åñêèå ñâîéñòâà â
òå÷åíèå ñóòîê.

Èçìåíåíèå áèîìåõàíè÷åñêèõ ñâîéñòâ ñîñóäèñòîé îáîëî÷êè áûëî
âûÿâëåíî è â ðåçóëüòàòå èññëåäîâàíèé, ïðîâåäåííûõ Þ. Ñàóëãîçè-
ñîì (ñì. [3]). Â ñîñóäèñòîé îáîëî÷êå ïðè ìèîïèè áûëè îáíàðóæå-
íû òàêèå áèîìåõàíè÷åñêèå íàðóøåíèÿ, êàê ïîâûøåííàÿ æåñòêîñòü
òêàíè è ïîíèæåííàÿ óñòîé÷èâîñòü ê ðàñòÿæåíèþ, êîòîðûå, íàðÿäó
ñ åå ñóùåñòâåííûìè òðîôè÷åñêèìè è äåãåíåðàòèâíûìè èçìåíåíèÿ-
ìè, ìîãóò ïðèâåñòè ê îòñëîéêàì èëè äàæå ê ðàçðûâàì âíóòðåííèõ
îáîëî÷åê ãëàçà.

Â íàñòîÿùåé ðàáîòå ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè, ìîäå-
ëèðóþùåé ãëàçíîå ÿáëîêî, ïðîâîäèòñÿ ñ ó÷åòîì ðàçëè÷íûõ çíà÷å-
íèé òîëùèíû è óïðóãèõ ñâîéñòâ åãî âíåøíèõ îáîëî÷åê, à àíàëèç
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íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãëàçà ïðîâîäèòñÿ ñ ó÷å-
òîì âîçìîæíîñòè ñîñóäèñòîé îáîëî÷êè èçìåíÿòü ñâîè áèîìåõàíè-
÷åñêèå ñâîéñòâà.

Ðàññìàòðèâàåìàÿ çàäà÷à ìîæåò îïèñûâàòü èçìåíåíèå íàïðÿæåí-
íî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ âíåøíèõ îáîëî÷åê ãëàçíîãî ÿáëî-
êà ïðè ââåäåíèè âíóòðèãëàçíûõ èíúåêöèé, à òàêæå îöåíèòü âëè-
ÿíèå óïðóãèõ õàðàêòåðèñòèê îáîëî÷åê íà âîçìîæíîå ðàçâèòèå îò-
ñëîåê.

2. Ïîñòàíîâêà çàäà÷è

Ãëàçíîå ÿáëîêî ìîäåëèðóåòñÿ òðåõñëîéíîé óïðóãîé ñôåðè÷åñêîé
îáîëî÷êîé, ïîä äåéñòâèåì íîðìàëüíîãî âíóòðåííåãî è âíåøíåãî
äàâëåíèÿ. Ïðåäïîëàãàåòñÿ, ÷òî âíåøíèé ñëîé îáîëî÷êè ÿâëÿåòñÿ
áîëåå æåñòêèì è îòâå÷àåò áèîìåõàíè÷åñêèì õàðàêòåðèñòèêàì ñêëå-
ðû, ñðåäíèé ñëîé ÿâëÿåòñÿ �àêòèâíûì� ñëîåì è îòâå÷àåò áèîìåõà-
íè÷åñêèì õàðàêòåðèñòèêàì õîðèîèäåè (ñîñóäèñòîé îáîëî÷êå ãëàçà),
à âíóòðåííèé ñëîé � áîëåå ìÿãêèì è îòâå÷àåò áèîìåõàíè÷åñêèì õà-
ðàêòåðèñòèêàì ñåò÷àòêè.

Ïîëó÷èì îïðåäåëÿþùèå ñîîòíîøåíèÿ äëÿ íàïðÿæåíèé è ïåðå-
ìåùåíèé, âîçíèêàþùèõ â òðåõñëîéíîé ñôåðè÷åñêîé îáîëî÷êå, íàõî-
äÿùåéñÿ ïîä äåéñòâèåì âíóòðåííåãî è âíåøíåãî äàâëåíèÿ, â ðàìêàõ
òðåõìåðíîé òåîðèè óïðóãîñòè. Äëÿ îäíîðîäíîé èçîòðîïíîé ñôåðû
ðåøåíèå ýòîé çàäà÷è îïèñàíî â ðàáîòå (ñì. [4]).

Îáîçíà÷èì R1, R4 � âíóòðåííèé è âíåøíèé ðàäèóñû îáîëî÷êè,
R2 è R3 � ðàäèóñû çîí êîíòàêòà ñëîåâ (R1 < R2 < R3 < R4).
Ïóñòü p1, p4 � âåëè÷èíû âíóòðåííåãî è âíåøíåãî äàâëåíèÿ, p2 è
p3 � âåëè÷èíû äàâëåíèÿ, äåéñòâóþùåãî â çîíå êîíòàêòà ñëîåâ.

Èç ñîîáðàæåíèé ñèììåòðèè ïîëîæèì, ÷òî â ñôåðè÷åñêîé ñèñòå-
ìå êîîðäèíàò (ρ, φ, θ) ñïðàâåäëèâû ðàâåíñòâà

σiθθ = σiθθ(ρ), σiρρ = σiρρ(ρ), σiρθ = σiρφ = σiθφ = 0,

uiρ = uiρ(ρ), uiθ = uiφ = 0, i = 1, 2, 3,
(1)

ãäå i = 1 ñîîòâåòñòâóåò âíóòðåííåìó, i = 2 � ñðåäíåìó, à i = 3 �
âíåøíåìó ñëîÿì.
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Ïðåäïîëàãàÿ, ÷òî èìååò ìåñòî æåñòêèé êîíòàêò, çàïèøåì óñëî-
âèÿ êîíòàêòà îáîëî÷åê:

σ1
ρρ = σ2

ρρ, u1ρ = u2ρ ïðè ρ = R2,

σ2
ρρ = σ3

ρρ, u2ρ = u3ρ ïðè ρ = R3.
(2)

Òàê êàê îáúåìíûå ñèëû ðàâíû íóëþ, òî äëÿ êàæäîãî ñëîÿ èìååì
óðàâíåíèÿ ðàâíîâåñèÿ (ñì. [4]):

dσiρρ
dρ

+
1

ρ

(
2σiρρ − σiθθ − σiφφ

)
= 0, i = 1, 2, 3. (3)

Äåôîðìàöèè ñôåðè÷åñêîãî ñëîÿ èìåþò âèä

Eiρρ =
duiρ
dρ

, Eiφφ =
uiρ
ρ
, Eiθθ =

uiρ
ρ
,

Eiθφ = Eiρφ = Eiρθ = 0, i = 1, 2, 3.

(4)

Èç çàêîíà Ãóêà èìååì

σiρρ = λi

(
duiρ
dρ

+ 2
uiρ
ρ

)
+ 2µ

duiρ
dρ

,

σiθθ = σiφφ = λi

(
duiρ
dρ

+ 2
uiρ
ρ

)
+ 2µ

uiρ
ρ
,

(5)

ãäå λi =
Eiνi

(1 + νi)(1− 2νi)
, µi =

Ei
2(1 + νi)

, i = 1, 2, 3.

Ïîäñòàâëÿÿ ðàâåíñòâà (5) â óðàâíåíèÿ (3), ïîëó÷àåì, ñîãëàñíî
ðàáîòå [4],

d2uiρ
dρ2

+ 2
d

dρ

(
uiρ
ρ

)
= 0, i = 1, 2, 3. (6)

Ðåøåíèå óðàâíåíèé (6) ïðè ui = uiρ(ρ) èìååò âèä

ui = aiρ+
bi
ρ2
, i = 1, 2, 3, (7)
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ãäå ai è bi � íîâûå ïîñòîÿííûå. Ïîäñòàâëÿÿ (7) â ðàâåíñòâà (5),
ïîëó÷àåì

σiρρ = aiδi −
βibi
ρ3

, σiθθ = aiδi +
βibi
2ρ3

, (8)

ãäå

δi =
Ei

1− 2ν3i
, βi =

2Ei
1 + ν3i

, i = 1, 2, 3.

Ïîñòîÿííûå ai è bi îïðåäåëÿþòñÿ èç ãðàíè÷íûõ óñëîâèé íà âíóò-
ðåííåé, ïîãðàíè÷íûõ è âíåøíåé ïîâåðõíîñòÿõ îáîëî÷êè. Òàêèì îá-
ðàçîì, èìååì

σ1
ρρ = −p1 ïðè ρ = R1,

σ1
ρρ = −p2 ïðè ρ = R2,

σ2
ρρ = −p2 ïðè ρ = R2,

σ2
ρρ = −p3 ïðè ρ = R3,

σ3
ρρ = −p3 ïðè ρ = R3,

σ3
ρρ = −p4 ïðè ρ = R4.

(9)

Ïîäñòàâëÿÿ ñîîòíîøåíèÿ (9) â ðàâåíñòâà (8), ïîëó÷àåì

ai =
piR

3
i − pi+1R

3
i+1

δi
(
R3
i+1 −R3

i

) , bi =
R3
iR

3
i+1(pi − pi+1)

βi
(
R3
i+1 −R3

i

) , i = 1, 2, 3.

(10)
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

ni = δi
(
R3
i+1 −R3

i

)
, mi = βi

(
R3
i+1 −R3

i

)
, i = 1, 2, 3. (11)

Èç óñëîâèé u1 = u2 (ïðè ρ = R2) è u2 = u3 (ïðè ρ = R3)
îïðåäåëÿþòñÿ âåëè÷èíû äàâëåíèÿ, äåéñòâóþùèå â çîíàõ êîíòàêòà
ñëîåâ:

p2 =
A1C2p1 +B1B2p4
C1C2 −B1A2

, p3 =
A1A2p1 +B2C1p4
C2C1 −B1A2

, (12)

ãäå

A1 = R3
1n2m2(m1 + n1), B1 = n1m1R

3
3(m2 + n2),

A2 = R3
2n3m3(m2 + n2), B1 = n2m2R

3
4(m3 + n3),
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C1 = n2m2(R
3
2m1 +R3

1n1) + n1m1(R
3
2m2 +R3

3n2),

C2 = n3m3(R
3
3m2 +R3

2n2) + n2m2(R
3
3m3 +R3

4n3).

Âåêòîðà ïåðåìåùåíèÿ ïîëíîñòüþ îïðåäåëÿþòñÿ ñ ïîìîùüþ ôîð-
ìóë

ui =
(piψ

3
i − pi+1)

δi(1− ψ3
i )

ρ+
ψ3
i (pi − pi+1)

βi(1− ψ3
i )

1

ρ2
, i = 1, 2, 3. (13)

ãäå ψi = Ri/Ri+1.

Êîìïîíåíòû íàïðÿæåíèÿ (8) äëÿ êàæäîãî ñëîÿ (i = 1, 2, 3) ïðè-
íèìàþò âèä

σiρρ =
1

1− ψ3
i

[
ψ3
i

(
1−

R3
i+1

ρ3

)
pi −

(
1−

ψ3
iR

3
i+1

ρ3

)
pi+1

]
,

σiθθ =
1

1− ψ3
i

[
ψ3
i

(
1 +

R3
i+1

2ρ3

)
pi −

(
1 +

ψ3
iR

3
i+1

2ρ3

)
pi+1

]
.

(14)

Â ïðåäëàãàåìîé ìîäåëè, çà ñ÷åò ðàçíîñòè óïðóãèõ êîýôôèöèåí-
òîâ ñêëåðàëüíîé, ñîñóäèñòîé è ñåò÷àòîé îáîëî÷åê ãëàçà, íà ïîâåðõ-
íîñòÿõ êîíòàêòà íàáëþäàåòñÿ ðàçðûâ ïðîäîëüíûõ è ïîïåðå÷íûõ
íàïðÿæåíèé. Â ðåàëüíîñòè ñ èçìåíåíèåì âíóòðèãëàçíîãî äàâëåíèÿ
âîçìîæíî ïðîñêàëüçûâàíèå ìåæäó îáîëî÷êàìè, êîòîðîå âîçíèêàåò
èç-çà íåðàâíîìåðíîñòè íàïðÿæåíèé íà ïîâåðõíîñòè. Â ñâÿçè ñ ýòèì
íà ïîâåðõíîñòÿõ êîíòàêòà ââîäÿòñÿ äîïîëíèòåëüíûå óñëîâèÿ:

σ1
θθ = α1σ

2
θθ ïðè ρ = R2,

σ2
θθ = α2σ

3
θθ ïðè ρ = R3,

(15)

ãäå α1, α2 � âñïîìîãàòåëüíûå êîýôôèöèåíòû, ïîçâîëÿþùèå îöå-
íèòü âëèÿíèå ðàçíîñòè óïðóãèõ êîýôôèöèåíòîâ îáîëî÷åê Ei, νi
(i = 1, 2, 3) íà ðàçíîñòü çíà÷åíèé ïðîäîëüíûõ è ïîïåðå÷íûõ íà-
ïðÿæåíèé íà ïîâåðõíîñòÿõ êîíòàêòà.
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Êîýôôèöèåíòû α1, α2 îïðåäåëÿþòñÿ èç óñëîâèé (15):

α1 =

n2m2

(
δ1m1

(
p1R

3
1 − p2R

3
2

)
+
β1
2
R3

1n1(p1 − p2)

)
n1m1

(
δ2m2 (p2R3

2 − p3R3
3) +

β2
2
R3

3n2(p2 − p3)

) ,

α2 =

n3m3

(
δ2m2

(
p2R

3
2 − p3R

3
3

)
+
β2
2
R3

2n2(p2 − p3)

)
n2m2

(
δ3m3 (p3R3

3 − p4R3
4) +

β3
2
R3

4n3(p3 − p4)

) .
(16)

3. Ðåçóëüòàòû ðàñ÷åòîâ

Ñîãëàñíî ýêñïåðèìåíòàëüíûì äàííûì ðàáîòû [1], áóäåì ïðåä-
ïîëàãàòü, ÷òî ìîäóëü Þíãà äëÿ ñêëåðàëüíîé îáîëî÷êè íà ïîðÿäîê
áîëüøå ìîäóëÿ Þíãà äëÿ ñîñóäèñòîé îáîëî÷êè è íà äâà ïîðÿäêà
áîëüøå ìîäóëÿ Þíãà äëÿ ñåò÷àòîé îáîëî÷êè ãëàçà. Î âåëè÷èíå êî-
ýôôèöèåíòà Ïóàññîíà äëÿ äàííûõ îáîëî÷åê èçâåñòíî î÷åíü ìàëî.
Ïîýòîìó, îïèðàÿñü íà äàííûå ðàáîòû [1], áóäåì ñ÷èòàòü, ÷òî äëÿ
ìàòåðèàëà ñêëåðû, õîðèîèäåè è ñåò÷àòêè νi = ν = 0.45, i = 1, 2, 3.

Ðàäèóñ êðèâèçíû âíåøíåøíåãî ñëîÿ ïðèíèìàåòñÿ ðàâíûì 12 ìì.
Òîëùèíà ñêëåðû ñîñòàâëÿåò h1 = 0.6 ìì, õîðèîèäåè h2 = 0.3 ìì,
ñåò÷àòêè h3 = 0.1 ìì.

×òîáû îöåíèòü âëèÿíèå óïðóãèõ ïàðàìåòðîâ ñêëåðàëüíîé, ñîñó-
äèñòîé è ñåò÷àòîé îáîëî÷åê ãëàçà íà ðàñïðåäåëåíèå íàïðÿæåíèé è
ïåðåìåùåíèé íà ïîâåðõíîñòÿõ êîíòàêòà, ïðîâîäÿòñÿ äâå ñåðèè ðàñ-
÷åòîâ.

Â ïåðâîì ñëó÷àå ðàññìàòðèâàþòñÿ ñëîè ñ ðàçëè÷íûìè óïðóãèìè
ñâîéñòâàìè:

E1 = 0.02ÌÏà, E2 = 0.2ÌÏà, E3 = 17.4ÌÏà, i = 1, 2, 3,
(17)

ãäå E1 � ìîäóëü Þíãà ñåò÷àòêè, E2 � õîðèîèäåè, à E3 � ìîäóëü
Þíãà ñêëåðû.

Âî âòîðîì ñëó÷àå ðàññìàòðèâàþòñÿ ñëîè ñ îäèíàêîâûìè óïðóãè-
ìè ñâîéñòâàìè. Ìîäóëü Þíãà äëÿ âñåõ ñëîåâ ïðèíèìàåòñÿ ðàâíûì
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èõ îñðåäíåííîìó çíà÷åíèþ E:

E1 = E2 = E3 = E, E = 10.5ÌÏà, i = 1, 2, 3. (18)

Îñðåäíåííûé ìîäóëü óïðóãîñòè îïðåäåëÿåòñÿ ïî ôîðìóëå

E =
1− ν2

h

(
3∑
k=1

Ekhk
1− ν2

)
, h =

3∑
k=1

hk. (19)

Íà ðèñ. 1�3 ïðèâåäåíû çàâèñèìîñòè ïåðåìåùåíèé è íàïðÿæåíèé
äëÿ âíåøíåé îáîëî÷êè ãëàçà, ñîñòîÿùåé èç âíóòðåííåé ñåò÷àòîé
ρ = [11.0; 11.1], ñðåäíåé ñîñóäèñòîé ρ = [11.1; 11.4] è âíåøíåé ñêëå-
ðàëüíîé ρ = [11.4; 12.0] îáîëî÷åê ñ ðàçëè÷íûìè óïðóãèìè ñâîéñòâà-
ìè (17) äëÿ âíóòðèãëàçíîãî äàâëåíèÿ 15, 25, 35 ìì ðò. ñò. Íà ðèñ. 2
ïðèâåäåíû çàâèñèìîñòè ïåðåìåùåíèé äëÿ âíåøíåé îäíîðîäíîé îä-
íîñëîéíîé îáîëî÷êè ãëàçà ρ = [11.0; 12.0] ñ îñðåäíåííûì çíà÷åíèåì
ìîäóëÿ Þíãà (18) äëÿ òåõ æå çíà÷åíèé âíóòðèãëàçíîãî äàâëåíèÿ.

u( )r , мм

r, мм

0.024

0.008

11.0 11.5 12.0

0.020

0.016

0.012

p 151= мм рт. ст.

p 351= мм рт. ст.

p 251= мм рт. ст.

Ðèñ. 1. Çàâèñèìîñòè äëÿ ïåðåìåùåíèé: ñëåâà � äëÿ âíåøíåé îáîëî÷êè ãëàçà,
ñîñòîÿùåé èç òðåõ îáîëî÷åê ñ ðàçëè÷íûìè óïðóãèìè ñâîéñòâàìè, ñïðàâà �
äëÿ îäíîñëîéíîé âíåøíåé îáîëî÷êè ãëàçà ñ îñðåäíåííûì çíà÷åíèåì ìîäóëÿ
Þíãà..

Ðàñ÷åòû äëÿ îáîëî÷êè, ñîñòîÿùåé èç òðåõ ñëîåâ ñ ðàçëè÷-
íûìè óïðóãèìè ñâîéñòâàì, ïîêàçûâàþò ñóùåñòâåííîå èçìåíåíèå
íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãëàçà, ïî ñðàâíåíèþ ñ
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s rrr( ), КПа

r, мм

-2.0

-1.0

-3.0

11.5 12.0
0.0

-4.0
p =351 мм рт. ст.

p =251 мм рт. ст.

11.0

p = 51 1 мм рт. ст.

s rrr( ), КПа

r, мм

-2.0

-1.0

-3.0

11.5 12.0
0.0

-4.0
p =351 мм рт. ст.

p =251 мм рт. ст.

11.0

p = 51 1 мм рт. ст.

Ðèñ. 2. Çàâèñèìîñòè äëÿ íîðìàëüíûõ íàïðÿæåíèé: ñëåâà � äëÿ âíåøíåé îáî-
ëî÷êè ãëàçà, ñîñòîÿùåé èç òðåõ îáîëî÷åê ñ ðàçëè÷íûìè óïðóãèìè ñâîéñòâà-
ìè, ñïðàâà � äëÿ îäíîñëîéíîé âíåøíåé îáîëî÷êè ãëàçà ñ îñðåäíåííûì çíà-
÷åíèåì ìîäóëÿ Þíãà.

s rqq( ), КПа

r, мм

40.0

30.0

20.0

11.5 12.0
0.0

10.0 p =151 мм рт. ст.

p =351 мм рт. ст.

p = 51 2 мм рт. ст.

s rqq( ), КПа

r, мм

24.0

20.0

16.0

11.5 12.0
0.0

12.0 p =151 мм рт. ст.

p =351 мм рт. ст.

p = 51 2 мм рт. ст.

11.0

Ðèñ. 3. Çàâèñèìîñòè äëÿ òàíãåíöèàëüíûõ íàïðÿæåíèé: ñëåâà � äëÿ âíåøíåé
îáîëî÷êè ãëàçà, ñîñòîÿùåé èç òðåõ îáîëî÷åê ñ ðàçëè÷íûìè óïðóãèìè ñâîé-
ñòâàìè, ñïðàâà � äëÿ îäíîñëîéíîé âíåøíåé îáîëî÷êè ãëàçà ñ îñðåäíåííûì
çíà÷åíèåì ìîäóëÿ Þíãà.

ðàñ÷åòàìè, ïðîâåäåííûìè äëÿ îäíîðîäíîé îáîëî÷êè ñ îñðåäíåííû-
ìè çíà÷åíèÿìè óïðóãèõ êîýôôèöèåíòîâ. Äëÿ ìíîãîñëîéíîé îáî-
ëî÷êè ñ ðàçëè÷íûìè óïðóãèìè ñâîéñòâàìè íà ãðàôèêàõ äëÿ ïå-
ðåìåùåíèé ui(ρ), i = 1, 2, 3, è íîðìàëüíûõ íàïðÿæåíèé σiρρ(ρ) ïî-
ÿâëÿþòñÿ èçëîìû â òî÷êàõ ρ = [R2, R3], ñîîòâåòñòâóþùèõ ãðàíè-
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öàì êîíòàêòà îáîëî÷åê. Íà ãðàôèêàõ äëÿ îêðóæíûõ íàïðÿæåíèé
σiθθ(ρ) íà ïîâåðõíîñòÿõ ñîïðÿæåíèÿ âîçíèêàþò ðàçðûâû. Ïðè óâå-
ëè÷åíèè âíóòðèãëàçíîãî äàâëåíèÿ íàáëþäàåòñÿ óâåëè÷åíèå èçëî-
ìîâ íà ãðàôèêàõ äëÿ ïåðåìåùåíèé è íîðìàëüíûõ íàïðÿæåíèé, à
òàêæå ðàçðûâîâ íà ãðàôèêå äëÿ îêðóæíûõ íàïðÿæåíèé. Ïîñëåä-
íåå ïîçâîëÿåò ãîâîðèòü î âîçìîæíîñòè âîçíèêíîâåíèÿ ðàçðûâîâ, è,
êàê ñëåäñòâèå, îòñëîåê âíóòðåííèõ, áîëåå ìÿãêèõ îáîëî÷åê ãëàçà �
õîðèîèäåè è ñåò÷àòêè, ïðè ïîâûøåííîì âíóòðèãëàçíîì äàâëåíèè.

Êàê îòìå÷àëîñü ðàíåå, ñîñóäèñòàÿ îáîëî÷êà îòíîñèòñÿ ê �àê-
òèâíûì� ýëåìåíòàì ãëàçà è ñïîñîáíà èçìåíÿòü ñâîè áèîìåõàíè÷å-
ñêèå ñâîéñòâà, çà ñ÷åò êðîâåíàïîëíåíèÿ, â òå÷åíèå ñóòîê (ñì. [1]).
Íà ðèñ. 4�5 ïðèâåäåíû çàâèñèìîñòè ïåðåìåùåíèé è íàïðÿæåíèé
ïðè óâåëè÷åíèè ìîäóëÿ Þíãà ñîñóäèñòîé îáîëî÷êè â òðè ðàçà
(îò 0.2 ÌÏà äî 0.6 ÌÏà) ïîä äåéñòâèåì âíóòðèãëàçíîãî äàâëåíèÿ
25 ìì ðò. ñò. ïðè ñëåäóþùèõ çíà÷åíèÿõ óïðóãèõ êîýôôèöèåíòîâ:

E1 = 0.02 ÌÏà, E2 ∈ [0.2; 0.6] ÌÏà, E3 = 17.4 ÌÏà, i = 1, 2, 3.

u( )r , мм

r, мм

0.11

0.10

0.07

11.0 11.5 12.0

0.090.09

0.08 Е =0.6 МПа2

Е =0.4 МПа2

Е =0.2 МПа2

s rrr( ), КПа

r, мм

-0.4

-0.8

-1.2

11.5 12.0
0.0

-1.6

E =0.62 МПа

E =0.22 МПа

11.0

Ðèñ. 4. Çàâèñèìîñòè äëÿ ïåðåìåùåíèé (ñëåâà) è íîðìàëüíûõ íàïðÿæåíèé
(ñïðàâà) ïðè óâåëè÷åíèè ìîäóëÿ Þíãà õîðèîèäåè E2 â 3 ðàçà.

Òîëùèíà ñëîåâ ïîñëå äåôîðìàöèè îïðåäåëÿåòñÿ êàê ðàçíîñòü
∆i =

(
Ri+1 + ui+1(Ri+1)

)
−
(
Ri + ui(Ri)

)
, i = 1, 2, 3. Â òàáë. 2 ïðåä-

ñòàâëåíû ðåçóëüòàòû âû÷èñëåíèé èçìåíåíèÿ òîëùèíû ñåò÷àòîé, ñî-
ñóäèñòîé è ñêëåðàëüíîé îáîëî÷åê ãëàçà ïðè âíóòðèãëàçíîì äàâëå-
íèè 25 ìì ðò. ñò.
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s rqq( ), КПа

r, мм

16.0

12.0

8.0

11.5 12.0

0.0

4.0

E =0.62 МПа

E =0.22 МПа

Ðèñ. 5. Çàâèñèìîñòè äëÿ òàíãåíöèàëüíûõ íàïðÿæåíèé ïðè óâåëè÷åíèè ìîäó-
ëÿ Þíãà õîðèîèäåè E2 â 3 ðàçà.

Òàáëèöà 2. Èçìåíåíèÿ òîëùèíû ñåò÷àòîé, ñîñóäèñòîé è
ñêëåðàëüíîé îáîëî÷åê ãëàçà

Ìîäóëü Ñåò÷àòêà Õîðèîèäåÿ Ñêëåðà
Þíãà Èçìå- Èçìå- Èçìå-
õîðèîè- Òîëùè- íåíèå Òîëùè- íåíèå Òîëùè- íåíèå
äåè E2, íà hi, òîë- íà hi, òîë- íà hi, òîë-
ÌÏà ìì ùèíû, ìì ùèíû, ìì ùèíû,

% % %

0,2 0,094576 5,423 0,2980 0,637 0,599406 0,0989
0,4 0,094589 5,410 0,2988 0,370 0,599410 0,0982
0,6 0,094594 5,405 0,2992 0,280 0,599414 0,0977

Èçìåíåíèå óïðóãèõ êîýôôèöèåíòîâ ñðåäíåé ñîñóäèñòîé îáî-
ëî÷êè ãëàçà â íàèáîëüøåé ñòåïåíè ñêàçûâàåòñÿ íà ïåðåìåùåíè-
ÿõ ui(ρ), i = 1, 2, 3. Ïðè áîëåå íèçêèõ çíà÷åíèÿõ ìîäóëÿ Þíãà
äëÿ ñîñóäèñòîé îáîëî÷êè íàáëþäàþòñÿ áîëüøèå ïåðåìåùåíèÿ è áî-
ëåå ñèëüíûå èñòîí÷åíèÿ õîðèîèäåè è ñåò÷àòêè. Ñèëüíûå èñòîí÷å-
íèÿ òêàíåé òàêæå ìîãóò ïðèâîäèòü ê âîçíèêíîâåíèþ ðàçðûâîâ è
îòñëîåê.
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4. Çàêëþ÷åíèå

Äëÿ ìÿãêèõ îáîëî÷åê � ñåò÷àòîé è ñîñóäèñòîé õàðàêòåðíû áîëü-
øèå íîðìàëüíûå ñìåùåíèÿ è áîëüøèå îòíîñèòåëüíûå èçìåíåíèÿ
òîëùèíû, ÷åì äëÿ æåñòêîé ñêëåðàëüíîé îáîëî÷êè ïðè òîì æå çíà-
÷åíèè âíóòðåííåãî äàâëåíèÿ.

Ïðè áîëåå íèçêèõ çíà÷åíèÿõ ìîäóëåé óïðóãîñòè ñîñóäèñòîé îáî-
ëî÷êè ãëàçà E2 ïðè îäíîì çíà÷åíèè âíóòðèçãëàçíîãî äàâëåíèÿ íà-
áëþäàþòñÿ áîëüøèå íîðìàëüíûå ñìåùåíèÿ è áîëåå ñèëüíûå èçëîìû
ïåðåìåùåíèé è íàïðÿæåíèé.

Ââåäåíèå äîïîëíèòåëüíûõ êîýôôèöèåíòîâ α1 è α2 ïîçâîëÿåò
ó÷åñòü âîçìîæíîñòü ïðîñêàëüçûâàíèÿ ìåæäó îáîëî÷êàìè, âîçíè-
êàþùåãî èç-çà íåðàâíîìåðíîãî ðàñïðåäåëåíèÿ íàïðÿæåíèé íà ïî-
âåðõíîñòè êîíòàêòà ïðè èçìåíåíèè âíóòðèãëàçíîãî äàâëåíèÿ.

Ïðîâåäåííûå ðàñ÷åòû ïîêàçàëè, ÷òî, ÷åì áîëüøå ðàçíîñòü óïðó-
ãèõ êîýôôèöèåíòîâ îáîëî÷åê, òåì ñèëüíåå âîçíèêàþò èçëîìû ïå-
ðåìåùåíèé è íàïðÿæåíèé íà ïîâåðõíîñòè êîíòàêòà.

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò îöåíèòü âëèÿíèå óïðóãèõ
õàðàêòåðèñòèê ñåò÷àòîé, ñîñóäèñòîé è ñêëåðàëüíîé îáîëî÷åê ãëà-
çà íà âîçìîæíîå ðàçâèòèå îòñëîåê.

Ëèòåðàòóðà

1. Èîìäèíà Å.Í. Ìåõàíè÷åñêèå ñâîéñòâà òêàíåé ãëàçà ÷åëîâåêà // Ñîâðå-
ìåííûå ïðîáëåìû áèîìåõàíèêè. Âûï.11. Ì.: Èçä-âî ÌÃÓ, 2006. C. 183�
200.

2. Ïîëîç Ì.Â., Èîìäèíà E.H. Àêòèâíûå äåôîðìàöèè ÷åëîâå÷åñêîãî ãëàçà
// Áèîìåõàíèêà-2010, Õ Âñåðîññèéñêàÿ êîíôåðåíöèÿ, òåçèñû äîêëàäîâ.
Ñàðàòîâ: Èçä-âî Ñàðàòîâ. óí-òà. Ñ. 137�139.

3. Ñàóëãîçèñ Þ.Æ. Îñîáåííîñòè äåôîðìèðîâàíèÿ ñêëåðû //Ìåõàíèêà
êîìïîçèòíûõ ìàòåðèàëîâ. 1981. � 3. Ñ. 505�514.

4. Ëóðüå À.È.Ïðîñòðàíñòâåííûå çàäà÷è òåîðèè óïðóãîñòè. Ì: Ãîñòåõèçäàò,
1955. 492 ñ.



ÌÎÄÅËÈÐÎÂÀÍÈÅ ÔÈËÜÒÐÀÖÈÎÍÍÛÕ ÒÅ×ÅÍÈÉ
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ÑÎ ÑÂÎÁÎÄÍÎÉ ÏÎÂÅÐÕÍÎÑÒÈ

Í.Â. Ëèõà÷åâà (Çàõàðåíêîâà)

Â ðàìêàõ äâóìåðíîé òåîðèè óñòàíîâèâøåéñÿ ôèëüòðàöèè ðàññìàò-
ðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü òå÷åíèÿ âîäû èç êàíàëà ïðÿìîóãîëü-
íîãî ïîïåðå÷íîãî ñå÷åíèÿ ïðè íàëè÷èè èñïàðåíèÿ ñî ñâîáîäíîé ïîâåðõ-
íîñòè ãðóíòîâûõ âîä. Äëÿ åå èçó÷åíèÿ ôîðìóëèðóåòñÿ è ñ ïðèìåíåíèåì
ìåòîäà Ïîëóáàðèíîâîé-Êî÷èíîé ðåøàåòñÿ ñìåøàííàÿ êðàåâàÿ çàäà÷à
òåîðèè àíàëèòè÷åñêèõ ôóíêöèé. Íà áàçå ýòîé ìîäåëè ðàçðàáîòàí àëãî-
ðèòì ðàñ÷åòà ðàçìåðîâ çîíû íàñûùåíèÿ â ñèòóàöèÿõ, êîãäà ïðè ôèëü-
òðàöèè ó÷èòûâàåòñÿ èñïàðåíèå ñî ñâîáîäíîé ïîâåðõíîñòè, à òàêæå óðî-
âåíü âîäû â êàíàëå. Ñ ïîìîùüþ ïîëó÷åííûõ òî÷íûõ àíàëèòè÷åñêèõ çà-
âèñèìîñòåé è ÷èñëåííûõ ðàñ÷åòîâ ïðîâîäèòñÿ ãèäðîäèíàìè÷åñêèé àíà-
ëèç ñòðóêòóðû è õàðàêòåðíûõ îñîáåííîñòåé ìîäåëèðóåìîãî ïðîöåññà, à
òàêæå âëèÿíèÿ âñåõ ôèçè÷åñêèõ ïàðàìåòðîâ íà ðàçìåðû çîíû íàñûùå-
íèÿ.

1. Ââåäåíèå

Â ðàáîòå [1] èññëåäîâàíî âëèÿíèå êàïèëëÿðíîñòè ãðóíòà ïðè
ôèëüòðàöèè èç êàíàëà, óðîâåíü âîäû â êîòîðîì ïðåäïîëàãàëñÿ áåñ-
êîíå÷íî ìàëûì. Íèæå èçó÷àåòñÿ ñëó÷àé ôèëüòðàöèè èç êàíàëà ïðÿ-
ìîóãîëüíîãî ïîïåðå÷íîãî ñå÷åíèÿ ïðè íàëè÷èè âîäû â íåì ÷åðåç
ñëîé ãðóíòà îãðàíè÷åííîé ìîùíîñòè, ïîäñòèëàåìûé ãîðèçîíòàëü-
íûì íåïðîíèöàåìûì îñíîâàíèåì, ñ ó÷åòîì èñïàðåíèÿ ñî ñâîáîäíîé
ïîâåðõíîñòè ãðóíòîâûõ âîä. Ïî ñðàâíåíèþ ñ ïîäîáíûìè çàäà÷àìè
áåç ó÷åòà âîäû â êàíàëå, çäåñü ôèëüòðàöèîííàÿ ñõåìà çíà÷èòåëüíî
óñëîæíÿåòñÿ èç-çà ïîÿâëåíèÿ äîïîëíèòåëüíîãî ãðàíè÷íîãî ó÷àñò-
êà � ýêâèïîòåíöèàëè, îòâå÷àþùåé âåðòèêàëüíîìó îòêîñó êàíàëà.
Ýòî, â ñâîþ î÷åðåäü, ïðèâîäèò ê ïîÿâëåíèþ äîïîëíèòåëüíîé óãëî-

Äîêëàä íà ñåìèíàðå 16 íîÿáðÿ 2010 ã.
c⃝ Í.Â. Ëèõà÷åâà (Çàõàðåíêîâà), 2012
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âîé îñîáîé òî÷êè, óâåëè÷èâàþùåé îáùåå ÷èñëî íåèçâåñòíûõ ïàðà-
ìåòðîâ êîíôîðìíîãî îòîáðàæåíèÿ, êîòîðûå âîçíèêàþò â ïðîöåññå
ðåøåíèÿ ñîîòâåòñòâóþùåé êðàåâîé çàäà÷è ñ íåèçâåñòíîé ñâîáîä-
íîé ãðàíèöåé. Äëÿ åå ðåøåíèÿ èñïîëüçóåòñÿ ìåòîä Ïîëóáàðèíîâîé-
Êî÷èíîé [2], [3], êîòîðûé îñíîâàí íà ïðèìåíåíèè àíàëèòè÷åñêîé
òåîðèè ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé êëàññà Ôóêñà [4],
à òàêæå ðàçðàáîòàííûõ ñïîñîáîâ [5]�[7] êîíôîðìíîãî îòîáðàæå-
íèÿ îáëàñòåé ñïåöèàëüíîãî âèäà, õàðàêòåðíûõ äëÿ çàäà÷ ïîäçåìíîé
ãèäðîìåõàíèêè [8]. Ñ ïîìîùüþ ïîëó÷åííûõ òî÷íûõ àíàëèòè÷åñêèõ
çàâèñèìîñòåé è ÷èñëåííûõ ðàñ÷åòîâ èçó÷àþòñÿ õàðàêòåðíûå îñî-
áåííîñòè ìîäåëèðóåìîãî ïðîöåññà ïðè ó÷åòå òàêèõ ôàêòîðîâ, êàê
óðîâåíü âîäû â êàíàëå è èñïàðåíèå ñî ñâîáîäíîé ïîâåðõíîñòè ãðóí-
òîâûõ âîä, è îöåíèâàåòñÿ èõ ñîâìåñòíîå âëèÿíèå íà ðàçìåðû çîíû
íàñûùåíèÿ. Ïîñòðîåííûé àëãîðèòì ðàñ÷åòà ïîçâîëÿåò â êàæäîì
êîíêðåòíîì ñëó÷àå ñóäèòü î ôîðìå è ðàçìåðàõ çîíû ðàñòåêàíèÿ
ãðóíòîâîé âîäû â çàâèñèìîñòè îò øèðèíû êàíàëà è óðîâíÿ âîäû, à
òàêæå èíòåíñèâíîñòè èñïàðåíèÿ è ìîùíîñòè ïëàñòà. Íàêîíåö, äà-
åòñÿ ñîïîñòàâëåíèå ðåçóëüòàòîâ ðàñ÷åòîâ ñ ïîäîáíîé ñõåìîé, ðàñ-
ñìîòðåííîé â [1].

2. Ïîñòàíîâêà çàäà÷è

Íà ðèñ. 1 èçîáðàæåíà êàðòèíà ïëîñêîãî áåçíàïîðíîãî óñòàíî-
âèâøåãîñÿ òå÷åíèÿ ãðóíòîâûõ âîä èç êàíàëà ïðÿìîóãîëüíîãî ïîïå-
ðå÷íîãî ñå÷åíèÿ øèðèíû 2l ñ óðîâíåì âîäû â íåì H (0 ≤ H < T )
â ñëîé ãðóíòà ìîùíîñòè T , êîòîðûé ïîäñòèëàåòñÿ ãîðèçîíòàëüíûì
âîäîóïîðîì. Ðàñõîäíûì ôàêòîðîì, êîìïåíñèðóþùèì ôèëüòðàöèþ
èç êàíàëà, ÿâëÿåòñÿ ðàâíîìåðíîå èñïàðåíèå ñî ñâîáîäíîé ïîâåðõ-
íîñòè èíòåíñèâíîñòè ε (0 < ε < 1), îòíåñåííîé ê êîýôôèöèåíòó
ôèëüòðàöèè k = const.

Ââåäåì êîìïëåêñíûé ïîòåíöèàë äâèæåíèÿ ω = φ + iψ, ãäå φ �
ïîòåíöèàë ñêîðîñòè, ψ � ôóíêöèÿ òîêà, è êîìïëåêñíóþ êîîðäèíàòó
z = x + iy, îòíåñåííûå ñîîòâåòñòâåííî ê kT è T . Â ñèëó ñèììåò-
ðèè îãðàíè÷èìñÿ ðàññìîòðåíèåì ïðàâîé ïîëîâèíû îáëàñòè òå÷åíèÿ
AB1B2A1B3B4.

Ïðèìåì φ = 0 âäîëü äíà êàíàëà AB4 è îòêîñà B3B4 è ψ = 0
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Ðèñ. 1. Êàðòèíà òå÷åíèÿ èç êàíàëà, ðàññ÷èòàííàÿ ïðè H = 0.6,
ε = 0.35, l = 0.6 è T = 1.4.

âäîëü ëèíèè ñèììåòðèè AB1. Òîãäà ïðè óêàçàííîì íà ðèñ. 1 âû-
áîðå ñèñòåìû êîîðäèíàò è ïðè ñîâìåùåíèè ïëîñêîñòè ñðàâíåíèÿ
ïîòåíöèàëîâ ñ ïëîñêîñòüþ y = 0 íà ãðàíèöå îáëàñòè äâèæåíèÿ âû-
ïîëíÿþòñÿ ñëåäóþùèå êðàåâûå óñëîâèÿ:

AB4 : y = −H,φ = 0; B3B4 : x = l, φ = 0;
AB1 : x = 0, ψ = 0; B1B2 : y = −T, ψ = 0;
B2A1B3 : φ = −y, ψ = Q− ε(x− l),

(1)

ãäå H � ãëóáèíà âîäû â êàíàëå. Ïîëàãàÿ âî âòîðîì óñëîâèè (1) äëÿ
ó÷àñòêà B2A1B3 x = L, ïîëó÷èì

Q = ε(L− l), (2)

ãäå L � øèðèíà ðàñòåêàíèÿ ôèëüòðàöèîííûõ âîä ïî ãîðèçîíòàëü-
íîìó íåïðîíèöàåìîìó îñíîâàíèþ. Ïîñëåäíåå ñîîòíîøåíèå âûðàæà-
åò ðàâåíñòâî ðàñõîäà èç êàíàëà âåëè÷èíå èñïàðåíèÿ ñî ñâîáîäíîé
ïîâåðõíîñòè â óñëîâèÿõ óñòàíîâèâøåéñÿ ôèëüòðàöèè.

Áóäåì ïðåäïîëàãàòü, ÷òî äâèæåíèå ãðóíòîâûõ âîä ïîä÷èíÿåòñÿ
çàêîíó Äàðñè è ïðîèñõîäèò â îäíîðîäíîì èçîòðîïíîì ãðóíòå, êî-
òîðûé ñ÷èòàåòñÿ íåñæèìàåìûì, êàê è ôèëüòðóþùàÿñÿ ÷åðåç íåãî
æèäêîñòü. Ìîùíîñòü ïëàñòà T , øèðèíà êàíàëà l è ãëóáèíà âîäû
H ñ÷èòàþòñÿ çàäàííûìè íàðÿäó ñ âåëè÷èíîé èñïàðåíèÿ ñî ñâîáîä-
íîé ïîâåðõíîñòè ε. Çàäà÷à ñîñòîèò â îïðåäåëåíèè øèðèíû L çîíû
íàñûùåíèÿ è ðàñõîäà Q.
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3. Ïîñòðîåíèå ðåøåíèÿ

Äëÿ ðåøåíèÿ êðàåâîé çàäà÷è (1) èñïîëüçóåì ìåòîä Ï.ß. Ïîëó-
áàðèíîâîé-Êî÷èíîé, êîòîðûé îñíîâàí íà ïðèìåíåíèè àíàëèòè÷å-
ñêîé òåîðèè ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé êëàññà Ôóê-
ñà [2]�[4]. Ââîäèòñÿ âñïîìîãàòåëüíàÿ ïåðåìåííàÿ ζ è ôóíêöèè: z(ζ),
êîíôîðìíî îòîáðàæàþùàÿ âåðõíþþ ïîëóïëîñêîñòü ζ íà îáëàñòü
z (ñîîòâåòñòâèå òî÷åê óêàçàíî íà ðèñ. 2, à, êîìïëåêñíàÿ ñêîðîñòü
w = dω/dz (ðèñ. 2, á ) è ïðîèçâîäíûå

F =
dω

dζ
, Z =

dz

dζ
. (3)

Ðèñ. 2. Îáëàñòü âñïîìîãàòåëüíîé ïàðàìåòðè÷åñêîé ïåðåìåííîé ζ
(à) è êîìïëåêñíîé ñêîðîñòè w (á ).

Îïðåäåëÿÿ ïîêàçàòåëè ôóíêöèé Z è F îêîëî îñîáûõ òî÷åê A,B1,
B2, A1, B3 è B4, íàéäåì, ÷òî â äàííîì ñëó÷àå îíè ÿâëÿþòñÿ ëèíåé-
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íûìè êîìáèíàöèÿìè äâóõ âåòâåé ñëåäóþùåé ôóíêöèè Ðèìàíà [4]:

P

 −a2 0 1 a1 c ∞
−0.5 −0.5 −0.5ν 0 −0.5(1 + ν) 2.5ς
−0.5 0 −1 + 0.5ν 2 −0.5(1− ν) 2

 =

=
1

(1− ς)

√
(ς + a2)ς

[
(c− ς)

(1− ς)

]ν P


0 1 a1 c ∞
0 0 0 0 − ς

2
1

2
1− ν 2 ν 0

 =

(4)

=
Y

ς(1− ς)
√
(ς + a2)ς[(c− ς)/(1− ς)]ν

ãäå ν = 2arctg
√
ε/π

Èç ñîîòíîøåíèÿ (4) âèäíî, ÷òî îñîáàÿ òî÷êà ς = −a2 ÿâëÿåòñÿ
îáûêíîâåííîé òî÷êîé ôóíêöèè Y . Ïðèíèìàÿ âî âíèìàíèå, ÷òî â
ïðàâîé ÷àñòè ñîîòíîøåíèÿ (4) ñòîèò ñèìâîë Ðèìàíà, ñîâïàäàþùèé
ñ òàêîâûì äëÿ ñëó÷àÿ [1], à îáëàñòü êîìïëåêñíîé ñêîðîñòè w (ðèñ. 2,
á ) ñîõðàíÿåò ñâîé ïðåæíèé âèä [1], ïîëó÷àåì ðåøåíèå çàäà÷è â
ñëåäóþùåì ïàðàìåòðè÷åñêîì âèäå:

dω

dt
=

√
εAcht

(Ccht+ sht)νe(1−ν)t − (Ccht− sht)νe(ν−1)t

∆(t)
,

dz

dt
= Acht

(Ccht+ sht)νe(1−ν)t + (Ccht− sht)νe(ν−1)t

∆(t)
,

∆(t) =
√
(sh2t+B2)(sh2t+D2)1+ν .

(5)

Çäåñü A (A > 0) � ìàñøòàáíàÿ ïîñòîÿííàÿ ìîäåëèðîâàíèÿ, C =
D/(D2 − 1)1/2, B = sin b, D = chd, îðäèíàòà b è àáñöèññà d � òàêæå
íåèçâåñòíûe àôôèêñû òî÷åê A è B3 â ïëîñêîñòè t (ðèñ. 3). Ìîæíî
ïðîâåðèòü, ÷òî ôóíêöèè (5) óäîâëåòâîðÿþò ãðàíè÷íûì óñëîâèÿì
(1), ñôîðìóëèðîâàííûì â òåðìèíàõ ôóíêöèé (3), è, òàêèì îáðàçîì,
ÿâëÿþòñÿ ïàðàìåòðè÷åñêèì ðåøåíèåì èñõîäíîé êðàåâîé çàäà÷è.

Çàïèñü ïðåäñòàâëåíèé (5) äëÿ ðàçíûõ ó÷àñòêîâ ãðàíèöû îáëàñòè
t ñ ïîñëåäóþùèì èíòåãðèðîâàíèåì ïî âñåìó êîíòóðó âñïîìîãàòåëü-
íîé îáëàñòè (ðèñ. 3) ïðèâîäèò ê çàìûêàíèþ îáëàñòè äâèæåíèÿ z è
òåì ñàìûì ñëóæèò êîíòðîëåì âû÷èñëåíèé.
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Ðèñ. 3. Îáëàñòü âñïîìîãàòåëüíîé ïàðàìåòðè÷åñêîé ïåðåìåííîé t.

Â ðåçóëüòàòå ïîëó÷àåì âûðàæåíèå äëÿ îñíîâíûõ ãåîìåòðè÷å-
ñêèõ è ôèëüòðàöèîííûõ õàðàêòåðèñòèê:

A

∫ 0.5π

b

XAB4dt = l, A sin
πν

2

∫ ∞

d

YB2A1B4dt = T ,

A

∫ d

0

YB3B4dt = H,

(6)

êîòîðûå ïîçâîëÿþò îïðåäåëèòü íåèçâåñòíûå ïàðàìåòðû êîíôîðì-
íîãî îòîáðàæåíèÿ B è D, à òàêæå ïîñòîÿííóþ ìîäåëèðîâàíèÿ A.
×èñëåííûì ïóòåì ïðîâåðÿåòñÿ ìîíîòîííîñòü ôóíêöèé, âõîäÿùèõ â
ïîäûíòåãðàëüíûå âûðàæåíèÿ ëåâûõ ÷àñòåé óðàâíåíèé ñèñòåìû (6)
è, òàêèì îáðàçîì, óñòàíàâëèâàåòñÿ åå îäíîçíà÷íàÿ ðàçðåøèìîñòü.
Ïîñëå íàõîæäåíèÿ íåèçâåñòíûõ ïîñòîÿííûõ îïðåäåëÿåòñÿ øèðèíà
ðàñòåêàíèÿ âîäû ïî âîäîóïîðó ïî ôîðìóëå

L = A

∫ ∞

0

XB1B2dt (7)

è, íàêîíåö, ïî ôîðìóëå (2) ðàññ÷èòûâàåòñÿ èñêîìûé ôèëüòðàöèîí-
íûé ðàñõîä Q.

Â ôîðìóëàõ (6) è (7) ïîäûíòåãðàëüíûå âûðàæåíèÿ � âûðàæå-
íèÿ ïðàâûõ ÷àñòåé (5) íà ñîîòâåòñòâóþùèõ ó÷àñòêàõ êîíòóðà ïëîñ-
êîñòè t.
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4. Àíàëèç ÷èñëåííûõ ðåçóëüòàòîâ

Íà ðèñ. 1 èçîáðàæåíà êàðòèíà òå÷åíèÿ èç êàíàëà ïðÿìîóãîëüíî-
ãî ïîïåðå÷íîãî ñå÷åíèÿ ñ âîäîé, ðàññ÷èòàííàÿ ïðèH = 0.6, ε = 0.35,
l = 0.6 è T = 1.4 (áàçîâûå çíà÷åíèÿ). Ðåçóëüòàòû ðàñ÷åòîâ âëèÿíèÿ
îïðåäåëÿþùèõ ôèçè÷åñêèõ õàðàêòåðèñòèê H, ε, l è T íà øèðèíó
ðàñòåêàíèÿ ãðóíòîâîé âîäû L è ðàñõîä Q ñâåäåíû â òàáë. 1 è 2.
Â òàáëèöàõ âàðüèðóåòñÿ â 6 ðàç â äîïóñòèìîì äèàïàçîíå îäèí èç
óêàçàííûõ ïàðàìåòðîâ, à îñòàëüíûå ôèêñèðóþòñÿ áàçîâûìè.

Òàáëèöà 1. Ðåçóëüòàòû ðàñ÷åòîâ L è Q ïðè âàðüèðîâàíèè H è ε.

H · 102 L Q ε · 102 L Q
17 2.4000 0.6299 10 4.8536 0.4254

38 2.6430 0.7250 22 3.4110 0.6184

60 2.7926 0.7674 35 2.7926 0.7674

81 2.8806 0.7982 47 2.4686 0.8782

102 2.9329 0.8165 60 2.2343 0.9806

Òàáëèöà 2. Ðåçóëüòàòû ðàñ÷åòîâ L è Q ïðè âàðüèðîâàíèè l è T .

l · 102 L Q T · 103 L Q
17 2.2731 0.7361 617 1.6532 0.3686

38 2.5471 0.7585 1388 2.7926 0.7674

60 2.7926 0.7674 2159 3.7013 1.0854

81 3.0126 0.7709 2930 4.4022 1.3308

102 3.2269 0.7724 3702 4.9507 1.5228

Íà ðèñ. 4 ïðåäñòàâëåíû çàâèñèìîñòè øèðèíû ðàñòåêàíèÿ L (ëè-
íèè 1) è ðàñõîäà Q (ëèíèè 2) îò ïàðàìåòðîâ H, ε, l è T .

Àíàëèç äàííûõ òàáëèö è ãðàôèêîâ ñâîäèòñÿ ê ñëåäóþùåìó.
Óìåíüøåíèå èíòåíñèâíîñòè èñïàðåíèÿ è óâåëè÷åíèå ìîùíîñòè

ñëîÿ, øèðèíû êàíàëà, à òàêæå ãëóáèíû âîäû â íåì ïðèâîäÿò ê
ðàñøèðåíèþ çîíû íàñûùåíèÿ. Êàê è ðàíåå [1] èñïàðåíèå îêàçûâà-
åò çíà÷èòåëüíîå âëèÿíèå íà øèðèíó ðàñòåêàíèÿ ôèëüòðàöèîííîé
âîäû: äàííûå òàáë. 1 ïîêàçûâàþò, ÷òî ñ óáûâàíèåì ïàðàìåòðà ε
øèðèíà L óâåëè÷èâàåòñÿ â 2.2 ðàçà. Îäíàêî ïî ñðàâíåíèþ ñî ñõå-
ìîé [1] íàèáîëüøèå èçìåíåíèÿ øèðèíà ðàñòåêàíèÿ âîäû ïðåòåðïå-
âàåò ïðè âàðüèðîâàíèè ìîùíîñòè ïëàñòà: èç òàáë. 2 âèäíî, ÷òî ñ
óâåëè÷åíèåì ïàðàìåòðà T øèðèíà L âîçðàñòàåò íà 199.5%. Êàê è
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Ðèñ. 4. Çàâèñèìîñòè âåëè÷èí L, Q îò H, ε (I) è îò T , l (II).

â [1], çàâèñèìîñòü L îò øèðèíû êàíàëà l îêàçûâàåòñÿ áëèçêîé ê ëè-
íåéíîé, à çàâèñèìîñòè L è Q îò óðîâíÿ âîäû â êàíàëå êà÷åñòâåííî
ïîäîáíû, åñëè èìåòü â âèäó ðàâåíñòâî (2).

Èç òàáë. 1 âûòåêàåò, ÷òî âàðüèðîâàíèå ïàðàìåòðà H ïðèâîäèò ê
âåñüìà íåçíà÷èòåëüíûì èçìåíåíèÿì øèðèíû ðàñòåêàíèÿ âîäû L, à
òàêæå ðàñõîäà Q (â ïðåäåëàõ 1.2�1.3 ðàçà), òàê ÷òî âëèÿíèå óðîâ-
íÿ âîäû â êàíàëå ïðàêòè÷åñêè íå ñêàçûâàåòñÿ íà ðàçìåðàõ çîíû
íàñûùåíèÿ è ôèëüòðàöèîííîì ðàñõîäå èç êàíàëà.

Â òî æå âðåìÿ íàáëþäàåòñÿ ñîâåðøåííî ïðîòèâîïîëîæíûé õà-
ðàêòåð èçìåíåíèé øèðèíû ðàñòåêàíèÿ L ïðè èçìåíåíèè ïàðàìåò-
ðîâ H è ε. Äàííûå òàáë. 1 îòðàæàþò ñëåäóþùóþ çàêîíîìåðíîñòü:
óâåëè÷åíèå ãëóáèíû âîäû â êàíàëå è óìåíüøåíèå èñïàðåíèÿ � îáà
ýòè ôàêòîðà, ñïîñîáñòâóÿ óñèëåíèþ ïîäïîðà ñî ñòîðîíû íèæåëåæà-
ùåãî âîäîíåïðîíèöàåìîãî îñíîâàíèÿ ïðèâîäÿò ê ðàñøèðåíèþ çîíû
íàñûùåíèÿ.
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×òî êàñàåòñÿ ðàñõîäà Q, òî ñ óâåëè÷åíèåì âñåõ õàðàêòåðèñòèê
H, ε, l è T ðàñõîä óâåëè÷èâàåòñÿ, ïðè ýòîì íàèáîëüøåå âëèÿíèå
íà âåëè÷èíó Q îïÿòü æå îêàçûâàåò ìîùíîñòü ñëîÿ: èç òàáë. 2 âèä-
íî, ÷òî èçìåíåíèþ ïàðàìåòðà T ñîïóòñòâóåò óâåëè÷åíèå ðàñõîäà íà
313%, ò. å. ïðàêòè÷åñêè òàêæå, êàê è â ñõåìå [1].
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Ñ ÈÑÏÎËÜÇÎÂÀÍÈÅÌ ÍÅÊËÀÑÑÈ×ÅÑÊÈÕ
ÒÅÎÐÈÉ ÀÍÈÇÎÒÐÎÏÍÛÕ ÎÁÎËÎ×ÅÊ

À.Ì. Åðìàêîâ

Â ðàáîòå èññëåäóåòñÿ íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå ìíî-
ãîñëîéíûõ àíèçîòðîïíûõ öèëèíäðè÷åñêèõ îáîëî÷åê, íàõîäÿùèõñÿ ïîä
äåéñòâèåì ëîêàëüíîé îáëàñòè äàâëåíèÿ. Òàêàÿ çàäà÷à ìîæåò ìîäåëè-
ðîâàòü ïðîãèá àñáåñòîâûõ íàíîòðóáîê, íàõîäÿùèõñÿ ïîä âîçäåéñòâèåì
èññëåäîâàòåëüñêîãî çîíäà. Â áîëåå ðàííèõ ðàáîòàõ ïîêàçàíî, ÷òî ïðè-
ìåíåíèå êëàññè÷åñêèõ òåîðèé áàëîê, äëÿ ìîäåëèðîâàíèÿ ýêñïåðèìåí-
òà, äàåò ðåçóëüòàò, ïëîõî ñîãëàñóþùèéñÿ ñ ýêñïåðèìåíòàëüíûìè äàííû-
ìè. Ó÷åò æå äîïîëíèòåëüíûõ ôàêòîðîâ, òàêèõ êàê èçìåíåíèå ìîäóëÿ
ñäâèãà â ïîïåðå÷íîì íàïðàâëåíèè (ïî òåîðèè Òèìîøåíêî�Ðåéññíåðà),
ñëîèñòîñòü ñòðóêòóðû àñáåñòà è öèëèíäðè÷åñêîé àíèçîòðîïèè (òåîðèÿ
Ðîäèîíîâîé�Òèòàåâà�×åðíûõà), ïðèâîäèò ê áîëåå òî÷íûì ðåçóëüòàòàì.
Â äàííîé ðàáîòå äëÿ ðåøåíèÿ çàäà÷è àâòîð ïðèìåíÿåò åùå îäíó òåîðèþ
îáîëî÷åê � òåîðèþ Ïàëèÿ�Ñïèðî, ðàçðàáîòàííóþ äëÿ îáîëî÷åê ñðåäíåé
òîëùèíû. Òàêæå ïðîâîäèòñÿ ñðàâíåíèå ñ ðåçóëüòàòàìè, ïîëó÷åííûìè
äëÿ òðåõìåðíîé òåîðèè ïðè èñïîëüçîâàíèè ïàêåòà ANSYS 11.

1. Ââåäåíèå

Ïîñëåäíåå âðåìÿ ó÷åíûìè àêòèâíî îáñóæäàåòñÿ âîçìîæíîñòü
ïðèìåíåíèÿ ìåòîäîâ êëàññè÷åñêîé ìåõàíèêè ê íàíîîáúåêòàì. Â ðà-
áîòàõ [1, 2] îòìå÷àåòñÿ, ÷òî ìåõàíè÷åñêèå õàðàêòåðèñòèêè, ñîîò-
âåòñòâóþùèå íàíîðàçìåðíûì ñòðóêòóðíûì ýëåìåíòàì, òàêèì êàê
áàëêè è ïëàñòèíêè, ìîãóò îòëè÷àòüñÿ îò ìåõàíè÷åñêèõ õàðàêòåðè-
ñòèê, ñîîòâåòñòâóþùèõ ñòðóêòóðàì èç òîãî æå ìàòåðèàëà, èìåþ-

Äîêëàä íà ñåìèíàðå 30 íîÿáðÿ 2010 ã.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ
(ãðàíòû � 10-01-00244 è 09-01-00623)
c⃝ À.Ì. Åðìàêîâ, 2012
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ùèì �îáû÷íûå� ãåîìåòðè÷åñêèå ðàçìåðû. Êðîìå ðàçìåðíûõ ýôôåê-
òîâ âîçìîæíî ïðîÿâëåíèå àíèçîòðîïèè íàíîîáúåêòîâ. Â ðàáîòàõ
[3�5] îáñóæäàþòñÿ ðåçóëüòàòû ýêñïåðèìåíòîâ, â êîòîðûõ èññëåäî-
âàëèñü ìåõàíè÷åñêèå ñâîéñòâà íàíîòðóáîê èç ïðèðîäíîãî õðèçîëè-
òîâîãî àñáåñòà, âíóòðåííÿÿ ïîëîñòü òðóáêè áûëà çàïîëíåíà âîäîé,
ðòóòüþ èëè òåëëóðîì ïîä äàâëåíèåì.

Ñëåäóþùèé ýêñïåðèìåíò ïðîâîäèëñÿ â Ôèçèêî-òåõíè÷åñêîì èí-
ñòèòóòå èìåíè À.Ô. Èîôôå Ðîññèéñêîé àêàäåìèè íàóê ïîä ðóêî-
âîäñòâîì À.Â. Àíêóíäèíîâà. Ñ ïîìîùüþ ñêàíèðóþùåé çîíäîâîé
ìèêðîñêîïèè (ÑÇÌ) èçìåðÿëàñü æåñòêîñòü íàíîòðóáêè. Ïîä æåñò-
êîñòüþ ïîíèìàëîñü îòíîøåíèå ïðèëîæåííîé ñèëû ê âåëè÷èíå ïðî-
ãèáà ìîñòèêà, ñôîðìèðîâàííîãî íàíîòðóáêîé, ïåðåêðûâàþùåé îò-
âåðñòèå â ïîðèñòîé ïîäëîæêå (ðèñ.1 íà âêëåéêå). Áûëè èññëåäî-
âàíû ìåõàíè÷åñêèå ñâîéñòâà îòäåëüíûõ íàíîîáúåêòîâ èç ïðèðîä-
íîãî õðèçîëèòîâîãî àñáåñòà, ôîðìèðóþùåãîñÿ â âèäå íàíîòðóáîê ñ
âíåøíèì äèàìåòðîì îêîëî 32 íì è ñ âíóòðåííèì îêîëî � 5 íì. Ýêñ-
ïåðèìåíòû ïîêàçàëè, ÷òî òðóáêà, íàïîëíåííàÿ âîäîé, ñóùåñòâåííî
ìÿã÷å, ÷åì �ñóõàÿ� òðóáêà � òðóáêà áåç íàïîëíèòåëÿ. Òðóáêè, íà-
ïîëíåííûå òåëëóðîì èëè ðòóòüþ, íåñêîëüêî æåñò÷å, ÷åì �ñóõèå�
òðóáêè. Â ðàáîòå [5] ïðîâåäåíî ñðàâíåíèå ýêñïåðèìåíòàëüíûõ äàí-
íûõ ñ ðåçóëüòàòàìè ìîäåëèðîâàíèÿ â ðàìêàõ êîíòèíóàëüíîé òåîðèè
óïðóãîñòè, ðàññìîòðåíû ïðîñòåéøèå êëàññè÷åñêèå ìîäåëè èçîòðîï-
íûõ áàëîê è íåêëàññè÷åñêèå òðàíñâåðñàëüíî-èçîòðîïíûå ìîäåëè.

Â ÷àñòíîñòè, äëÿ àíàëèòè÷åñêîé îöåíêè ïðîãèáîâ íàíîòðóáîê
êàê áàëîê èñïîëüçîâàëàñü òåîðèÿ Òèìîøåíêî�Ðåéññíåðà (ÒÐ), òàê
êàê ñëîèñòàÿ ñòðóêòóðà àñáåñòîâûõ íàíîòðóáîê (ðèñ.2 íà âêëåéêå)
ïîçâîëÿåò ðàññìàòðèâàòü åå êàê òðàíñâåðñàëüíî-èçîòðîïíóþ. Êàæ-
äûé ñëîé ìîæåò íå ìåíÿòü ñâîåé ñòðóêòóðû, íî ìîäóëü ñäâèãà â ïî-
ïåðå÷íîì ñå÷åíèè G′ ìîæåò ñóùåñòâåííî ìåíÿòüñÿ â çàâèñèìîñòè îò
íàïîëíèòåëÿ. Òî, ÷òî òðóáêà, íàïîëíåííàÿ âîäîé, îêàçûâàåòñÿ ìÿã-
÷å, ÷åì �ñóõàÿ� òðóáêà, ìîæåò áûòü îáúÿñíåíî óìåíüøåíèåì ìîäóëÿ
ñäâèãà â ïîïåðå÷íîì ñå÷åíèè.

Â èçîòðîïíîì ñëó÷àå òåîðèÿ ÒÐ, ó÷èòûâàþùàÿ ñäâèã, íåñó-
ùåñòâåííî óòî÷íÿåò êëàññè÷åñêóþ òåîðèþ, íî äëÿ òåë èç
òðàíñâåðñàëüíî-èçîòðîïíîãî ìàòåðèàëà �ïðè óìåðåííî ìàëîé ïîïå-
ðå÷íîé æåñòêîñòè íà ñäâèã� òåîðèÿ ÒÐ ñóùåñòâåííî óòî÷íÿåò òåî-
ðèþ Áåðíóëëè�Êèðõãîôôà�Ëÿâà è äàåò ñëåäóþùåå àñèìïòîòè÷å-
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ñêîå ïðèáëèæåíèå òðåõìåðíîé òåîðèè (ñì. [6]). Òåëà �ñ óìåðåííî ìà-
ëîé ïîïåðå÷íîé æåñòêîñòüþ íà ñäâèã� � ýòî òîíêèå òåëà, äëÿ êîòî-
ðûõ ïàðàìåòð g = G′/E′ óäîâëåòâîðÿåò ñîîòíîøåíèþ µ2 ≪ g ≪ 1.
Çäåñü E′ � ìîäóëü Þíãà â òàíãåíöèàëüíîì íàïðàâëåíèè, G′ � ìî-
äóëü óïðóãîñòè ïðè ïîïåðå÷íîì ñäâèãå, µ � ïàðàìåòð òîíêîñòåííî-
ñòè êîíñòðóêöèè, ïðè÷åì äëÿ öèëèíäðè÷åñêîé îáîëî÷êè µ ∼ h/R,
ãäå h � òîëùèíà, à R � ðàäèóñ îáîëî÷êè.

Â ýòîé ðàáîòå çàäà÷à î äåôîðìàöèè ìíîãîñëîéíîé òðóáêè, íàõî-
äÿùåéñÿ ïîä äåéñòâèåì ëîêàëüíî ïðèëîæåííîé íàãðóçêè, ðåøàåò-
ñÿ ñ èñïîëüçîâàíèåì òåîðèè àíèçîòðîïíûõ îáîëî÷åê Ðîäèîíîâîé�
Òèòàåâà�×åðíûõà (ÐÒ×) [7], êîòîðàÿ êðîìå ïîïåðå÷íûõ ñäâèãîâ
ïîçâîëÿåò ó÷åñòü ñëîèñòóþ ñòðóêòóðó àñáåñòà è öèëèíäðè÷åñêóþ
àíèçîòðîïèþ. Òàêæå äëÿ ðåøåíèÿ ýòîé çàäà÷è èñïîëüçóåòñÿ òåî-
ðèÿ àíèçîòðîïíûõ îáîëî÷åê ñðåäíåé òîëùèíû, èçëîæåííàÿ â ðàáî-
òå Î.Ì. Ïàëèÿ è Â.Å. Ñïèðî (ÏÑ) [8]. Â çàêëþ÷åíèå ïðîâîäèòñÿ
ñðàâíåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ ïî òåîðèè ÒÐ, ÐÒ×, ÏÑ, ñ ðå-
çóëüòàòàìè, ïîëó÷àþùèìèñÿ ïðè òåõ æå ïàðàìåòðàõ ÌÊÝ â ïàêåòå
ANSYS 11 [9]. Ïîäîáíîå èññëåäîâàíèå äëÿ öèëèíäðè÷åñêèõ è ñôå-
ðè÷åñêèõ ñëîåâ ïðîâîäèëîñü â ðàáîòå [10].

2. Ïîñòàíîâêà çàäà÷è

Â ïåðâîì ïðèáëèæåíèè äëÿ àíàëèòè÷åñêîé îöåíêè ïðîãèáîâ íà-
íîòðóáîê êàê áàëîê èñïîëüçîâàëàñü òåîðèÿ Òèìîøåíêî�Ðåéññíåðà
[6], òàê êàê äëèíà àñáåñòîâûõ íàíîòðóáîê âî ìíîãî ðàç ïðåâîñõîäèò
ïîïåðå÷íûå ðàçìåðû ñå÷åíèÿ. Ïðîãèá øàðíèðíî çàêðåïëåííîé ïî
êðàÿì áàëêè äëèíîé L, íàõîäÿùåéñÿ ïîä äåéñòâèåì òî÷å÷íîé ñèëû
F , ïðèëîæåííîé â òî÷êå Lv, èìååò ñëåäóþùèé âèä:

w(Lv) =
FLv

2(L− Lv)
2

3LEJ

(
1 +

1

G′S

3nEJ

Lv(L− Lv)

)
. (1)

Çäåñü J = πR4

4 � ìîìåíò èíåðöèè öèëèíäðè÷åñêîãî ñå÷åíèÿ, E �
ìîäóëü Þíãà, n = 5/6 � êîýôôèöèåíò â ôîðìóëå Æóðàâñêîãî,
S = πR2 � ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ.

Áîëåå òî÷íóþ ìîäåëü ýêñïåðèìåíòà ìîæíî ïîëó÷èòü ñ èñïîëü-
çîâàíèåì íåêëàññè÷åñêèõ òåîðèé àíèçîòðîïíûõ îáîëî÷åê, êîòîðûå
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êðîìå ïîïåðå÷íûõ ñäâèãîâ ïîçâîëÿþò ó÷åñòü ñëîèñòóþ ñòðóêòóðó è
öèëèíäðè÷åñêóþ àíèçîòðîïèþ àñáåñòîâûõ íàíîòðóáîê. Â äàëüíåé-
øåì òðóáêà ðàññìàòðèâàåòñÿ êàê ìíîãîñëîéíàÿ çàìêíóòàÿ è øàð-
íèðíî îïåðòàÿ ïî êðàÿì àíèçîòðîïíàÿ öèëèíäðè÷åñêàÿ îáîëî÷êà
(ðèñ. 1), íàõîäÿùàÿñÿ ïîä äåéñòâèåì ëîêàëüíîé îáëàñòè äàâëåíèÿ
(ðèñ. 2).

Ðèñ. 1. Ýëåìåíò êðóãîâîé öèëèíäðè÷åñêîé îáîëî÷êè.

Ïóñòü α è β � öèëèíäðè÷åñêèå êîîðäèíàòû íà ïîâåðõíîñòè îáî-
ëî÷êè: α � ïîëÿðíûé óãîë, β � êîîðäèíàòà âäîëü îáðàçóþùåé
òðóáêè, h(i) � òîëùèíû, R(i) � ðàäèóñû ñðåäèííûõ ïîâåðõíîñòåé
ñëîåâ îáîëî÷êè, à L � äëèíà òðóáêè.

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ èñïîëüçóåì îáîçíà÷åíèå A(i)
J .

Íèæíèé èíäåêñ j óêàçûâàåò, êàêîé êðèâîëèíåéíîé êîîðäèíàòå ñî-
îòâåòñòâóåò ðàññìàòðèâàåìàÿ âåëè÷èíà A, à âåðõíèé i � ê êàêîé
îáîëî÷êå îíà ïðèíàäëåæèò. Òàê ïðè i = 1 îíà îòíîñèòñÿ ê ïåð-
âîé, âíóòðåííåé îáîëî÷êå, ïðè i = N � ê ïîñëåäíåé, âíåøíåé.
E

(i)
1 , E

(i)
2 , E

(i)
3 � ìîäóëè óïðóãîñòè â òàíãåíöèàëüíûõ è íîðìàëü-

íîì êîîðäèíàòíûõ íàïðàâëåíèÿõ, ν(i)jk � êîýôôèöèåíòû Ïóàññîíà.
Îïðåäåëÿåòñÿ íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå ìíîãîñëîé-
íîé òðóáêè, íàõîäÿùåéñÿ ïîä äåéñòâèåì ëîêàëüíî ïðèëîæåííîé íà-
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ãðóçêè, ñ èñïîëüçîâàíèåì íîâîé óòî÷íåííîé èòåðàöèîííîé òåîðèè
àíèçîòðîïíûõ îáîëî÷åê Ðîäèîíîâîé�Òèòàåâà�×åðíûõà [7] è òåî-
ðèè, ïðåäëîæåííîé â ìîíîãðàôèè Ïàëèÿ�Ñïèðî [8].

Ðèñ. 2. Îáëàñòü íàãðóæåíèÿ íà ïîâåðõíîñòè òðóáêè.

Òåîðèÿ àíèçîòðîïíûõ îáîëî÷åê Ðîäèîíîâîé�Òèòàåâà�×åðíûõà
� ýòî ëèíåéíàÿ òåîðèÿ îäíîðîäíûõ àíèçîòðîïíûõ îáîëî÷åê ïîñòî-
ÿííîé òîëùèíû ñ ó÷åòîì ìàëîé ïîäàòëèâîñòè ïîïåðå÷íûì ñäâèãàì
è äåôîðìèðîâàíèþ â íàïðàâëåíèè íîðìàëè ê ñðåäèííîé ïîâåðõíî-
ñòè, à òàêæå ïîïåðå÷íûõ íîðìàëüíûõ íàïðÿæåíèé è íåëèíåéíîãî
ðàñïðåäåëåíèÿ êîìïîíåíò âåêòîðà ïåðåìåùåíèÿ ïî òîëùèíå îáî-
ëî÷êè [7].

Ôóíêöèè, îïèñûâàþùèå ïåðåìåùåíèå ñëîÿ îáîëî÷êè u1(α, β, z),
u2(α, β, z), u3(α, β, z) ïî òåîðèè ÐÒ× ïðåäëàãàåòñÿ èñêàòü â âèäå
ðÿäîâ ïî ïåðâûì ÷åòûðåì ïîëèíîìàì Ëåæàíäðà P0, P1, P2, P3 îò
íîðìàëüíîé êîîðäèíàòû z ∈

[
−h

2 ,
h
2

]
:

uj = (u, v) · P0(z) + γj · P1(z) + θj · P2(z) + φj · P3(z);
u3 = w · P0(z) + γ3 · P1(z) + θ3 · P2(z); (j = 1, 2)

(2)

P0(z) = 1, P1(z) =
2z

h
, P2(z) =

6z2

h2
− 1

2
, P3(z) =

20z3

h3
− 3z

h
, (3)

ãäå u, v, w � êîìïîíåíòû âåêòîðà ïåðåìåùåíèÿ òî÷åê ñðåäèííîé
ïîâåðõíîñòè îáîëî÷êè, à γ3 è θ3 õàðàêòåðèçóþò èçìåíåíèå äëèíû
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íîðìàëè ê ýòîé ïîâåðõíîñòè, γ1 è γ2 � óãëû ïîâîðîòà íîðìàëè â
ïëîñêîñòÿõ (α, z) è (β, z) ñîîòâåòñòâåííî. Âåëè÷èíû θ1 è φ1, îïè-
ñûâàþò íîðìàëüíóþ êðèâèçíó â ïëîñêîñòè (α, z) âîëîêíà, à θ2 è
φ2, îïèñûâàþò íîðìàëüíóþ êðèâèçíó â ïëîñêîñòè (β, z), êîòîðûå
äî äåôîðìàöèè áûëè ïåðïåíäèêóëÿðíûìè ê ñðåäèííîé ïîâåðõíî-
ñòè îáîëî÷êè.

Òåîðèÿ îáîëî÷åê Ïàëèÿ�Ñïèðî [8] � ýòî òåîðèÿ îáîëî÷åê ñðåä-
íåé òîëùèíû, â êîòîðîé ïðèíÿòû ñëåäóþùèå ãèïîòåçû:

1) ïðÿìîëèíåéíûå âîëîêíà îáîëî÷êè, ïåðïåíäèêóëÿðíûå ê åå
ñðåäèííîé ïîâåðõíîñòè äî äåôîðìàöèè, îñòàþòñÿ ïîñëå äåôîðìà-
öèè òàêæå ïðÿìîëèíåéíûìè;

2) êîñèíóñ óãëà íàêëîíà îáîëî÷êè òàêèõ âîëîêîí ê ñðåäèííîé
ïîâåðõíîñòè äåôîðìèðîâàííîé îáîëî÷êè ðàâåí îñðåäíåííîìó óãëó
ïîïåðå÷íîãî ñäâèãà.

Ìàòåìàòè÷åñêàÿ ôîðìóëèðîâêà ïðèíÿòûõ ãèïîòåç ñâîäèòñÿ ê
ñëåäóþùèì ðàâåíñòâàì:

u1 = u+ ϕ · z, u2 = v + ψ · z,
u3 = w + F (α, β, z),
ϕ = γ1 + ϕ0, ψ = γ2 + ψ0,

ϕ0 = − 1

A1

∂w

∂α
+ k1u, ψ0 = − 1

A2

∂w

∂α
+ k2v,

(4)

ãäå ϕ è ψ � óãëû ïîâîðîòà íîðìàëè â ïëîñêîñòÿõ (α, z) è (β, z); ϕ0,
ψ0, γ1 è γ2 � óãëû ïîâîðîòà íîðìàëè ê ñðåäèííîé ïîâåðõíîñòè è
óãëû ñäâèãà â òåõ æå ïëîñêîñòÿõ. Ôóíêöèÿ F (α, β, z) õàðàêòåðèçóåò
èçìåíåíèå äëèíû íîðìàëè ê ñðåäèííîé ïîâåðõíîñòè.

Êîýôôèöèåíòû Ëàìý è êðèâèçíû, îïðåäåëÿþùèå ãåîìåòðèþ öè-
ëèíäðè÷åñêîé îáîëî÷êè, èìåþò âèä

A
(i)
1 = R(i), A

(i)
2 = 1, k

(i)
1 =

1

R(i)
, k

(i)
2 = 0. (5)

Ïðèâåäåì îñíîâíûå âåëè÷èíû ê áåçðàçìåðíîìó âèäó ïî ñëåäóþùèì
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ôîðìóëàì:{
ũ(i), ṽ(i), w̃(i), γ̃

(i)
j , θ̃

(i)
j , φ̃

(i)
k , ϕ̃

(i)
,0 , ψ̃

(i)
,0

}
=

=
1

h

{
u(i), v(i), w(i), γ

(i)
j , θ

(i)
j , φ

(i)
k , ϕ

(i)
,0 , ψ

(i)
,0

}
,{

Ẽ(k+1)

}
=

1

E1

{
E(k+1)

}
,
{
G̃13, G̃12, G̃23

}
=

1

E1
{G13, G12, G23} ,{

P̃
−(i)
j , P̃

+(i)
j

}
=

1

E1

{
Pj

−(i), Pj
+(i)
}
, (j = 1, 2, 3) (k = 1, 2),{

T̃
(i)
(j−1), Q̃

(i)
k

}
=

1

R(i)E1

{
T

(i)
(j−1), Q

(i)
k

}
,

{
M̃

(i)
(j−1)

}
=

{
M

(i)
(j−1)

}
R(i)E1h

, R̃(i) =
A

(i)
1

A
(i)
2

, h̃(i) =
h

R(i)
,

(6)
ãäå P+

j è P−
j � äàâëåíèÿ íà âíóòðåííåé è âíåøíåé ïîâåðõíîñòÿõ

îáîëî÷êè.
Äëÿ óäîáñòâà âåäåì ñëåäóþùèå ïàðàìåòðû:

E11 =
1

1− ν12ν21
, E12 = E21 =

Ẽ2

1− ν12ν21
, E22 =

ν12
1− ν12ν21

,

Ez =
Ẽ3

1− ν13µ1 − ν23µ2
, µ1 =

ν31 + ν21ν32
1− ν12ν21

, µ2 =
ν32 + ν21ν31
1− ν12ν21

,

K11 = −E11h̃
(i),K12 = E22h̃

(i),K21 =
3

2
E11h̃

(i)µ1,K22 =
3

2
E22h̃

(i)µ2,

K13 = E11
h̃(i)

2
(µ2 + 2ν12µ1), K23 = E11

h̃(i)

2
(ν12µ1 + 2µ2),

m̃
(i)
j =

h̃(i)

2
P̃

+(i)
j

(
1 +

h̃(i)

2

)
+
h̃(i)

2
P̃

−(i)
j

(
1− h̃(i)

2

)
,

q̃
(i)
j = P̃

+(i)
j

(
1 +

h̃(i)

2

)
− P̃

−(i)
j

(
1− h̃(i)

2

)
, (j = 1, 2, 3).

(7)

3. Ñîîòíîøåíèÿ òåîðèè îáîëî÷åê

Äåôîðìàöèè îáîëî÷êè äëÿ ðàññìàòðèâàåìûõ òåîðèé âûðàæà-
þòñÿ ÷åðåç êîìïîíåíòû ïåðåìåùåíèÿ ïî ñëåäóþùèì ôîðìóëàì:
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Òàáëèöà 1. Êîìïîíåíòû äåôîðìàöèè

Òåîðèÿ Ðîäèîíîâîé�Òèòàåâà�×åðíûõà Òåîðèÿ Ïàëèÿ�Ñïèðî

ε̃
(i)
1 = h̃

(i)

(
∂ũ(i)

∂α(i)
+ w̃

(i)

)
, ε̃

(i)
1 = h̃

(i)

(
∂ũ(i)

∂α(i)
+ w̃

(i)

)
,

ε̃
(i)
2 =

∂ṽ(i)

∂β(i)
, ε̃

(i)
2 =

∂ṽ(i)

∂β(i)
,

η̃
(i)
1 = h̃

(i)

(
∂γ̃

(i)
1

∂α(i)
+ γ̃

(i)
3

)
, η̃

(i)
2 =

∂γ̃
(i)
2

∂β(i)
, η̃

(i)
1 = h̃

(i)

(
∂ϕ̃(i)

∂α(i)

)
, η̃

(i)
2 =

∂ψ̃(i)

∂β(i)
,

ε̃
(i)
13 = h̃

(i) ∂w̃
(i)

∂α(i)
− h̃

(i)
ũ
(i)

+ 2γ̃
(i)
1 , ε̃

(i)
13 = 0,

ε̃
(i)
23 =

∂w̃(i)

∂β(i)
+ 2γ̃

(i)
2 , ε̃

(i)
23 = 0,

ω̃
(i)
1 = h̃

(i) ∂ṽ
(i)

∂α(i)
, ω̃

(i)
2 =

∂ũ(i)

∂β(i)
, ω̃

(i)
1 = h̃

(i) ∂ṽ
(i)

∂α(i)
, ω̃

(i)
2 =

∂ũ(i)

∂β(i)
,

τ̃
(i)
1 = h̃

(i) ∂γ̃
(i)
2

∂α(i)
, τ̃

(i)
2 =

∂γ̃
(i)
1

∂β(i)
, τ̃

(i)
1 = h̃

(i) ∂ψ̃
(i)

∂α(i)
, τ̃

(i)
2 =

∂ϕ̃(i)

∂β(i)
,

τ̃
(i)

= τ̃
(i)
1 + τ̃

(i)
2 , ω̃

(i)
= ω̃

(i)
1 + ω̃

(i)
2

Ïîä÷åðêèâàíèåì âûäåëåíû îòëè÷àþùèåñÿ äëÿ ðàññìàòðèâàåìûõ
òåîðèé êîìïîíåíòû äåôîðìàöèé.

Ïðèâåäåì ïðåîáðàçîâàííûå äëÿ ñëó÷àÿ öèëèíäðè÷åñêîé îáîëî÷-
êè óðàâíåíèé ñâÿçè ìîìåíòîâ è óñèëèé ñ êîìïîíåíòàìè äåôîðìà-
öèé äëÿ òåîðèè ÐÒ×. Ïîäñòàâëÿÿ ïðèâåäåííûå â òàáë. 1 çàâèñè-
ìîñòè â ñîîòíîøåíèÿ (8), ìîæíî ïîëó÷èòü óðàâíåíèå èõ ñâÿçè ñ
êîìïîíåíòàìè ïåðåìåùåíèÿ:

T̃
(i)
j = E1j h̃

(i)ε
(i)
1 + Ej2h̃

(i)ε
(i)
2 + µ

(i)
j T̃

(i)
0 ,

M̃
(i)
j = h̃(i)

6

(
E1jη

(i)
1 + Ej2η

(i)
2

)
+ µ

(i)
j M̃

(i)
0 ,

T̃
(i)
12 = T̃

(i)
21 = G̃

(i)
12 h̃

(i)τ̃ (i), M̃
(i)
12 = M̃

(i)
21 = 1

6 G̃
(i)
12 h̃

(i)ω̃(i),

Q̃
(i)
j =

5h̃(i)G̃
(i)
j3

6 ε
(i)
j3 +

m̃
(i)
j

6 −
(
h̃(i)
)2 G̃(i)

j3

6
∂θ

(i)
3

∂α(i) ,

T̃
(i)
0 = m̃

(i)
3 + (h̃(i))2

12

(
∂q̃

(i)
1

∂α(i) + R̃(i) ∂q̃
(i)
2

∂β(i)

)
− h̃(i)M̃

(i)
1 ,

M
(i)
0 =

(h̃(i))
2

10 q̃
(i)
3 + h̃(i)

60

(
∂m̃

(i)
1

∂α(i) + R̃(i) ∂m̃
(i)
2

∂β(i)

)
− h̃(i)

60 T̃
(i)
1 ,

(j = 1, 2).

(8)
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Ïîäñòàâèì ñëåäóþùèå ñîîòíîøåíèÿ (9) äëÿ øåñòè êîìïîíåíòîâ
ñìåùåíèÿ â ôîðìóëû (8), ñâåäÿ èõ òàêèì îáðàçîì â çàâèñèìîñòü
îò ïÿòè îñíîâíûõ êîìïîíåíòîâ ñìåùåíèÿ u, v, w, γ1 è γ2:

θ̃
(i)
1 =

q̃
(i)
1

12G13
− h̃(i)

6

∂γ̃
(i)
3

∂α(i)
, θ̃

(i)
2 =

q̃
(i)
2

12G23
− h̃(i)

6R̃(i)

∂γ̃
(i)
3

∂β(i)
,

φ̃
(i)
1 =

m1
(i) − Q̃

(i)

1

10h̃(i)G̃
(i)
13

− h̃(i)

10

∂θ̃
(i)
3

∂α(i)
, φ̃

(i)
2 =

m2
(i) − Q̃

(i)
2

10h̃(i)G̃
(i)
23

− h̃(i)

10R̃(i)

∂θ̃
(i)
3

∂β(i)
,

γ̃
(i)
3 =

1

2h̃(i)
T̃

(i)
0

Ẽ
(i)
z

− 1

2

(
µ1ε

(i)
1 + µ

(i)
2 ε

(i)
2

)
,

θ̃
(i)
3 =

1

h̃(i)
M̃

(i)
0

Ẽ
(i)
z

− 1

6

(
µ1η

(i)
1 + µ2η

(i)
2

)
.

(9)
Ïðîâåäåì ïîäîáíîå ïðåîáðàçîâàíèå äëÿ òåîðèè Ïàëèÿ�Ñïèðî.
Óðàâíåíèÿ ñâÿçè äåôîðìàöèé ñ óñèëèÿìè è ìîìåíòàìè äëÿ äàí-
íîé òåîðèè èìåþò âèä

T̃
(i)
j = E1j h̃

(i)ε
(i)
1 + Ej2h̃

(i)ε
(i)
2 +

+ h̃(i)

12

(
(Kj1 −Kj2) η̃

(i)
1 −Kj3η̃

(i)
2

)
+ µ

(i)
j

qi3
2 h̃

(i),

T̃
(i)
(12,21) = G̃

(i)
12 h̃

(i)
(
ω̃
(i)
1 + ω̃

(i)
2 − (h̃(i))2

12 τ̃
(i)
(1,2)

)
,

M̃
(i)
j = h̃(i)

6

(
E1jη

(i)
1 + Ej2η

(i)
2 + (Kj1 −Kj2)ε̃

(i)
j

)
−

− h̃(i)

6 K(3−j)3ε̃
(i)
(3−j) + µ

(i)
j

qi3
8 h̃

(i),

M̃
(i)
(12,21) = G̃

(i)
12

h̃(i)

12

(
τ̃
(i)
1 + τ̃

(i)
2 − (h̃(i))2ω̃

(i)
(1,2)

)
,

Q̃
(i)
j = G̃

(i)
j3 h̃

(i)γ
(i)
j ,

σ33 =
P̃

+(i)
3

(
1+ h̃(i)

2

)(
1
2+

z

h(i)

)
−P̃−(i)

3

(
1− h̃(i)

2

)(
1
2−

z

h(i)

)
1+ z

R(i)
,

F̃ (α, β, z) =
z∫
0

σ33

Ez
dz − (µ1ε1 + µ2ε2)z−

−
[
µ1

(
η1 − ε1

R(i)

)
+ µ2η2

]
z2

2 +
(
µ1η1
R(i)

)
z3

3 j = 1, 2.

(10)

Ïîäñòàâèâ â íèõ óðàâíåíèÿ äëÿ äåôîðìàöèé èç òàáë. 1, ïåðåé-
äåì ê çàâèñèìîñòè ìîìåíòîâ è óñèëèé îò êîìïîíåíòîâ ñìåùåíèÿ
u, v, w, γ1 è γ2.
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Òàêèì îáðàçîì, äëÿ îáåèõ òåîðèé ïîëó÷åíû óðàâíåíèÿ ñâÿçè
óñèëèé è ìîìåíòîâ ñ êîìïîíåíòàìè ïåðåìåùåíèé. Ïîäñòàâëÿÿ èõ â
óðàâíåíèÿ ðàâíîâåñèÿ öèëèíäðè÷åñêîé îáîëî÷êè:

∂T̃
(i)
1

∂α(i)
+ R̃(i) ∂T̃

(i)
21

∂β(i)
+ Q̃

(i)
1 + q̃

(i)
1 = 0,

∂T̃
(i)
12

∂α(i)
+ R̃(i) ∂T̃

(i)
2

∂β(i)
+ q̃

(i)
2 = 0,

∂Q̃
(i)
1

∂α(i)
+ R̃(i) ∂Q̃

(i)
2

∂β(i)
− T̃

(i)
1 + q̃

(i)
3 = 0,

1

h̃(i)

(
∂M̃

(i)
1

∂α(i)
+ R̃(i) ∂M̃

(i)
21

∂β(i)

)
− Q̃

(i)
1 + m̃

(i)
1 = 0,

1

h̃(i)

(
∂M̃

(i)
12

∂α(i)
+ R̃(i) ∂M̃

(i)
2

∂β(i)

)
− Q̃

(i)
2 + m̃

(i)
2 = 0

(11)

ìîæíî ïîëó÷èòü ñèñòåìó èç ïÿòè äèôôåðåíöèàëüíûõ óðàâíåíèé
â ÷àñòíûõ ïðîèçâîäíûõ ñ ïÿòüþ íåèçâåñòíûìè ôóíêöèÿìè. Äëÿ
òåîðèè Ðîäèîíîâîé�Òèòàåâà�×åðíûõà â îáùåì âèäå ñèñòåìà óðàâ-
íåíèé èìååò 14-é ïîðÿäîê (ñì. [7]), à äëÿ òåîðèè Ïàëèÿ�Ñïèðî �
10-é ïîðÿäîê. Ïîäñòàâëÿÿ ñîîòâåòñòâóþùèå êîìïîíåíòû äåôîðìà-
öèè â ðàñ÷åòíûå ôîðìóëû (2), (3), ìîæíî ïîëó÷èòü âñå ñîñòàâëÿ-
þùèå íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ðàññìàòðèâàåìûõ
îáîëî÷åê.

4. ×èñëåííûé ìåòîä

Äëÿ ðåøåíèÿ çàäà÷è èñïîëüçóåì ñèñòåìó óðàâíåíèé îáîëî÷êè â
ïåðåìåùåíèÿõ (11). Ïåðåìåùåíèÿ ñðåäèííîé ïîâåðõíîñòè îáîëî÷êè
çàäàþòñÿ â âèäå
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(
u(i)(α, β), γ

(i)
1 (α, β)

)
=

∞∑
n=0

∞∑
m=0

(
u(i)nm, γ

(i)
1,nm

)
sin[nα] sin[m̄β],(

v(i)(α, β), γ
(i)
2 (α, β)

)
=

∞∑
n=0

∞∑
m=0

(
v(i)nm, γ

(i)
2,nm

)
cos[nα] cos[m̄β],

w(i)(α, β) =
∞∑
n=0

∞∑
m=0

w(i)
nm cos[nα] sin[m̄β], m̄ = (πm)/L.

(12)
Ýòè ôîðìóëû ó÷èòûâàþò ñèììåòðèþ äåôîðìàöèè îáîëî÷êè îò-
íîñèòåëüíî ïëîñêîñòè α=0 è îáåñïå÷èâàþò íóëåâûå ïåðåìåùåíèÿ
u, γ1 è w ïðè β=0 è β=L. Âûðàæåíèÿ äëÿ v è γ2 íå óäîâëåòâî-
ðÿþò íóëåâûì êðàåâûì óñëîâèÿì, îäíàêî, êîãäà äåôîðìàöèè íå
äîõîäÿò äî êðàÿ ó÷àñòêà, ýòè ïåðåìåùåíèÿ ìàëû. Âíåøíèå è âíóò-
ðåííèå ñèëû, äåéñòâóþùèå íà ïîâåðõíîñòè îáîëî÷êè, ïðåäñòàâèì
â âèäå ïðîèçâåäåíèÿ ðàçëîæåííûõ â ðÿä ñèë â ñå÷åíèÿõ. Ïóñòü
X

(i+1)
1 , X

(i+1)
2 , X

(i+1)
3 � ñîñòàâëÿþùèå äàâëåíèÿ, âîçíèêàþùåãî íà

âíåøíåé ïîâåðõíîñòè i-é îáîëî÷êè, à X(i)
1 , X

(i)
2 , X

(i)
3 � äàâëåíèå íà

åå âíóòðåííåé ïîâåðõíîñòè, èíäåêñ i = 1 ñîîòâåòñòâóåò âíóòðåííåé,
à i = N + 1 � âíåøíåé ïîâåðõíîñòè òðóáêè, ñîñòîÿùåé èç N ñëî-
åâ. Ñëåäóÿ ðàáîòå [7], ïðèìåì óñëîâèå æåñòêîãî çàùåìëåíèÿ ìåæäó
ñëîÿìè:

ũ
(i)
j (α, β, h/2) = ũ

(i+1)
j (α, β,−h/2), j = 1, 2, 3. (13)

Ëîêàëèçîâàííóþ íà ìàëåíüêîé êâàäðàòíîé îáëàñòè íàãðóçêó ïðåä-
ñòàâèì â âèäå ïðîèçâåäåíèÿ äâóõ ðÿäîâ Ôóðüå ôóíêöèé íàãðóæå-
íèÿ â ïðîäîëüíîì è ïîïåðå÷íîì ñå÷åíèÿõ:

Pa[α] = P

(
C

L
+

2

L

∞∑
n=0

L

nπ
sin
(nπ
L
C
)
cos
(nπ
L
α
))

. (14)

Äàâëåíèå â ïðîäîëüíîì ñå÷åíèè òðóáêè áóäåò îïèñûâàòüñÿ ñîîòíî-
øåíèåì

Pb[β] = P

(
4

L

∞∑
m=0

L

mπ
sin
(mπ
L
C
)
sin
(mπ
L
Lv

)
sin
(mπ
L
β
))

, (15)
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ãäå Lv � öåíòð îáëàñòè ïðèëîæåíèÿ íàãðóçêè, C � ïîëîâèíà äëèíû
ñòîðîíû êâàäðàòíîé îáëàñòè ïðèëîæåíèÿ íàãðóçêè, P � äàâëåíèå
â îáëàñòè.

Îáëàñòü äàâëåíèÿ îïèñûâàåòñÿ ôóíêöèåé ïðîèçâåäåíèÿ ðÿäîâ:

Pd[α, β] = Pa[α] · Pb[β]. (16)

Íàãðóçêà ïðèêëàäûâàåòñÿ ê âíåøíåé ïîâåðõíîñòè òðóáêè:

X
(N+1)
1,2 = 0, X

(N+1)
3 = Pd[α, β]. (17)

Ðàñ÷¼òû ïîêàçàëè, ÷òî âëèÿíèå äàâëåíèÿ, âûçâàííîãî íàïîëíèòå-
ëåì, íà âíóòðåííåé ïîâåðõíîñòè òðóáêè ïðåíåáðåæèìî ìàëî, ïîýòî-
ìó â äàëüíåéøåì îíî ïðèíèìàåòñÿ ðàâíûì íóëþ:

X
(1)
j = 0, j = 1, 2, 3. (18)

Ïîäñòàâèì çàâèñèìîñòè (12), (17) è (18) â ñèñòåìó óðàâíåíèé ðàâ-
íîâåñèÿ îáîëî÷êè (11) è â ñîîòíîøåíèÿ æåñòêîãî çàùåìëåíèÿ ñëîåâ
(13). Â ðåçóëüòàòå ïîëó÷àåòñÿ ñèñòåìà èç 5N àëãåáðàè÷åñêèõ óðàâ-
íåíèé îòíîñèòåëüíî êîìïîíåíòîâ äåôîðìàöèé îáîëî÷åê:

Fj

(
u
(i)
nm, v

(i)
nm, w

(i)
nm, γ

(i)
1,nm, γ

(i)
2,nm, X

(i+1)
1,nm , X

(i)
1,nm

)
= 0, j = 1, 2,

Fj

(
u
(i)
nm, v

(i)
nm, w

(i)
nm, γ

(i)
1,nm, γ

(i)
2,nm, X

(i+1)
2,nm , X

(i)
2,nm

)
= 0, j = 3, 4,

Fj

(
u
(i)
nm, v

(i)
nm, w

(i)
nm, γ

(i)
1,nm, γ

(i)
2,nm, X

(i+1)
3,nm , X

(i)
3,nm

)
= 0, j = 5,

(19)
è ñèñòåìà èç 3(N − 1) óðàâíåíèé îòíîñèòåëüíî ñèë âçàèìîäåéñòâèÿ
ìåæäó ñëîÿìè îáîëî÷åê: G

(i+1)
j

(
u
(i+1)
nm , v

(i+1)
nm , w

(i+1)
nm , γ

(i+1)
1,nm , γ

(i+1)
2,nm , X

(i+2)
j,nm , X

(i+1)
j,nm

)
=

= G
(i)
j

(
u
(i)
nm, v

(i)
nm, w

(i)
nm, γ

(i)
1,nm, γ

(i)
2,nm, X

(i+1)
j,nm , X

(i)
j,nm

)
, j = 1, 2, 3.

(20)

Êàæäûé èç êîýôôèöèåíòîâ ñèñòåì u
(i)
nm, v

(i)
nm, w

(i)
nm, γ

(i)
1,nm, γ

(i)
2,nm,

X
(i)
1,nm, X

(i)
2,nm, X

(i)
3,nm áóäåò îáùèì ÷ëåíîì ðÿäà Ôóðüå ôóíêöèé
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äåôîðìàöèé è íàïðÿæåíèé. Äëÿ ðåàëèçàöèè ïðèâåäåííîãî ÷èñ-
ëåííîãî ìåòîäà áûëà ðàçðàáîòàíà ïðîãðàììà íà îñíîâå ïàêåòà
Mathematica 7.0.

5. Çàêëþ÷åíèå

Çäåñü â êà÷åñòâå ïðèìåðà ïðèâåäåí ðàññ÷åò, âûïîëíåííûé äëÿ
ñëåäóþùåé òðóáêè: âíóòðåííèé ðàäèóñ R=2.5 íì, âíåøíèé �
R=16 íì, äëèíà òðóáêè L=500 íì, çíà÷åíèÿ ìîäóëÿ óïðóãîñòè îáî-
ëî÷êè E1 = E2 = E3 = 1.75 · 1011 Ïà, êîýôôèöèåíòû Ïóàññîíà
νij = 0.3, ãäå i, j = (1, 2) è ñðàâíèòåëüíî ìàëîì çíà÷åíèè ìîäóëÿ
ñäâèãà G12 = G13 = G23 = 2.3 · 107 Ïà. Ñèëà âíåøåãî âîçäåéñòâèÿ
Fv=10 íÍ, ïëîùàäü îáëàñòè ïðèëîæåííîé íàãðóçêè [40 ·40] íì2, Lv
� êîîðäèíàòà ïðèëîæåíèÿ ñèëû íà âíåøíåé ïîâåðõíîñòè îáîëî÷-
êè. ßñíî, ÷òî ñîîòíîøåíèå h/R ðàññìàòðèâàåìîé íàíîòðóáêè ñóùå-
ñòâåííî ïðåâîñõîäèò îáëàñòü ïðèìåíèìîñòè òåîðèè îáîëî÷åê; åñëè
ðàññìàòðèâàòü åå êàê îäíîñëîéíóþ, òî áóäóò ïîëó÷åíû íåêîððåêò-
íûå ðåçóëüòàòû. Ïîýòîìó äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïðî-
âîäèòñÿ ðàçáèåíèå òðóáêè íà n ñëîåâ. Ðàññ÷åòû ïîêàçûâàþò, ÷òî
ïðè ñëåäóþùåì ðàçáèåíèè n=100, h=0.135 íì çíà÷åíèÿ ïðîãèáîâ
îêàçûâàþòñÿ î÷åíü áëèçêèì ê ðåçóëüòàòàì, ïîëó÷åííûì ñ èñïîëü-
çîâàíèåì òðåõìåðíîé òåîðèè. Äàëüíåéøåå óâåëè÷èíèå ÷èñëà ñëîåâ
ê óòî÷íåíèþ ðåçóëüòàòîâ íå ïðèâîäèò.

Ïðèâåäåì ãðàôèêè ôóíêöèé ñìåùåíèÿ è îáùóþ êàðòèíó äå-
ôîðìàöèè äëÿ ñëó÷àÿ, êîãäà íàãðóçêà ïðèëîæåíà ê öåíòðó òðóáêè.
Èç ãðàôèêîâ (ðèñ. 3) âèäíî, ÷òî âûïîëíèëàñü ïðåäïîëîæåííàÿ ìà-
ëîñòü ôóíêöèé ïðîãèáà v è γ2. Äëÿ ãðàôèêà ôóíêöèè ïðîãèáà w
âèäíî, ÷òî ìàêñèìàëüíûé ïðîãèá èìååò ìåñòî â îáëàñòè ïðèëîæåí-
íîãî äàâëåíèÿ.

Â òàáëèöå 2 ïðîâîäèòñÿ ñðàâíåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ ïî

òåîðèè Òèìîøåíêî�Ðåéññíåðà (TR), Ðîäèîíîâîé�Òèòàåâà�×åðíûõà
(RTCH), Ïàëèÿ�Ñïèðî (PS), è ðåçóëüòàòîâ, ïîëó÷àþùèõñÿ ïðè
òåõ æå ïàðàìåòðàõ ÌÊÝ â ïàêåòå ANSYS 11, ãäå áûë èñïîëüçî-
âàí 3-ìåðíûé äâàäöàòè óçëîâîé ýëåìåíò Solid 186. Ñòðîêè �TR1�,
�Ansys1� ñîîòâåòñòâóþò çíà÷åíèÿì ïðîãèáà òðóáêè ñ îòâåðñòèåì,
ñòðîêè �TR2�, �Ansys2� � ïðîãèáó ñïëîøíîé òðóáêè.
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Ðèñ. 5. Äåôîðìàöèè îáîëî÷êè.



50 À.Ì. Åðìàêîâ

Òàáëèöà 2. Ñðàâíåíèå âåëè÷èí ïðîãèáîâ ìíîãîñëîéíîé
òðóáêè, íì.

Lv 250 200 150 120 100 70 40

TR1 60.61 58.07 50.52 43.65 38.12 28.47 17.24

TR2 59.2 56.72 49.34 42.62 37.22 27.79 16.82

RTCH 57.79 55.21 47.56 40.62 35.07 25.45 14.4

PS 57.54 54.97 47.35 40.45 34.92 25.34 14.34

Ansys1 54.11 51.7 45.1 39.02 34.07 25.37 15.37

Ansys2 52.39 50.12 43.71 37.81 33.02 24.6 14.91

Âèäíî, ÷òî âñå òåîðèè äàþò áëèçêèå ðåçóëüòàòû. Îäíàêî ðå-
çóëüòàòû, ïîëó÷åííûå ñ èñïîëüçîâàíèåì òåîðèé îáîëî÷åê, áëèæå ê
ðåçóëüòàòàì òðåõìåðíîé òåîðèè, ÷òî ìîæåò áûòü îáúÿñíåíî áîëåå
òî÷íûì ó÷åòîì öèëèíäðè÷åñêîé ôîðìû òðóáêè, öèëèíäðè÷åñêîé
àíèçîòðîïèåé, à òàêæå ó÷åòîì îáëàñòè ïðèëîæåíèÿ âíåøíåé íà-
ãðóçêè.

Ïðîâåäåì òàêæå ñðàâíåíèå ðåçóëüòàòîâ, ïîëó÷åííûõ ïî òðåõ-
ìåðíîé òåîðèè, èñïîëüçóåìîé â ïàêåòå ANSYS 11 c ðåçóëüòàòàìè,
ïîëó÷àþùèìèñÿ ïî èçëîæåííûì íåêëàññè÷åñêèì òåîðèÿì äëÿ îä-
íîñëîéíîé öèëèíäðè÷åñêîé îáîëî÷êè ñ ïîñòîÿííûì âíåøíèì ðàäè-
óñîì R=16 íì è ïîñòåïåííî óâåëè÷èâàþùåéñÿ òîëùèíû îáîëî÷êè
(êàê ñëåäñòâèå, ïðîèñõîäèò óìåíüøåíèå ðàäèóñà ñðåäèííîé ïîâåðõ-
íîñòè îáîëî÷êè). Â òàáë. 3 ïðèâåäåíû âåëè÷èíû ïðîãèáîâ â öåíòðå
ðàññìàòðèâàåìûõ îáîëî÷åê, âíåøíÿÿ ñèëà Fv=1 íÍ.

Òàáëèöà 3. Ñðàâíåíèå âåëè÷èí ïðîãèáîâ
äëÿ îäíîñëîéíîé îáîëî÷êè

h/R 1/15 1/10 1/5 1/4 1/3 1/2

TR1 46.33 31.91 17.55 14.71 11.88 9.13

RTCH 78.09 52.64 27.14 22.13 17.31 12.98

PS 75.28 49.82 24.29 19.26 14.39 9.9

Ansys1 76.36 46.44 20.37 15.9 11.95 8.92

Ðåçóëüòàòû, ïðåäñòàâëåííûå â òàáë. 3 ïîêàçûâàþò, ÷òî îáå òåî-
ðèè îáîëî÷åê ÐÒ× è ÏÑ äàþò áëèçêèå çíà÷åíèÿ ïðîãèáîâ. Òàê
æå áëèçêè è äðóãèå âåëè÷èíû, õàðàêòåðèçóþùèå íàïðÿæåííî-
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äåôîðìèðîâàííîå ñîñòîÿíèå îáîëî÷åê. Ïðè óâåëè÷åíèè îòíîñèòåëü-
íîé òîëùèíû îáîëî÷êè âåëè÷èíû ïðîãèáà, ïîëó÷àåìûå ïî òåîðèè
ÏÑ áëèæå ê çíà÷åíèÿì, ïîëó÷àåìûì ìåòîäîì êîíå÷íûõ ýëåìåí-
òîâ. ×åì áëèæå öèëèíäðè÷åñêàÿ òðóáêà ê ñïëîøíîé, òåì ëó÷øèå
ðåçóëüòàòû äàåò òåîðèÿ ÒÐ.
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ÓÑÒÎÉ×ÈÂÎÑÒÜ ÖÈËÈÍÄÐÈ×ÅÑÊÎÉ ÎÁÎËÎ×ÊÈ,
ÀÐÌÈÐÎÂÀÍÍÎÉ ÂÎËÎÊÍÀÌÈ

È.Â. Âèêòîðîâ

Ðàññìàòðèâàþòñÿ òðè çàäà÷è óñòîé÷èâîñòè òîíêîé öèëèíäðè÷åñêîé
îáîëî÷êè, àðìèðîâàííîé îäíîé ñèñòåìîé ìàëîðàñòÿæèìûõ íèòåé: ïðè
îñåâîì ñæàòèè, ïðè âíåøíåì äàâëåíèè è ïðè êðó÷åíèè. Ïðè ýòîì îãðà-
íè÷èìñÿ çàäà÷àìè, ê êîòîðûì ïðèìåíèì ìåòîä ëîêàëüíîé ïîòåðè óñòîé-
÷èâîñòè (ñì. [3]). Îáñóæäàþòñÿ îñîáåííîñòè, êîòîðûå âíîñèò âèíòîâàÿ
àíèçîòðîïèÿ ïî ñðàâíåíèþ ñ îáîëî÷êîé èç èçîòðîïíîãî ìàòåðèàëà.

1. Ââåäåíèå

Ðàññìàòðèâàåòñÿ òîíêàÿ èçîòðîïíàÿ öèëèíäðè÷åñêàÿ, ïîäêðåï-
ëåííàÿ ñèñòåìîé âîëîêîí, íàêëîí¼ííûõ ïîä óãëîì θ ê îáðàçóþùåé
(ðèñ. 1). Ïðåäïîëàãàåòñÿ, ÷òî âîëîêíà ðàâíîìåðíî ðàñïðåäåëåíû

Ðèñ. 1. Îáîëî÷êà âðàùåíèÿ, àðìèðîâàííàÿ âîëîêíàìè.

Äîêëàä íà ñåìèíàðå 1 ìàðòà 2011 ã.
c⃝ È.Â. Âèêòîðîâ, 2012
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ïî îêðóæíîñòè îáîëî÷êè è ðàñïîëîæåíû ñèììåòðè÷íî îòíîñèòåëü-
íî ñðåäèííîé ïîâåðõíîñòè îáîëî÷êè. Òàêîå àðìèðîâàíèå ïðèâîäèò
ê âèíòîâîé àíèçîòðîïèè.

2. Ñîîòíîøåíèÿ óïðóãîñòè â òîíêîé îáîëî÷êå,

àðìèðîâàííîé âîëîêíàìè

Â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò äåôîðìàöèè ðàñòÿæåíèÿ-
ñäâèãà (ε1, ε2, ω) è äåôîðìàöèè èçãèáà-êðó÷åíèÿ (κ1, κ2, τ) ñðå-
äèííîé ïîâåðõíîñòè îáîëî÷êè èìåþò âèä

ε1 =
∂u1
∂s

, ε2 =
1

R

∂u2
∂φ

− w

R
, ω =

∂u2
∂s

+
1

R

∂u1
∂φ

, (1)

κ1 = −∂γ1
∂s

, κ2 = − 1

R

∂γ2
∂φ

, τ = − 1

R

∂γ1
∂φ

+
1

R

∂u2
∂s

, (2)

γ1 = −∂w
∂s

, γ2 = − 1

R

∂w

∂φ
− u2
R
. (3)

Çäåñü γ1 è γ2 � óãëû ïîâîðîòà íîðìàëè ê ñðåäèííîé ïîâåðõíîñòè â
íàïðàâëåíèè êîîðäèíàò s è φ; u1, u2 è w � êîìïîíåíòû ïåðåìåùå-
íèÿ ñðåäèííîé ïîâåðõíîñòè; R � ðàäèóñ öèëèíäðè÷åñêîé îáîëî÷êè.

Ñîîòíîøåíèÿ óïðóãîñòè, ñâÿçûâàþùèå óñèëèÿ T1, T2, S è ìî-
ìåíòû M1, M2, H ñ äåôîðìàöèÿìè, áûëè ïîëó÷åíû â ðàáîòå [6] è
èìåþò âèä

T1 = K11ε1 +K12ε2 +K13ω,
T2 = K21ε1 +K22ε2 +K23ω,
S = K31ε1 +K32ε2 +K33ω,

(4)

M1 = D11κ1 +D12κ2 + 2D13τ,
M2 = D21κ1 +D22κ2 + 2D23τ,
H = D31κ1 +D32κ2 + 2D33τ,

(5)
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ãäå êîýôôèöèåíòû Kij è Dij âû÷èñëÿþòñÿ ïî ôîðìóëàì[
K11

D11

]
=

∫ h/2

−h/2

(
F0 + Fkc

4
k

) [ 1
z2

]
dz,[

K22

D22

]
=

∫ h/2

−h/2

(
F0 + Fks

4
k

) [ 1
z2

]
dz,[

K33

D33

]
=

∫ h/2

−h/2

(
1− ν

2
F0 + Fkc

2
ks

2
k

)[
1
z2

]
dz,[

K12

D12

]
=

[
K21

D21

]
=

∫ h/2

−h/2

(
F0ν + Fkc

2
ks

2
k

) [ 1
z2

]
dz,[

K13

D13

]
=

[
K31

D31

]
=

∫ h/2

−h/2

(
Fkc

3
ksk
) [ 1

z2

]
dz,[

K32

D32

]
=

[
K23

D23

]
=

∫ h/2

−h/2

(
Fkcks

3
k

) [ 1
z2

]
dz.

(6)

Çäåñü

F0 =
E0δ

∗
0

1− ν2
, Fk = Ekδ

∗
k, sk = sin θ, ck = cos θ,

ãäå E0 è Ek � ìîäóëè Þíãà äëÿ èçîòðîïíîé ìàòðèöû è àðìèðóþ-
ùèõ âîëîêîí ñîîòâåòñòâåííî, ν � êîýôôèöèåíò Ïóàññîíà äëÿ ìàò-
ðèöû, δ∗k � êîýôôèöèåíò, õàðàêòåðèçóþùèé ðàñïðåäåëåíèå íèòåé
â îáîëî÷êå è èõ îòíîñèòåëüíûé îáú¼ì, à êîýôôèöèåíò δ∗0 õàðàêòå-
ðèçóåò èçîòðîïíóþ ìàòðèöó â àðìèðîâàííîé îáîëî÷êå. Ýôôåêòîì
Ïóàññîíà äëÿ âîëîêîí ïðåíåáðåãàåì.

Êîíêðåòèçèðóåì êîýôôèöèåíòû (6), ñäåëàâ ðÿä ïðåäïîëîæåíèé
îòíîñèòåëüíî õàðàêòåðà àðìèðîâàíèÿ îáîëî÷êè. Áóäåì ñ÷èòàòü,
÷òî

δ∗k(z) = δkfk(z),

ãäå δk � îòíîñèòåëüíûé îáú¼ì, çàíèìàåìûé ñèñòåìîé âîëîêîí, à
îò ðàññòîÿíèÿ äî ñðåäèííîé ïîâåðõíîñòè z çàâèñèò òîëüêî fk(z) �
÷åòíàÿ ôóíêöèÿ, îïèñûâàþùàÿ õàðàêòåð ðàñïðåäåëåíèÿ íèòåé ïî
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òîëùèíå îáîëî÷êè. Ïðè÷åì∫ h/2

−h/2
fk(z)dz = h.

Ïðåäïîëàãàåì òàêæå, ÷òî îòíîñèòåëüíûé îáú¼ì, çàíèìàåìûé
íèòÿìè, ìàë (òî åñòü δk ≪ 1), è, ñëåäîâàòåëüíî, ïðè âû÷èñëåíèè
æåñòêîñòè ìàòðèöû ìîæíî ïðåíåáðå÷ü âëèÿíèåì õàðàêòåðà ðàñïðå-
äåëåíèÿ âîëîêîí, ñ÷èòàÿ ÷òî δ∗0(z) = δ0.

Äëÿ óäîáñòâà äàëüíåéøåãî àíàëèçà ââåä¼ì áåçðàçìåðíûå ïàðà-
ìåòðû k è d èìåþùèå ñìûñë îòíîñèòåëüíîé æåñòêîñòè ñèñòåìû âî-
ëîêîí íà ðàñòÿæåíèå-ñæàòèå è íà èçãèá-êðó÷åíèå ñîîòâåòñòâåííî
(ñì. [5]):

k = (1− ν2)
Ekδk
E0δ0

,

d = (1− ν2)
12

h3
Ekδk
E0δ0

∫ h/2

−h/2
fk(z)z

2dz, 0 ≤ d ≤ 3k.

Â íàøåé ìîäåëè îíè ïîëíîñòüþ îïèñûâàþò õàðàêòåð àðìèðîâàíèÿ
îáîëî÷êè.

Ïàðàìåòð k íå çàâèñèò îò ðàñïðåäåëåíèÿ âîëîêîí ïî òîëùèíå
fk(z) è ìîæåò ïðèíèìàòü ëþáîå ïîëîæèòåëüíîå çíà÷åíèå (ñëó÷àé
k = 0 ñîîòâåòñòâóåò îáîëî÷êå, íå ïîäêðåïëåííîé ñèñòåìîé íèòåé).
Â òî æå âðåìÿ ïàðàìåòð d ñèëüíî çàâèñèò îò ðàñïðåäåëåíèÿ âîëî-
êîí ïî òîëùèíå îáîëî÷êè. Îí èçìåíÿåòñÿ îò d = 0 (íèòè ðàñïîëî-
æåíû íà ñðåäèííîé ïîâåðõíîñòè) äî d = 3k (íèòè ðàñïîëîæåíû íà
ëèöåâûõ ïîâåðõíîñòÿõ: z = ±h/2). Â ñëó÷àå ðàâíîìåðíîãî ðàñïðå-
äåëåíèÿ íèòåé ïî òîëùèíå îáîëî÷êè d = k.

Òîãäà êîýôôèöèåíòû Kij è Dij ìîæíî çàïèñàòü â âèäå

K11 = K0(1 + kc4k), K12 = K21 = K0(ν + kc2ks
2
k),

K22 = K0(1 + ks4k), K33 = K0

(
(1− ν)/2 + kc2ks

2
k

)
,

K13 = K31 = K0kc
3
ksk, K23 = K32 = K0kcks

3
k,

D11 = D0(1 + dc4k), D12 = D21 = D0(ν + dc2ks
2
k),

K22 = D0(1 + ds4k), D33 = D0

(
(1− ν)/2 + dc2ks

2
k

)
,

D13 = D31 = D0dc
3
ksk, D23 = D32 = D0dcks

3
k,
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ãäå

K0 =
E0δ0
1− ν2

, D0 =
E0δ0h

3

12(1− ν2)
.

3. Ëîêàëüíàÿ óñòîé÷èâîñòü áåçìîìåíòíîãî

íàïðÿæ¼ííîãî ñîñòîÿíèÿ

Óðàâíåíèÿ ðàâíîâåñèÿ äëÿ ýëåìåíòà öèëèíäðè÷åñêîé îáîëî÷êè
(ñì. [2]) çàïèøåì â âèäå

R
∂T1
∂s

+
∂S

∂φ
+Rq1 = 0,

∂T2
∂φ

+R
∂S

∂s
+R

(
q2 −

Q2

R

)
= 0,

R
∂Q1

∂s
+
∂Q2

∂φ
+R

(
qn + κ1T1 + 2τS +

(
1

R
+ κ2

)
T2

)
= 0,

R
∂M1

∂s
+
∂H

∂φ
+RQ1 = 0,

∂M2

∂φ
+R

∂H

∂s
+RQ2 = 0,

(7)

ãäå q1, q2, qn � ïðîåêöèè èíòåíñèâíîñòè âíåøíåé íàãðóçêè.
Òðåòüå óðàâíåíèå â (7) ñîäåðæèò íåëèíåéíûå ÷ëåíû κ1T1, 2τS,

κ2T2, ÷òî ïîçâîëÿåò èñïîëüçîâàòü å¼ äëÿ ðåøåíèÿ çàäà÷ óñòîé÷è-
âîñòè.

Äëÿ ðàññìàòðèâàåìîãî íàìè êëàññà çàäà÷ ìîæíî ïðîâåñòè ðÿä
óïðîùåíèé. Òàê, â (7) ìîæåò áûòü îòáðîøåíî ïåðåðåçûâàþùåå óñè-
ëèå Q2 èç âòîðîãî óðàâíåíèÿ, à â (2) è (3) ìîæíî îòáðîñèòü ìàëûå
ïî ñðàâíåíèþ ñ w ïåðåìåùåíèÿ u1 è u2, çàïèñàâ èõ êàê

κ1 = −∂γ1
∂s

, κ2 = − 1

R

∂γ2
∂φ

, τ = − 1

R

∂γ1
∂φ

, (8)

γ1 = −∂w
∂s

, γ2 = − 1

R

∂w

∂φ
. (9)
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Ýòè óïðîùåíèÿ ïðèâîäÿò íàñ ê óðàâíåíèÿì òåõíè÷åñêîé òåîðèè
îáîëî÷åê (ñì. [1]).

Ïðåäïîëàãàåì, ÷òî â ðåçóëüòàòå íàãðóæåíèÿ íà÷àëüíîå íàïðÿ-
æ¼ííî-äåôîðìèðîâàííîå ñîñòîÿíèå îáîëî÷êè áåçìîìåíòíîå è çàäà-
¼òñÿ îáîáùåííûìè óñèëèÿìè T 0

1 , T
0
2 , S

0. Â ýòîì ñëó÷àå íà÷àëüíûå
ìîìåíòû ðàâíû íóëþ (M0

1 =M0
2 = H0 = 0). Äàëåå èññëåäóåì óñòîé-

÷èâîñòü òàêîãî ñîñòîÿíèÿ.
Óðàâíåíèÿ áèôóðêàöèè äëÿ óðàâíåíèé ðàâíîâåñèÿ (7) èìåþò

âèä

R
∂T1
∂s

+
∂S

∂φ
= 0,

∂T2
∂φ

+R
∂(S)

∂s
= 0,

R
∂(Q1)

∂s
+
∂Q2

∂φ
+ T2 +R(κ1T

0
1 + 2τS0 + κ2T

0
2 ) = 0,

R
∂(M1)

∂s
+
∂H

∂φ
+RQ1 = 0,

∂M2

∂φ
+R

∂(H)

∂s
+BQ2 = 0.

(10)

Ýòè óðàâíåíèÿ âìåñòå ñ âûðàæåíèÿìè äëÿ äåôîðìàöèé (1), (8),
(9) è ñîîòíîøåíèÿìè óïðóãîñòè (4), (5) ôîðìèðóþò çàìêíóòóþ ñè-
ñòåìó.

Íàãðóæåíèå ñ÷èòàåì îäíîïàðàìåòðè÷åñêèì, îïðåäåëÿåìûì ïà-
ðàìåòðîì λ ïî ôîðìóëå{

T 0
1 , T

0
2 , S

0
}
= −λ{t1, t2, t3}.

Äëÿ óäîáñòâà äàëüíåéøåãî àíàëèçà ïåðåéä¼ì ê áåçðàçìåðíîìó
âèäó. Äëÿ ýòîãî ïàðàìåòð íàãðóæåíèÿ λ, à òàêæå óñèëèÿ T1, T2, S
è ìîìåíòûM1,M2, H, à ñòàëî áûòü, è êîýôôèöèåíòû èç ñîîòíîøå-
íèé óïðóãîñòè Kij , Dij (ãäå i, j = 1, 2, 3) îòíåñ¼ì ê E0δ0h/(1− ν2).
Ëèíåéíûå âåëè÷èíû R, h, s îòíåñ¼ì ê ðàäèóñó îáîëî÷êè R.

Âîñïîëüçóåìñÿ ìåòîäîì ëîêàëüíîé óñòîé÷èâîñòè (ñì. [3]), ñî-
ãëàñíî êîòîðîìó ôîðìà ïîòåðè óñòîé÷èâîñòè çàäà¼òñÿ â âèäå äâî-
ÿêî ïåðèîäè÷åñêîé ôóíêöèè, à ãðàíè÷íûå óñëîâèÿ èãíîðèðóþòñÿ.



58 È.Â. Âèêòîðîâ

Ýòîò ìåòîä ïðèìåíèì ê ðàññìàòðèâàåìûì çäåñü çàäà÷å óñòîé÷èâî-
ñòè öèëèíäðè÷åñêîé îáîëî÷êè ñðåäíåé äëèíû ïðè îñåâîì ñæàòèè è
çàäà÷å óñòîé÷èâîñòè äîñòàòî÷íî äëèííûõ öèëèíäðè÷åñêèõ îáîëî-
÷åê ïðè âíåøíåì äàâëåíèè è êðó÷åíèè. Ïðè ýòîì ïðåäïîëàãàåòñÿ,
÷òî çàêðåïëåíèå êðà¼â îáîëî÷êè íå äîïóñêàåò ïîÿâëåíèÿ ëîêàëè-
çîâàííûõ âáëèçè êðàÿ ôîðì ïîòåðè óñòîé÷èâîñòè, ñâÿçàííûõ ñ åãî
ñëàáûì çàêðåïëåíèåì.

Ïåðåìåùåíèÿ èùåì â âèäå äâîÿêî ïåðèîäè÷åñêèõ ôóíêöèé:

u1 = u01 sin(ps+ qφ), u2 = u02 sin(ps+ qφ), w = w0 cos(ps+ qφ),

ãäå u01, u
0
2, w

0 � àìïëèòóäû, à p, q � âîëíîâûå ÷èñëà.
Íàõîäèì ïàðàìåòð íàðóæåíèÿ λ êàê ôóíêöèþ âîëíîâûõ ÷èñåë

p è q:

λ = f(p, q) =
Bε +Bκ

Bt
, (11)

ãäå

Bε =
p4

∆
, Bt = t1p

2 + 2t3pq + t2q
2,

Bκ = D11p
4 + 4D13p

3q + (D12 + 2D33)p
2q2 + 4D23pq

3 +D22q
4,

∆ = A22p
4 − 2A23p

3q + (2A12 +A33)p
2q2 − 2A13pq

3 +A11q
4.

Çäåñü ââåëè Aij , ýëåìåíòû ìàòðèöû A = K−1.
Ïåðåìåííûå Bε, Bκ è Bt ïðîïîðöèîíàëüíû ñîîòâåòñòâåííî ïî-

òåíöèàëüíûì ýíåðãèÿì ðàñòÿæåíèÿ-ñäâèãà Πε è èçãèáà-êðó÷åíèÿ
Πκ ñðåäèííîé ïîâåðõíîñòè ïðè äîïîëíèòåëüíîé äåôîðìàöèè è ðà-
áîòå íà÷àëüíûõ óñèëèé íà ïîâîðîòå íîðìàëè ΠT .

Êðèòè÷åñêóþ íàãðóçêó ïîëó÷èì, ìèíèìèçèðóÿ ôóíêöèþ f(p, q)
ïî åå àðãóìåíòàì. Ñ ýòîé öåëüþ, êàê è â ðàáîòàõ [4]�[7], ïîëîæèì
p = r cosα, q = r sinα. Òîãäà ìèíèìóì ïî àðãóìåíòó r íàõîäèòñÿ
ÿâíî:

λ0 = min
α

√
B∗
ε (α)B

∗
κ(α)

B∗
t (α)

, r40 =
B∗
ε (α)

B∗
κ(α)

, (12)

ãäå

Bε = B∗
ε (α), Bκ = r4B∗

κ(α), Bt = r2B∗
t (α), ∆ = r4∆∗(α).
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Äëÿ óäîáñòâà ïîñëåäóþùåãî àíàëèçà ââåäåì ìàëûé ïàðàìåòð
òîëùèíû îáîëî÷êè

µ4 =
h2

12
è ïàðàìåòð íàãðóæåíèÿ

λ = 2µ2Λ
√
1− ν2. (13)

Òàêîé âûáîð ïàðàìåòðà Λ äàåò Λ = 1 ïðè îñåâîì ñæàòèè öè-
ëèíäðè÷åñêîé îáîëî÷êè áåç íèòåé. Òàêæå ââåä¼ì â ðàññìîòðåíèå
D0
ij = Dij/µ

4, ãäå i, j = 1, 2, 3. Äàëåå "0" áóäåì îïóñêàòü.

4. Óñòîé÷èâîñòü öèëèíäðè÷åñêîé îáîëî÷êè

ïðè îñåâîì ñæàòèè

Èñõîäÿ èç ôîðìóë äëÿ êðèòè÷åñêîé íàãðóçêè (12) äëÿ ñëó÷àÿ
îñåâîãî ñæàòèÿ (ñ÷èòàåì t1 = 1, t2 = t3 = 0), èìååì

Λ = min
α

√
B∗

κ(α)

∆∗(α)
, (14)

ãäå

∆∗ = A22 cos
4 α− 2A23 cos

3 α sinα+
+(2A12 +A33) cos

2 sin2 −2A13 cosα sin3 α+A11 sin
4 α,

B∗
κ = µ4

(
D11 cos

4 α+ 4D13 cos
3 α sinα+

+(D12 + 2D33) cos
2 α sin2 α+ 4D23 cosα sin3 α+D22 sin

4 α
)
.

Ïîñëå óïðîùåíèÿ âûðàæåíèÿ (14) ïîëó÷àåì ôîðìóëó

Λ = min
α

√√√√ (1 + k − ν2)(1 + d cos4 ξ)

(1 + ν)
(
1− ν + (2− (1 + ν) cos2 ξ)k cos2 ξ

) , (15)

ãäå ξ = α − θ, à Λ � ïàðàìåòð íàãðóæåíèÿ, íîðìèðîâàííûé ïî
ôîðìóëå (13).
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Âèäíî, ÷òî êðèòè÷åñêóþ íàãðóçêó ìîæíî îïðåäåëèòü, ìèíèìè-
çèðóÿ ôóíêöèþ (15) íå ïî óãëó âîëíîîáðàçîâàíèÿ α, à ïî óãëó íà-
êëîíà âìÿòèí îòíîñèòåëüíî âîëîêîí ξ. Çíà÷èò, ðåçóëüòàò íå áóäåò
çàâèñåòü îò íàïðàâëåíèÿ àðìèðîâàíèÿ θ è áóäåò èìåòü âèä

Λ =

√
1 +

√
4kd∗ + t2(d∗)− t(d∗)

2(1 + ν)
,

cos2(α− θ) =
2√

4kd∗ + t2(d∗) + t(d∗)
,

ãäå

t(d∗) = (1 + ν) + d∗(1− ν), d∗ =
d

k
, 0 ≤ d∗ ≤ 3.

Îòäåëüíî çàïèøåì ýòè ñîîòíîøåíèÿ äëÿ òð¼õ ÷àñòíûõ ñëó÷àåâ
ðàñïðåäåëåíèÿ âîëîêîí ïî òîëùèíå:

• d = 0 � âîëîêíà íà ñðåäèííîé ïîâåðõíîñòè îáîëî÷êè:

Λ = 1, cos2(α− θ) =
1

1 + ν
; (16)

• d = k � âîëîêíà ðàâíîìåðíî ðàñïðåäåëåíû ïî òîëùèíå:

Λ =

√
1 +

√
k + 1− 1

1 + ν
, cos2(α− θ) =

1√
k + 1 + 1

; (17)

• d = 3k � âîëîêíà íà ëèöåâûõ ïîâåðõíîñòÿõ îáîëî÷êè:

Λ =

√
1 +

√
3k + (2− ν)2 − (2− ν)

1 + ν
,

cos2(α− θ) =
1√

3k + (2− ν)2 + (2− ν)
.

(18)

Íà ðèñ. 2 ñëåâà ïîêàçàíà çàâèñèìîñòü êðèòè÷åñêîé íàãðóçêè,
à ñïðàâà � ðàçíîñòè óãëîâ àðìèðîâàíèÿ è âîëíîîáðîçîâàíèÿ äëÿ
òð¼õ ðàññìîòðåííûõ ñëó÷àåâ (16)�(18) ðàñïðåäåëåíèÿ âîëîêîí ïî
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Ðèñ. 2. Çàâèñèìîñòü ïàðàìåòðà íàãðóæåíèÿ Λ (ñëåâà) è óãëà |α−θ|
(ñïðàâà) îò îòíîñèòåëüíîé æ¼ñòêîñòè àðìèðîâàíèÿ k.

òîëùèíå îáîëî÷êè. Ïðè ïîñòðîåíèè ãðàôèêîâ ñ÷èòàëè, ÷òî ν = 0.3.

Èç (16)�(18) è ðèñ. 2 âèäíî, ÷òî â ñëó÷àå îáîëî÷êè, àðìèðîâàí-
íîé îäíîé ñèñòåìîé âîëîêîí, ðàñïîëîæåííîé íà ñðåäèííîé ïîâåðõ-
íîñòè, óâåëè÷åíèÿ êðèòè÷åñêîé íàãðóçêè Λ ïî ñðàâíåíèþ ñ èçîòðîï-
íîé îáîëî÷êîé íå ïðîèñõîäèò. Â ýòîì ñëó÷àå àðìèðîâàíèå âëèÿåò
òîëüêî íà ôîðìó ïîòåðè óñòîé÷èâîñòè.

5. Óñòîé÷èâîñòü äëèííûõ öèëèíäðè÷åñêèõ

îáîëî÷åê ïðè êðó÷åíèè è ïðè âíåøíåì äàâëåíèè

Ïðè êðó÷åíèè è ïðè âíåøíåì äàâëåíèè ìèíèìóì λ ïî ôîðìó-
ëå (12) äîñòèãàåòñÿ ïðè cosα = 0, îòêóäà ñëåäóåò, ÷òî |p| ≪ q, ãäå
q ≥ 2 � öåëîå (â ñèëó ïåðèîäè÷íîñòè â îêðóæíîì íàïðàâëåíèè).
Ïîëîæèì t1 = 0 è, ïîëüçóÿñü íåðàâåíñòâîì |p| ≪ q, ïðèâåäåì ïðè-
áëèæåííîå âûðàæåíèå (11). Ïðè ýòîì íåðàâåíñòâî{∣∣u01∣∣ , ∣∣u02∣∣}≪

∣∣w0
∣∣

óæå íå èìååò ìåñòà, è äëÿ κ2, τ , γ2 íåëüçÿ èñïîëüçîâàòü óïðîùåííûå
âûðàæåíèÿ (8) è (9).

Òîãäà âûðàæåíèå (11) ïðèíèìàåò âèä

λ = min
β,q

β4

A11

(
1 +

2A13β

A11

)
+ µ4(q2 − 1)2D22

(
1 +

4D23β

D22

)
2t3β(q2 − 1) + t2(q2 − 1)2q−2

, (19)
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ãäå β = p/q � òàíãåíñ óãëà íàêëîíà âìÿòèí ê îáðàçóþùåé. Â ôîð-
ìóëå (19) ñîõðàíåíû ãëàâíûå ÷ëåíû è ÷ëåíû ïåðâîãî ïîðÿäêà ìà-
ëîñòè ïî îòíîøåíèþ ê β.

Â ñëó÷àå êðó÷åíèÿ ïîëîæèì â ôîðìóëå (19) t2 = 0, t3 = ±1,
ãäå çíàê óêàçûâàåò íà íàïðàâëåíèå êðó÷åíèÿ. Âû÷èñëÿÿ ìèíèìóì,
ïîëó÷àåì

λ = min
q
λ0

(
1 + µβ0λ1 +O(µ2)

)
,

β0 = t3µ
4

√
D22A11(q

2 − 1)2

3
+O(µ2),

λ0 =
2

3
µ3 4

√
3D3

22(q
2 − 1)2

A11
, λ1 =

2D23

D22
+

A13

2A11
.

(20)

Êàê è ñëåäîâàëî îæèäàòü, ìèíèìóì êðèòè÷åñêîé íàãðóçêè äî-
ñòèãàåòñÿ ïðè q = 2. Â îòëè÷èå îò îðòîòðîïíîé îáîëî÷êè äëÿ îáî-
ëî÷êè ñ âèíòîâîé àíèçîòðîïèåé êðèòè÷åñêàÿ íàãðóçêà çàâèñèò îò
íàïðàâëåíèÿ êðó÷åíèÿ. Èç ïîëó÷åííîé ôîðìóëû âèäíî, ÷òî ýòà çà-
âèñèìîñòü ïðîÿâëÿåòñÿ òîëüêî â ïåðâîì ïðèáëèæåíèè, êîòîðîå äëÿ
îðòîòðîïíîé îáîëî÷êè ðàâíî 0. Äëÿ èçîòðîïíîé îáîëî÷êè ôîðìóëà
(20) ñîâïàäàåò ñ ôîðìóëîé Øâåðèíà â ðàáîòå [1].

Â ñëó÷àå âíåøíåãî äàâëåíèÿ (t2 = 1, t3 = 0)

λ = minq µ
4q2D22

(
1 +

3D23

4D22
β

)
,

β = µ4/3 3
√
−(q2 − 1)2D23A11.

(21)

Ìèíèìóì, îïÿòü æå, äîñòèãàåòñÿ ïðè q = 2.
Â îòëè÷èå îò îðòîòðîïíîé îáîëî÷êè â ñëó÷àå âèíòîâîé àíèçî-

òðîïèè ïðè ïîòåðå óñòîé÷èâîñòè ïîÿâëÿåòñÿ ìàëûé óãîë íàêëîíà
âìÿòèí ê îáðàçóþùåé. Äëÿ èçîòðîïíîé îáîëî÷êè ôîðìóëà (21) ñî-
ãëàñóåòñÿ ñ ôîðìóëîé Ãðàñãîôà�Áðåññà (ñì. [1]) λ = 3µ4D22, êî-
òîðàÿ, â îòëè÷èå îò (21), ó÷èòûâàåò ñëåäÿùèé õàðàêòåð âíåøíåãî
äàâëåíèÿ.

Íà ðèñ. 3 ñëåâà ïîêàçàíà çàâèñèìîñòü ïàðàìåòðà íàãðóæåíèÿ
Λ∗ = λ/µ3 îò óãëà àðìèðîâàíèÿ θ ïðè êðó÷åíèè, à ñïðàâà � ïðè
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Ðèñ. 3. Çàâèñèìîñòü ïàðàìåòðà íàãðóæåíèÿ îò óãëà àðìèðîâàíèÿ
ïðè êðó÷åíèè (ñëåâà) è ïðè âíåøíåì äàâëåíèè (ñïðàâà).

ðàâíîìåðíîì âíåøíåì äàâëåíèè. Ñ÷èòàëîñü, ÷òî ν = 0.3, k = 10,
h/R = 1/100, à âîëîêíà ðàâíîìåðíî ðàñïðåäåëåíû ïî òîëùèíå îáî-
ëî÷êè (d = k). Íà ãðàôèêå äëÿ êðèòè÷åñêîé íàãðóçêè ïðè êðó÷åíèè
ñïëîøíàÿ ëèíèÿ ñîîòâåòñòâóåò ñëó÷àþ t3 = 1, à ïóíêòèðíàÿ � ñëó-
÷àþ t3 = −1.

6. Çàêëþ÷åíèå

Â ðàáîòå ïðè ïîìîùè ëîêàëüíîãî ïîäõîäà áûëè íàéäåíû ÿâíûå
ïðèáëèæ¼ííûå ôîðìóëû äëÿ êðèòè÷åñêîé íàãðóçêè è ôîðìû âû-
ïó÷èâàíèÿ äëÿ öèëèíäðè÷åñêîé îáîëî÷êè ñ âèíòîâîé àíèçîòðîïèåé
ïðè îñåâîì ñæàòèè. Âûÿñíèëîñü, ÷òî êðèòè÷åñêàÿ íàãðóçêà íå çàâè-
ñèò îò óãëà íàêëîíà íèòåé. Îòäåëüíî áûëè ðàññìîòðåíû òðè ÷àñò-
íûõ ñëó÷àÿ ðàñïîëîæåíèÿ àðìèðóþùåãî âîëîêíà: íèòè ðàñïîëî-
æåíû íà ñðåäèííîé ïîâåðõíîñòè, àðìèðîâàíèå ðàâíîìåðíî ïî òîë-
ùèíå, âîëîêíà ðàñïîëîæåíû íà ëèöåâûõ ïîâåðõíîñòÿõ îáîëî÷êè. Â
ïåðâîì èç ýòèõ ñëó÷àåâ ïîäêðåïëÿþùåãî ýôôåêòà àðìèðîâàíèÿ ïðè
ïîìîùè ëîêàëüíîãî ïîäõîäà îáíàðóæåíî íå áûëî. Òàêæå â ðàáîòå
ðàññìîòðåíà ëîêàëüíàÿ óñòîé÷èâîñòü öèëèíäðè÷åñêîé îáîëî÷êè ñ
âèíòîâîé àíèçîòðîïèåé ïðè êðó÷åíèè è âíåøíåì äàâëåíèè.

Ëèòåðàòóðà

1. Ãðèãîëþê Ý.È., Êàáàíîâ Â.Â. Óñòîé÷èâîñòü îáîëî÷åê. Ì., 1978. 360c.

2. Íîâîæèëîâ Â.Â. Òåîðèÿ óïðóãèõ òîíêèõ îáîëî÷åê. Ë.: Ñóäïðîìãèç,



64 È.Â. Âèêòîðîâ

1962. 428ñ.

3. Òîâñòèê Ï.Å. Ëîêàëüíàÿ óñòîé÷èâîñòü ïëàñòèí è ïîëîãèõ îáîëî÷åê íà
óïðóãîì îñíîâàíèè // Èçâ. ÐÀÍ. ÌÒÒ. 2005. Âûï. 1. Ñ. 147�160.

4. Òîâñòèê Ï.Å. Óñòîé÷èâîñòü òîíêèõ îáîëî÷åê. Àñèìïòîòè÷åñêèå ìåòîäû.
Ì.: Íàóêà, 1995. 320ñ.

5. Òîâñòèê Ï.Å., Âèêòîðîâ È.Â. Ëîêàëüíûå ôîðìû ïîòåðè óñòîé÷èâîñòè
êîíñòðóêòèâíî îðòîòðîïíûõ îáîëî÷åê // Ïðîáëåìû ìåõàíèêè äåôîðìè-
ðóåìûõ òâåðäûõ òåë è ãîðíûõ ïîðîä. Ñáîðíèê ñòàòåé ê 75-ëåòèþ Å.È.
Øåìÿêèíà. Ì.: Ôèçìàòëèò, 2006. Ñ. 800�808.

6. Haseganu M.E., Smirnov A. L., Tovstik P. E. Buckling of Thin Anisotropic
Shells // Trans. CSME. Vol. 24. 1B. 169�178.

7. Smirnov A. L., Tovstik P. E. Asymptotic methods in the buckling theory of
elastic shells. World Scienti�c. Singapore; New Jersey; London; Hong Kong,
2002. 347p.



ÃÈÄÐÎÄÈÍÀÌÈ×ÅÑÊÀß ÌÎÄÅËÜ ÄÂÈÆÅÍÈß
ÂÍÓÒÐÈÃËÀÇÍÎÉ ÆÈÄÊÎÑÒÈ,

ÂÎÇÍÈÊÀÞÙÅÃÎ ÏÐÈ ÄÂÈÆÅÍÈÈ
ÃËÀÇÍÎÃÎ ßÁËÎÊÀ

Ê. Î. Ëàõìàí

Â ðàáîòå ðàññìàòðèâàåòñÿ îáîëî÷êà ãëàçà, çàïîëíåííàÿ ñðåäîé èç
íåñêîëüêèõ êîìïîíåíòîâ, êîòîðàÿ âðàùàåòñÿ â æèäêîñòè ïîä âîçäåé-
ñòâèåì êðóòÿùèõ ìîìåíòîâ, ñîçäàâàåìûõ òðåìÿ ïàðàìè ïðèêðåïëåííûõ
ê ãëàçíîìó ÿáëîêó ìûøö. Öåíòð âðàùåíèÿ ãëàçíîãî ÿáëîêà îñòàåòñÿ
íåïîäâèæíûì.

Äîïóñêàÿ, ÷òî âíóòðèãëàçíàÿ æèäêîñòü ÿâëÿåòñÿ èäåàëüíîé íåñæè-
ìàåìîé è îäíîðîäíîé, ðàññìàòðèâàåòñÿ êëàññè÷åñêàÿ çàäà÷à î âèõðåâîì
äâèæåíèè òàêîé æèäêîñòè âíóòðè ãëàçíîãî ÿáëîêà. Â ïðåäëàãàåìîé ìî-
äåëè ðàññìàòðèâàåòñÿ ÷àñòíûé âèä äâèæåíèÿ æèäêîñòè � îäíîðîäíîå
âèõðåâîå äâèæåíèå. Îáëàäàÿ ýêñïåðèìåíòàëüíûìè äàííûìè î çàâèñè-
ìîñòè óãëîâîé ñêîðîñòè äâèæåíèÿ ãëàçà îò âðåìåíè â ïðîöåññå ðàçëè÷-
íûõ òåñòîâ (ïðè ÷òåíèè, ðàññìàòðèâàíèè êàðòèí è óñòðåìëåíèè âçãëÿ-
äîâ â îäíó òî÷êó), ìîæíî îöåíèâàòü çàòðà÷åííóþ ýíåðãèþ â ýòîì ïðî-
öåññå. Äëÿ ïðîâåäåíèÿ èññëåäîâàíèé èñïîëüçîâàíà ñèñòåìà ¾Jazz Novo
Standard¿.

1. Ââåäåíèå

Îáîëî÷êà ãëàçà, çàïîëíåííàÿ ñðåäîé èç íåñêîëüêèõ êîìïîíåíòîâ
(ðèñ. 1), âðàùàåòñÿ â âÿçêîé æèäêîñòè ïîä âîçäåéñòâèåì êðóòÿùèõ
ìîìåíòîâ, ñîçäàâàåìûõ òðåìÿ ïàðàìè ïðèêðåïëåííûõ ê ãëàçíîìó
ÿáëîêó ìûøö (ðèñ. 2).

Öåíòð âðàùåíèÿ ãëàçíîãî ÿáëîêà îñòàåòñÿ íåïîäâèæíûì è â
íîðìå íàõîäèòñÿ â ñðåäíåì íà ðàññòîÿíèè 13.5 ìì îò âåðøèíû ðî-
ãîâèöû. Ó áëèçîðóêèõ ãëàç ýòî ðàññòîÿíèå áîëüøå, ó äàëüíîçîðêèõ
� ìåíüøå. Äâèæåíèå ãëàçíîãî ÿáëîêà âîêðóã íåïîäâèæíîé òî÷êè
îïðåäåëÿåòñÿ îñüþ çðåíèÿ è ìîæåò áûòü ñâåäåíî ê ïîâîðîòó äâóõ
îñåé (ðèñ. 3).

Äîêëàä íà ñåìèíàðå 15 ìàðòà 2010 ã..
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ãðàíò � 09-01-00140
c⃝ Ê.Î. Ëàõìàí, 2012
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Ðèñ. 1. Âíåøíÿÿ ôèáðîçíàÿ îáîëî÷êà ãëàçà.

Ðèñ. 2. Ãëàçíûå ìûøöû.

Íåçàâèñèìî îò èñõîäíîãî ïîëîæåíèÿ ãëàçà è òðàåêòîðèè ïîâîðî-
òà êîíå÷íîå ïîëîæåíèå îñíîâíîãî ìåðèäèàíà è ýêâàòîðà ñåò÷àòêè
îòíîñèòåëüíî çðèòåëüíîé îñè ÿâëÿåòñÿ ôóíêöèåé òîëüêî íàïðàâëå-
íèÿ ýòîé îñè. Îñü ãëàçà A ñîñòàâëÿåò ñ îñüþ âðàùåíèÿ êîñûõ ìûøö
B óãîë îêîëî 35◦, à îñü âðàùåíèÿ âåðõíåé è íèæíåé ïðÿìûõ ìûøö
D � óãîë 70◦. Óãîë ìåæäó îñÿìè B è D ïðèìåðíî 75◦.

Ðàáîòà ìûøö ãëàçà ñêîîðäèíèðîâàíà ñ ðàáîòîé çðà÷êîâîé ìûø-
öû è àêêîìîäàöèîííûõ ìûøö õðóñòàëèêà, ÷òî îïðåäåëÿåò ÷åòêîå
âèäåíèå. Äâèæåíèå ãëàç ïðè ñìåíå òî÷åê ôèêñàöèè âî ôðîíòàëü-
íîé ïëîñêîñòè ñîâåðøàåòñÿ ñêà÷êîì. Îòêëîíåíèå îò òî÷êè ôèêñà-
öèè ðàâíî 5− 6′. Òðàåêòîðèè äâèæåíèÿ ïðàâîãî è ëåâîãî ãëàçà ïðè
ôèêñàöèè íåïîäâèæíîé òî÷êè ðàçëè÷íû. Ïðè íåòî÷íîì ñêà÷êå ãëàç
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Ðèñ. 3. Ïðîñòåéøåå äâèæåíèå ãëàçíîãî ÿáëîêà � ïîâîðîò âîêðóã
äâóõ îñåé.

ñîâåðøàåò äîïîëíèòåëüíûé äîñêîê.

2. Ïîñòàíîâêà çàäà÷è è å¼ ðåøåíèå

Äîïóñêàÿ, ÷òî âíóòðèãëàçíàÿ æèäêîñòü ÿâëÿåòñÿ èäåàëüíîé
íåñæèìàåìîé è îäíîðîäíîé, ðàññìîòðèì çàäà÷ó î âèõðåâîì äâè-
æåíèè òàêîé æèäêîñòè âíóòðè ãëàçíîãî ÿáëîêà.

Çàäà÷à î âèõðåâîì äâèæåíèè èäåàëüíîé íåñæèìàåìîé îäíîðîä-
íîé æèäêîñòè âíóòðè ýëëèïñîèäàëüíîé êàïñóëû ÿâëÿåòñÿ êëàññè÷å-
ñêîé (ñì.[1, 2]). Äëÿ èäåàëüíîé íåñæèìàåìîé îäíîðîäíîé æèäêîñòè
ñïðàâåäëèâî óðàâíåíèå Ýéëåðà [3]:

∂ϑ̄

∂t
+
(
ϑ̄ · ∇

)
ϑ̄ = −1

ρ
∇p, (1)

ãäå ϑ � ñêîðîñòü æèäêîñòè, p � äàâëåíèå, ρ � ïëîòíîñòü.
Ïðè îòñóòñòâèè òåïëîîáìåíà ìåæäó îòäåëüíûìè ó÷àñòêàìè

æèäêîñòè, à òàêæå ìåæäó æèäêîñòüþ è ñîïðèêàñàþùèìèñÿ ñ
íåé òåëàìè (êàïñóëîé ãëàçà) äâèæåíèå ïðîèñõîäèò àäèàáàòè÷åñêè
(ñì.[3]). Èñïîëüçóÿ ñîîòíîøåíèå

1

2
∇ϑ2 = [ϑ̄, rotϑ̄] +

(
ϑ̄ · ∇

)
ϑ̄, (2)
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ìîæíî çàïèñàòü (1) â âèäå

∂ϑ

∂t
− [ϑ̄, rotϑ̄] = −∇

(
p

ρ
+
ϑ2

2

)
. (3)

Ïðèìåíèâ ê îáåèì ÷àñòÿì (3) îïåðàöèþ rot, ïîëó÷èì

∂

∂t
(rotϑ̄) = rot[ϑ̄, rotϑ̄]. (4)

Óðàâíåíèå (4) ñ óñëîâèåì áåçäèâåðãåíòíîñòè

divϑ̄ = 0 (5)

è óñëîâèåì íà ãðàíèöå S (ïîâåðõíîñòü ãëàçíîãî ÿáëîêà)(
ϑ̄ · ∇

)
V |S=0 = 0 (6)

ïîëíîñòüþ îïèñûâàåò âèõðåâîå äâèæåíèå èäåàëüíîé íåñæèìàåìîé
îäíîðîäíîé æèäêîñòè âíóòðè îáúåìà V ñ ïîâåðõíîñòüþ S.

Ïîâåðõíîñòü ãëàçíîé êàïñóëû â íàèáîëåå îáùåì ñëó÷àå ñ÷èòàåì
ýëëèïñîèäàëüíîé:

S(x, y, z) =
x2

a21
+
y2

a22
+
z2

a23
− 1 = 0, (7)

ãäå ai(i = 1, 2, 3) � ãëàâíûå ïîëóîñè ýëëèïñîèäà.
Ñóùåñòâóåò ÷àñòíûé âèä äâèæåíèÿ æèäêîñòè � îäíîðîäíîå âèõ-

ðåâîå äâèæåíèå, â êîòîðîì Ω̄ = rotϑ̄ â êàæäûé ìîìåíò âðåìåíè
îñòàåòñÿ ïîñòîÿííûì â ïðîñòðàíñòâå è îäèíàêîâûì äëÿ âñåõ ÷à-
ñòèö æèäêîñòè. Â ðàññìàòðèâàåìîé çàäà÷å èìåþòñÿ òðè ëèíåéíî
íåçàâèñèìûõ ïîëÿ ñêîðîñòè, ñîîòâåòñòâóþùèå ñòàöèîíàðíîìó îäíî-
ðîäíîìó âðàùåíèþ æèäêîñòè âîêðóã êàæäîé èç òðåõ ãëàâíûõ îñåé
ýëëèïñîèäà. Ýòè áåçäèâåðãåíòíûå âåêòîðíûå ïîëÿ ñêîðîñòè çàâè-
ñÿò ëèíåéíî îò êîîðäèíàò, óäîâëåòâîðÿþò ãðàíè÷íîìó óñëîâèþ (2)
è ÿâëÿþòñÿ òî÷íûìè ðåøåíèÿìè óðàâíåíèÿ (4) (ñì.[4]). Ýòî âåê-
òîðíîå ïîëå ìîæíî çàïèñàòü (ñì.[5]) â âèäå

W̄1 = −a2
a3
zj̄ +

a3
a2
yk̄,

W̄2 = −a3
a1
xk̄ +

a1
a3
zī,

W̄3 = −a1
a2
yī+

a2
a1
xj̄.

(8)
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Îíè óäîâëåòâîðÿþò óñëîâèþ íà ãðàíèöå (6), ÿâëÿþòñÿ áåçäèâåð-
ãåíòíûìè, ëèíåéíî íåçàâèñèìûìè è îðòîãîíàëüíûìè â òîì ñìûñëå,
÷òî ∫

V

Wi ·WjdV = 0 (9)

äëÿ i ̸= j. Ñëåäóÿ ðàáîòå [6] ðåøåíèå (4) áóäåì èñêàòü â âèäå

ϑ̄(x̄, t) = ω1(t)W̄1(x̄) + ω2(t)W̄2(x̄) + ω3(t)W̄3(x̄), (10)

Çàïèøåì ϑ̄ â îðòàõ ī, j̄, k̄:

ϑ̄ = ī

(
a1
a3
zω2 −

a1
a2
yω3

)
+j̄

(
a2
a1
xω3 −

a2
a3
zω1

)
+k̄

(
a3
a2
yω1 −

a3
a1
xω2

)
,

(11)
Ïîäñòàâëÿÿ âûðàæåíèå (11) â óðàâíåíèå (4) è ïðîèçâåäÿ âñå

íåîáõîäèìûå âû÷èñëåíèÿ, ïîëó÷èì ñèñòåìó

J1
dω1

dt
= (J3 − J1)ω2ω3,

J2
dω2

dt
= (J1 − J3)ω3ω1,

J3
dω3

dt
= (J2 − J1)ω1ω2,

(12)

ãäå J1 = a22 + a23, J2 = a23 + a21, J3 = a21 + a22.
Ïîëó÷åííàÿ ñèñòåìà (12) ñîâïàäàåò ñ óðàâíåíèåì Ýéëåðà äëÿ

äâèæåíèÿ ãèðîñêîïà (ñì.[7]). Îáùàÿ òåîðèÿ òàêèõ ãèäðîäèíà-
ìè÷åñêèõ êîíå÷íîìåðíûõ ìîäåëåé îñíîâûâàåòñÿ íà òåîðåòèêî-
ãðóïïîâûõ ñîîáðàæåíèÿõ (ñì.[7]). Óðàâíåíèå Ýéëåðà (12) èìååò äâà
êâàäðàòè÷íûõ èíòåãðàëà äâèæåíèÿ:

E = 1
2 (J1ω

2
1 + J2ω

2
2 + J3ω

2
3),

K2 = (J2
1ω

2
1 + J2

2ω
2
2 + J2

3ω
2
3),

(13)

ãäå E � êèíåòè÷åñêàÿ ýíåðãèÿ æèäêîñòè, K2 � êâàäðàò êèíåòè÷å-
ñêîãî ìîìåíòà.
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3. Çàêëþ÷åíèå

Ïðåäâàðèòåëüíûå ýêñïåðèìåíòû áûëè ïðîâåäåíû íà ñèñòåìå
¾Jazz Novo Standard¿ â Èíñòèòóòå ôèçèîëîãèè èì. È.Ï. Ïàâëîâà.
Èñïûòóåìûì áûëî ïðåäëîæåíî: 1)ñìîòðåòü â îäíó òî÷êó, 2) ÷èòàòü
òåêñò, 3) ðàññìàòðèâàòü êàðòèíó. Åñëè ñîîòâåòñòâóþùèå çàòðàòû
ýíåðãèè îáîçíà÷èòü E1, E2, E3, òî îêàçàëîñü, ÷òî

E3 > E2 > E1.

Òî åñòü ðàññìàòðèâàíèå êàðòèí âûçûâàåò íàèáîëüøèå çàòðàòû
ýíåðãèè.
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×ÀÑÒÎÒÛ È ÔÎÐÌÛ ÊÎËÅÁÀÍÈÉ
ÂÐÀÙÀÞÙÅÉÑß ÍÀ ÐÎËÈÊÀÕ
ÖÈËÈÍÄÐÈ×ÅÑÊÎÉ ÎÁÎËÎ×ÊÈ

Ì.Ë. Áîÿðñêàÿ

Ðàññìàòðèâàåòñÿ öèëèíäðè÷åñêàÿ îáîëî÷êà, ïîäêðåïëåííàÿ ðàñïî-
ëîæåííûìè ïî îêðóæíîñòè àáñîëþòíî æåñòêèìè öèëèíäðè÷åñêèìè ðî-
ëèêàìè. Â ïðåäïîëîæåíèè øàðíèðíîãî çàêðåïëåíèÿ êðàåâ ïîëó÷åíû
óðàâíåíèÿ äëÿ íàõîæäåíèÿ ÷àñòîò êîëåáàíèé íåâðàùàþùåéñÿ îáîëî÷-
êè. Ïðèâîäÿòñÿ ÷èñëåííûå çíà÷åíèÿ ÷àñòîò ïðè íàëè÷èè òðåõ ðîëèêîâ.

1. Ââåäåíèå

Â ðàáîòå [1] ðàññìàòðèâàëàñü çàäà÷à î êîëåáàíèÿõ êðóãîâîé öè-
ëèíäðè÷åñêîé îáîëî÷êè ñ íåðàñòÿæèìûì ìåðèäèàíîì, ïîäêðåïëåí-
íîé àáñîëþòíî æåñòêèìè öèëèíäðè÷åñêèìè ðîëèêàìè. Äëèíà îáî-
ëî÷êè ïðåäïîëàãàëàñü áåñêîíå÷íîé. Áûëè ïîëó÷åíû ôîðìóëû äëÿ
îïðåäåëåíèÿ ÷àñòîò è ôîðì êîëåáàíèé îáîëî÷êè â ñëó÷àå ïðîèç-
âîëüíîãî ÷èñëà ðîëèêîâ.

Ìîäåëü áåñêîíå÷íîé îáîëî÷êè äàåò áëèçêèå ê ðåàëüíûì çíà÷å-
íèÿ ÷àñòîò êîëåáàíèé äëÿ äîñòàòî÷íî äëèííûõ îáîëî÷åê. Â äàííîé
ðàáîòå ðàññìàòðèâàåòñÿ ïîäêðåïëåííàÿ ðîëèêàìè öèëèíäðè÷åñêàÿ
îáîëî÷êà êîíå÷íîé äëèíû. Íà êðàÿõ îáîëî÷êè ïðåäïîëàãàþòñÿ çà-
äàííûìè ãðàíè÷íûå óñëîâèÿ øàðíèðíîãî çàêðåïëåíèÿ.

Ôîðìû êîëåáàíèé ïðåäñòàâëÿþòñÿ â âèäå ðÿäîâ Ôóðüå ïî
îêðóæíîé êîîðäèíàòå. Íà äâèæåíèå îáîëî÷êè íàêëàäûâàþòñÿ ñâÿ-
çè, îáóñëîâëåííûå íàëè÷èåì ïîäêðåïëÿþùèõ ðîëèêîâ. Óðàâíåíèÿ
÷àñòîò ïîëó÷åíû èç óðàâíåíèé Ëàãðàíæà âòîðîãî ðîäà ñ ìíîæèòå-
ëÿìè.

Öèëèíäðè÷åñêàÿ îáîëî÷êà, ïîäêðåïëåííîé ðîëèêàìè, ÿâëÿåòñÿ

Äîêëàä íà ñåìèíàðå 29 ìàðòà 2011 ã.
Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ãðàíò �10-01-00244.
c⃝ Áîÿðñêàÿ Ì.Ë., 2012
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ìîäåëüþ îáîëî÷êè öåíòðîáåæíîãî êîíöåíòðàòîðà, èñïîëüçóåìîãî
äëÿ îáîãàùåíèÿ ðóä (ñì. [2]). Â äàííîé ðàáîòå ïðèâîäÿòñÿ ðåçóëü-
òàòû äëÿ îáîëî÷êè ñ òðåìÿ è øåñòüþ ðîëèêàìè, òàê êàê èìåííî
òàêîå èõ êîëè÷åñòâî èìååòñÿ â öåíòðîáåæíûõ êîíöåíòðàòîðàõ.

2. Óðàâíåíèÿ êîëåáàíèé

Óðàâíåíèÿ êîëåáàíèé öèëèíäðè÷åñêîé îáîëî÷êè êîíå÷íîé äëè-
íû (ñì. [3]) èìåþò âèä

∂T1
∂x

+
1

R

∂S

∂φ
= ρh

∂2u

∂t2
,

1

R

∂T2
∂φ

+
∂S

∂x
+

1

R
· ∂M12

∂x
+

1

R
Q2 = ρh

∂2v

∂t2
,

∂Q1

∂x
+

1

R

∂Q2

∂φ
− 1

R
· T2 = ρh

∂2w

∂t2
,

Q1 =
∂M1

∂x
+

1

R

∂M12

∂φ
, Q2 =

1

R

∂M2

∂φ
+
∂M12

∂x
,

(1)

ãäå

T1 = B(ε1 + νε2), T2 = B(ε2 + νε1), S = B
1− ν

2
ε12,

M1 = D(κ1 + νκ2), M2 = D(κ2 + νκ1),

M12 = D(1− ν)κ12, B =
EH

1− ν2
, D =

EH3

12(1− ν2)
,

(2)

x � êîîðäèíàòà âäîëü îáðàçóþùåé, φ � óãîë â îêðóæíîì íàïðàâ-
ëåíèè, t � âðåìÿ, ρ � ïëîòíîñòü ìàòåðèàëà, T1, T2, S, Q1, Q2 �
óñèëèÿ,M1,M2,M12 � ìîìåíòû, u, v, w � ïðîåêöèè ïåðåìåùåíèé,
ε1, ε2, ε12, κ1, κ2, κ12 � äåôîðìàöèè, ν � êîýôôèöèåíò Ïóàññîíà,
E � ìîäóëü Þíãà, H è R � òîëùèíà è ðàäèóñ îáîëî÷êè.

Ãåîìåòðè÷åñêèå ñîîòíîøåíèÿ ñâÿçûâàþò äåôîðìàöèè ñ ïðîåê-
öèÿìè ïåðåìåùåíèé:

ε1 =
∂u

∂x
, ε2 =

1

R

∂v

∂φ
+
w

R
, ε12 =

1

R

∂u

∂φ
+
∂v

∂x
, κ1 = −∂

2w

∂x2
,

κ2 = − 1

R2

∂2w

∂φ2
+

1

R2

∂v

∂φ
, κ12 = − 1

R

∂2w

∂x∂φ
+

1

R

∂v

∂x
.

(3)
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3. ×àñòîòû êîëåáàíèé îáîëî÷êè áåç ðîëèêîâ

Ïðåäïîëîæèì, ÷òî ìåðèäèàí îáîëî÷êè íåðàñòÿæèì, à íà åå êðà-
ÿõ çàäàíû ãðàíè÷íûå óñëîâèÿ øàðíèðíîãî îïèðàíèÿ. Òîãäà ε2 = 0,

T1 = v = w =M1 = 0, ïðè x = 0, x = L,

ãäå L � äëèíà îáîëî÷êè. Ðåøåíèå êðàåâîé çàäà÷è èùåì â âèäå

u(x, φ, t) = u0 cosmφ cos(πnx/L) sinΩt,
v(x, φ, t) = v0 sinmφ sin(πnx/L) sinΩt,
w(x, φ, t) = w0 cosmφ sin(πnx/L) sinΩt,

(4)

ãäå n � ÷èñëî âîëí âäîëü îáðàçóþùåé, m � ÷èñëî âîëí ïî ïàðàë-
ëåëè, Ω � ÷àñòîòà êîëåáàíèé.

Ïîäñòàâëÿÿ âûðàæåíèÿ (4) â äèôôåðåíöèàëüíûå óðàâíåíèÿ (1)�
(3) ñ ó÷åòîì ðàâåíñòâà ε2 = 0, ïîëó÷àåì ñèñòåìó îäíîðîäíûõ àë-
ãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ u0, v0:

L11u0 + L12v0 = 0, L21u0 + L22v0 = 0, (5)

ãäå

L11 = − α2

(1− ν)µ4
+ ω2(1 + ν)− m2

2µ4
, L12 =

α

2µ4m(1 + ν)
,

L21 =
αm

2µ4
, L22 = − α2

2µ4m2(1 + ν)
− 1− 2α2(1− ν)

m2
+
ω2

m2
+

+2α2(2− ν) + 2m2 − α4 −m4 − 2m2α2 + ω2,

µ4 = h2/12, h = H/R, α = πn/l, l = L/R, ω � áåçðàçìåðíàÿ ÷àñòîòà,
êîòîðàÿ ñâÿçàíà ñ ðàçìåðíîé ÷àñòîòîé Ω ïî ôîðìóëå

ω =
ΩR

µ2

√
ρ(1− ν2)

E
.

Óñëîâèå ñóùåñòâîâàíèÿ íåòðèâèàëüíûõ ðåøåíèé ñèñòåìû (5)
èìååò âèä

L11L22 − L12L21 = 0. (6)
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Çíà÷åíèå α = 0 ñîîòâåòñòâóåò îáîëî÷êå áåñêîíå÷íîé äëèíû.
Äëÿ îáîëî÷êè ñ ïàðàìåòðàìè h = 1/15, ν = 0.3, l = 2.5 ïðè n = 1

óðàâíåíèå (6) èìååò êîðíè:

ω1 = 11.6, ω2 = 119, ïðè m = 3,

ω1 = 36.1, ω2 = 205, ïðè m = 6.

Â òàáë. 1 ñîäåðæàòñÿ ðåçóëüòàòû ðàñ÷åòîâ áåçðàçìåðíîé ïåðâîé
÷àñòîòû êîëåáàíèé ω1 äëÿ îáîëî÷åê ðàçëè÷íîé áåçðàçìåðíîé äëèíû
è òîëùèíû.

Òàáë.1 Ïåðâàÿ ÷àñòîòà êîëåáàíèé îáîëî÷êè ω1 äëÿ m = 3 è m = 6

ω
h = 1/15 h = 1/50

l
m = 3 m = 6 m = 3 m = 6

2.5 11.6 36.1 26.1 36.8
5.0 8.20 34.9 10.6 34.9
10 7.69 34.6 7.89 34.6
∞ 7.59 34.5 7.59 34.5

Â ïîñëåäíåé ñòðîêå òàáë. 1 äëÿ ñðàâíåíèÿ ïðèâåäåíà áåçðàçìåð-
íàÿ ïåðâàÿ ÷àñòîòà êîëåáàíèé áåñêîíå÷íîé îáîëî÷êè.

4. ×àñòîòû êîëåáàíèé îáîëî÷êè ñ ðîëèêàìè

Ðàññìîòðèì øàðíèðíî îïåðòóþ îáîëî÷êó ñ íåðàñòÿæèìûì ìå-
ðèäèàíîì, ïîäêðåïëåííóþ N ðîëèêàìè ïî îáðàçóþùèì φ = φj .
Ðåøåíèå

u = R

N∑
k=1

(Ak cos kφ+Bk sin kφ) cos(πnx/L),

v = −R
N∑
k=1

(
ak
k

sin kφ− bk
k

cos kφ

)
sin(πnx/L),

w = R

N∑
k=1

(ak cos kφ+ bk sin kφ) sin(πnx/L)

(7)
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óäîâëåòâîðÿåò ãðàíè÷íûì óñëîâèÿì è ðàâåíñòâó ε2 = 0. Áåçðàçìåð-
íûå êîýôôèöèåíòû Ak, Bk, ak, bk çàâèñÿò îò âðåìåíè t.

Çàïèøåì êèíåòè÷åñêóþ è ïîòåíöèàëüíóþ ýíåðãèè îáîëî÷êè:

T =
ρH

2

∫ 2π

0

∫ L

0

[(
∂u

∂t

)2

+

(
∂v

∂t

)2

+

(
∂w

∂t

)2
]
Rdφdx,

Π =
1

2

∫ 2π

0

∫ L

0

(T1ε1 + Sε12 +M1κ1 +M2κ2 + 2Hκ12)Rdφdx.

(8)
Âûðàçèì â ôîðìóëå äëÿ Π âåëè÷èíû T1, S, ε1, ε12, M1, M2, H,

κ1, κ2, κ12 ÷åðåç ïðîåêöèè ïåðåìåùåíèé u, v, w ïðè ïîìîùè óðàâ-
íåíèé ñîñòîÿíèÿ (2) è ãåîìåòðè÷åñêèõ ñîîòíîøåíèé (3). Ïîñòàâèâ
ïîñëå ýòîãî â T è Π âûðàæåíèÿ äëÿ ïåðåìåùåíèé (7), ïîëó÷èì

T =
πρHLR3

4

N∑
k=1

[(
1

k2
+ 1

)
(ȧ2k + ḃ2k) + (Ȧ2

k + Ḃ2
k)

]
,

Π =
πEHLRµ4

4
(Π1 +Π2 +Π3 +Π4 +Π5),

(9)

ãäå òî÷êà îçíà÷àåò ïðîèçâîäíóþ ïî âðåìåíè,

Π1 =
α2

(1− ν2)µ4

N∑
k=1

(Ak
2 +Bk

2),

Π2 =
1

2(1 + ν)µ4

N∑
k=1

[(αak
k

+ kAk

)2
+

(
αbk
k

+ kBk

)2
]
,

Π3 =
α2

1− ν2

N∑
k=1

[
(α2 − ν + νk2)(a2k + b2k)

]
,

Π4 =
1

1− ν2

N∑
k=1

[
(a2k + b2k)(k

2 − 1)(k2 − 1 + α2ν)
]
,

Π5 =
2α2

1 + ν

N∑
k=1

(
k − 1

k

)2

(a2k + b2k).

Äëÿ îïèñàíèÿ êîëåáàíèé îáîëî÷êè èñïîëüçóåì óðàâíåíèÿ



76 Ì.Ë. Áîÿðñêàÿ

Ëàãðàíæà:

d

dt

(
∂T

∂ȧk

)
− ∂T

∂ak
+
∂Π

∂ak
=

N∑
j=1

Λj
∂fj
∂ak

,

d

dt

(
∂T

∂ḃk

)
− ∂T

∂bk
+
∂Π

∂bk
=

N∑
j=1

Λj
∂fj
∂bk

,

d

dt

(
∂T

∂Ȧk

)
− ∂T

∂Ak
+

∂Π

∂Ak
= 0,

d

dt

(
∂T

∂Ḃk

)
− ∂T

∂Bk
+

∂Π

∂Bk
= 0,

(10)
ãäå Λj � ìíîæèòåëè Ëàãðàíæà, k = 1, . . . , N .

Óðàâíåíèÿ ñâÿçè ïîëó÷àåì èç óñëîâèÿ ðàâåíñòâà íóëþ ïðîãèáà
w íà ïîäêðåïëåííûõ ðîëèêàìè îáðàçóþùèõ öèëèíäðà φ = φj :

fj =
n∑
k=1

(ak cos kφj + bk sin kφj) = 0, j = 1, . . . , N, (11)

ãäå φj = 2πj/N â ñëó÷àå ðàâíîìåðíîãî ðàñïîëîæåíèÿ ðîëèêîâ.
Ïîäñòàâèì â óðàâíåíèÿ Ëàãðàíæà (10) âûðàæåíèÿ äëÿ êèíå-

òè÷åñêîé è ïîòåíöèàëüíîé ýíåðãèé (9) è ôóíêöèé fj (11). Ïîñëå
ïåðåõîäà ê áåçðàçìåðíûì ïåðåìåííûì ïî ôîðìóëàì

τ = Ω0t, λj =
Λj

R3ρhπΩ2
0

, Ω2
0 =

Eµ4

ρR2(1− ν2)

ïîëó÷èì óðàâíåíèÿ ìàëûõ êîëåáàíèé â áåçðàçìåðíîì âèäå

ckäk + e2kak + fAk =
N∑
j=1

λj cos kφj ,

ck b̈k + e2kbk + fBk =
N∑
j=1

λj sin kφj ,

Äk + gkAk + fak = 0, B̈k + gkBk + fbk = 0,

(12)

ãäå äâóìÿ òî÷êàìè îáîçíà÷åíà âòîðàÿ ïðîèçâîäíàÿ ïî áåçðàçìåð-
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íîìó âðåìåíè τ ,

ck =

(
1

k2
+ 1

)
, e2k =

α2

2µ4k2(1 + ν)
+ α2(α2 − ν + νk2)+

+(k2 − 1)(k2 − 1 + α2ν) + 2(1− ν)α2(k − 1

k
)2,

f =
α

2µ4(1 + ν)
, gk =

α2

µ4(1− ν2)
+

k2

2µ4(1 + ν)
,

k = 1, 2, . . . , N.

Ïîñëå ïîäñòàíîâêè ak = âke
iωτ , bk = b̂ke

iωτ , Ak = Âke
iωτ ,

Bk = B̂ke
iωτ , λj = L̂je

iωτ â óðàâíåíèÿ êîëåáàíèé è óðàâíåíèÿ ñâÿ-
çåé ïîëó÷àåì ñèñòåìó ëèíåéíûõ îäíîðîäíûõ àëãåáðàè÷åñêèõ óðàâ-
íåíèé ñ íåèçâåñòíûìè âk, b̂k, Âk, B̂k, L̂j :

(−ckω2 + e2k)âk + fÂk =
N∑
j=1

cjkL̂j ,

(−ckω2 + e2k)b̂k + fB̂k =
N∑
j=1

sjkL̂j ,

Âk(gk − ω2) + fâk = 0,

B̂k(gk − ω2) + f b̂k = 0, k = 1, 2, . . . , N,

N∑
j=1

(cjkâk + sjk b̂k) = 0, j = 1, 2, . . . , N.

(13)

Ðàññìîòðèì ñëó÷àé ðàâíîìåðíîãî ðàñïîëîæåíèÿ ðîëèêîâ. Òîãäà

cjk = cos
2πjk

N
, sjk = sin

2πjk

N
.

Âûðàæàÿ â òðåòüåé è ÷åòâåðòîé ãðóïïàõ óðàâíåíèé ïîñëåäíåé ñè-
ñòåìû Âk ÷åðåç âk è B̂k ÷åðåç b̂k ïî ôîðìóëàì

Âk = − f

gk − ω2
âk, B̂k = − f

gk − ω2
b̂k

è ïîäñòàâëÿÿ èõ â åå ïåðâóþ è âòîðóþ ãðóïïû óðàâíåíèé, ïîëó÷èì

âk

[
e2k − ckω

2 − f2

gk − ω2

]
=

N∑
j=1

cjkL̂j , k = 1, 2, . . . , N, (14)
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b̂k

[
e2k − ckω

2 − f2

gk − ω2

]
=

N∑
j=1

sjkL̂j , k = 1, 2, . . . , N. (15)

Ïóñòü ÷èñëî ðîëèêîâ N = 2n1 + 1, ãäå n1 � íàòóðàëüíîå ÷èñëî.
Ââèäó òîãî, ÷òî

cjk = cos
2πjk

N
= cos

2πj(N − k)

N
= cj,N−k,

sjk = sin
2πjk

N
= − sin

2πj(N − k)

n
= −sj,N−k,

k = 1, 2, . . . , n1, cjN = 1, sjN = 0,

(16)

óðàâíåíèÿ ñâÿçè (11) ïðèíèìàþò âèä

N∑
k=1

(
cjk(âk + âp) + sjk(b̂k + b̂p)

)
+ âN = 0, j = 1, . . . , N, (17)

ãäå p = N − k. Cèñòåìå (17) óäîâëåòâîðÿþò çíà÷åíèÿ

âk = −âp, b̂k = b̂p, âN = 0. (18)

Äëÿ N < 9 äðóãèõ ðåøåíèé ñèñòåìà (17) íå èìååò (ñì.[1]).
Èç k-ãî óðàâíåíèÿ ñèñòåìû (14) âû÷òåì åå p-å óðàâíåíèå, à k-å

óðàâíåíèå ñèñòåìû (15) ñëîæèì ñ åå p-ì óðàâíåíèåì. Äîáàâèì ê ïî-
ëó÷åííûì 2n1 óðàâíåíèÿì N -å óðàâíåíèå ñèñòåìû (15). Ïðèíèìàÿ
âî âíèìàíèå ðàâåíñòâà (16) è (18), ïîëó÷èì ñëåäóþùóþ ñèñòåìó
óðàâíåíèé:

âk(ξk + ξp) = 0, b̂k(ξk + ξp) = 0, b̂nξn = 0, (19)

ãäå

ξk = e2k − ckω
2 − f2

gk − ω2
, k = 1, . . . , n1.

Èç óñëîâèÿ ñóùåñòâîâàíèÿ íåòðèâèàëüíûõ ðåøåíèé ýòîé ñèñòå-
ìû ïîëó÷àåì óðàâíåíèÿ ÷àñòîò:

e2k − ckω
2 − f2

gk − ω2
+ e2p − cpω

2 − f2

gp − ω2
= 0,

k = 1, . . . , n1, e2N − cNω
2 − f2

gN − ω2
= 0.

(20)
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Ïîñëåäíåå óðàâíåíèå â ñèñòåìå (20) ðàâíîñèëüíî óðàâíåíèþ (6).
Ýòî ñâÿçàíî ñ òåì, ÷òî ïðè N = m îáîëî÷êà ñ ðîëèêàìè è îáîëî÷êà
áåç ðîëèêîâ èìåþò îäèíàêîâóþ ôîðìó êîëåáàíèé:

w = w0 sinmφ sin(πnx/L).

Â ñëó÷àå α = 0, êîòîðûé ñîîòâåòñòâóåò áåñêîíå÷íîé îáîëî÷êå,
óðàâíåíèÿ (20) ñîâïàäàþò ñ óðàâíåíèÿìè èç ðàáîòû [1].

Â òàáë.2 ïðèâåäåíû ðåçóëüòàòû ðàñ÷åòîâ áåçðàçìåðíîé ÷àñòî-
òû, ïîëó÷àåìîé èç ïåðâîãî óðàâíåíèÿ (20) äëÿ îáîëî÷åê ðàçëè÷íîé
áåçðàçìåðíîé äëèíû è òîëùèíû. Çäåñü N = 3, ν = 0.3, α = π/l.

Òàáë.2 ×àñòîòà ω äëÿ òðåõ ðîëèêîâ

ω
l h=1/15 h=1/50

5 8.65 28.2
10 3.19 9.17
15 2.11 4.60
20 1.83 2.98
∞ 1.66 1.66

Åùå îäíà ÷àñòîòà íàõîäèòñÿ èç ïîñëåäíåãî óðàâíåíèÿ (20). Åå
÷èñëåííûå çíà÷åíèÿ ïðèâåäåíû â òàáë.1 ïðè m = 3. Îò çíà÷åíèé
ïàðàìåòðîâ h è l çàâèñèò, êàêàÿ èç ÷àñòîò ÿâëÿåòñÿ ïåðâîé.

Ðåçóëüòàòû, ïðèâåäåííûå â òàáë.1 è 2, ïîêàçûâàþò, ÷òî ðàçëè-
÷èå ìåæäó ÷àñòîòàìè êîëåáàíèé îáîëî÷åê êîíå÷íîé è áåñêîíå÷íîé
äëèíû óâåëè÷èâàåòñÿ íå òîëüêî ñ óìåíüøåíèåì äëèíû îáîëî÷êè,
íî è ñ óìåíüøåíèåì åå òîëùèíû è ÷èñëà âîëí ïî ïàðàëëåëè.

5. Çàêëþ÷åíèå

Ðàçðàáîòàí àëãîðèòì ïîèñêà ÷àñòîò êîëåáàíèé ïîäêðåïëåííîé
ðîëèêàìè êðóãîâîé öèëèíäðè÷åñêîé îáîëî÷êè êîíå÷íîé äëèíû ñ
íåðàñòÿæèìûì ìåðèäèàíîì. Âûâåäåíû îáùèå ôîðìóëû äëÿ íàõîæ-
äåíèÿ ÷àñòîòû è ïðèâåäåíû åå êîíêðåòíûå ÷èñëåííûå çíà÷åíèÿ.
Ïîëó÷åííûå â ðàáîòå ðåçóëüòàòû ïîçâîëÿþò îöåíèòü îáëàñòü ïðè-
ìåíèìîñòè óðàâíåíèé áåñêîíå÷íîé îáîëî÷êè.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÓÊËÀÄÊÈ ÏÎÄÂÎÄÍÎÃÎ
ÒÐÓÁÎÏÐÎÂÎÄÀ S-ÌÅÒÎÄÎÌ

Ò.Â. Çèíîâüåâà

Ïîñòàâëåíà è ÷èñëåííî ðåøåíà êîíòàêòíàÿ çàäà÷à îá èçãèáå òðó-
áîïðîâîäà ïðè åãî óêëàäêå íà òâåðäîå äíî. Òðóáîïðîâîä ìîäåëèðóåò-
ñÿ ïîëóáåñêîíå÷íîé óïðóãîé áàëêîé. Äëèíà åå ñâîáîäíî ïðîâèñàþùåãî
ó÷àñòêà íåèçâåñòíà è îïðåäåëÿåòñÿ â ðåçóëüòàòå ðàñ÷åòà. Ïîëó÷åíî è
èñïîëüçîâàíî â ðàñ÷åòàõ íîâîå âûðàæåíèå ãèäðîñòàòè÷åñêîé íàãðóçêè.
Îïðåäåëåíû ôîðìà ñâîáîäíîãî ó÷àñòêà, ðåàêöèÿ ìîðñêîãî äíà, ïîñòðî-
åíû çàâèñèìîñòè âíóòðåííèõ óñèëèé è íàïðÿæåíèé îò óãëà çàêðåïëåíèÿ
òðóáîïðîâîäà è ðàññòîÿíèÿ äî äíà.

1. Ââåäåíèå

Ñòðîèòåëüñòâî è ýêñïëóàòàöèÿ ïîäâîäíûõ òðóáîïðîâîäîâ ñîïðÿ-
æåíû ñ ðèñêîì ïðè÷èíåíèÿ óùåðáà ëþäÿì è îêðóæàþùåé ñðåäå,
ïîñêîëüêó íàðóøåíèå öåëîñòíîñòè òðóáîïðîâîäà ìîæåò ïðèâåñòè ê
âûáðîñó óãëåâîäîðîäîâ è èõ äàëüíåéøåìó âîñïëàìåíåíèþ. Âûñî-
êèå ñòàíäàðòû áåçîïàñíîñòè îïðåäåëÿþò àêòóàëüíîñòü ìàòåìàòè-
÷åñêîãî ìîäåëèðîâàíèÿ íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ
òðóáîïðîâîäà.

Ïîâðåæäåíèå òðóáîïðîâîäà ìîæåò âîçíèêíóòü óæå â ïðîöåññå
åãî óêëàäêè ñ ñóäíà íà äíî. Òðàäèöèîííî íà âîäíûõ ãëóáèíàõ äî
1 êì èñïîëüçóåòñÿ òàê íàçûâàåìûé S-ìåòîä óñòàíîâêè òðóáîïðîâî-
äà. Íàçâàíèå ìåòîä ïîëó÷èë ïî õàðàêòåðíîé ôîðìå, êîòîðóþ ïðè-
íèìàåò òðóáîïðîâîä íà ïóòè ñ ñóäíà ê ìîðñêîìó äíó (ðèñ.1).

Ñóäíî-òðóáîóêëàä÷èê ñëóæèò ïëàòôîðìîé äëÿ íàðàùèâàíèÿ
ïëåòè òðóáîïðîâîäà, îáû÷íî ê åå êîíöó ïðèâàðèâàþòñÿ òðóáû äëè-
íîé îò 12 äî 24 ì, êà÷åñòâî ñâàðêè ïðîâåðÿåòñÿ, íàíîñèòñÿ çàùèò-
íûé ñëîé, ñóäíî ïðîäâèãàåòñÿ âïåðåä, îïóñêàÿ òðóáîïðîâîä â ìîðå.

Äîêëàä íà ñåìèíàðå 12 àïðåëÿ 2011 ã.
c⃝ Ò.Â. Çèíîâüåâà, 2012
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Îí äâèæåòñÿ ê êîðìå ñóäíà ïî íàêëîíåííîìó ñêàòó, ñîïðèêàñàÿñü
â êîíöå ñ èçîãíóòîé ôåðìåííîé êîíñòðóêöèåé � ñòèíãåðîì [1]. Ïîä

Ðèñ. 1. Ñõåìà óñòàíîâêè òðóáîïðîâîäà S-ìåòîäîì.

äåéñòâèåì âåñà òðóáîïðîâîä èçãèáàåòñÿ, è íàïðÿæåíèÿ â íåì ìîãóò
ïðåâûñèòü äîïóñòèìûå. Ïîä êàêèì óãëîì ñëåäóåò ïîäàâàòü ïëåòü
òðóáîïðîâîäà ñ êîðìû ñóäíà, ÷òîáû ñíèçèòü íàãðóçêó íà íåå, çàâè-
ñèò îò ãëóáèíû óêëàäêè è ÿâëÿåòñÿ ïðåäìåòîì èññëåäîâàíèÿ.

Ïîñêîëüêó îòíîñèòåëüíàÿ òîëùèíà ðàññìàòðèâàåìîãî ó÷àñòêà
òðóáîïðîâîäà ìàëà, â îñíîâó ðàñ÷åòîâ ìîæåò áûòü ïîëîæåíà òåîðèÿ
ñòåðæíåé. Ïðåîáëàäàþùèé â ëèòåðàòóðå óïðîùåííûé ó÷åò ãèäðî-
ñòàòè÷åñêîé íàãðóçêè íà ñòåðæåíü [2�4] â ðÿäå ñëó÷àåâ ïðèâîäèò
ê çíà÷èòåëüíûì ïîãðåøíîñòÿì, òî÷íàÿ ôîðìóëà îñòàåòñÿ ìàëîèç-
âåñòíîé [5, 6].

2. Ìîäåëü ñ óïðîùåííîé íàãðóçêîé

Òðóáîïðîâîä ìîäåëèðóåòñÿ ïîëóáåñêîíå÷íîé áàëêîé, æåñòêî çà-
êðåïëåííîé íà ëåâîì êîíöå ïîä çàäàííûì óãëîì θ∗. Áàëêà íàãðó-
æåíà ñîáñòâåííûì âåñîì è èñïûòûâàåò äàâëåíèå ñî ñòîðîíû æèä-
êîñòè. Äíî ñ÷èòàåòñÿ æåñòêèì è ãëàäêèì. Ðàññòîÿíèå h ìåæäó çà-
êðåïëåíèåì è äíîì ñ÷èòàåòñÿ çàäàííûì (ðèñ. 2). Äëèíà ñâîáîäíî
ïðîâèñàþùåãî ó÷àñòêà l íåèçâåñòíà è äîëæíà áûòü íàéäåíà. Çà îò-
ñ÷åòíóþ êîíôèãóðàöèþ ïðèíèìàåòñÿ ïðÿìîå íåíàïðÿæåííîå ñîñòî-
ÿíèå. Äîïóñòèì ñíà÷àëà, ÷òî ãèäðîñòàòè÷åñêàÿ íàãðóçêà ïîñòîÿííà.
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Ðèñ. 2. Òðóáîïðîâîä è åãî ñå÷åíèå.

Â êëàññè÷åñêîé ìîäåëè ïîâîðîò ñå÷åíèé áàëêè θ(x) ñâÿçàí ñ ïðî-
ãèáîì u(x), óðàâíåíèÿ áàëàíñà è ñîîòíîøåíèÿ óïðóãîñòè ïðèâîäÿò
ê óðàâíåíèþ ÷åòâåðòîãî ïîðÿäêà:

Q′ + q = 0, M ′ +Q = 0, M = aθ′, θ = u′ ⇒ a∂4u = q, (1)

çäåñü a � æåñòêîñòü áàëêè íà èçãèá, ∂ ≡ (. . .)
′ � äèôôåðåíöèðî-

âàíèå ïî x; Q, M � ïåðåðåçûâàþùàÿ ñèëà è èçãèáàþùèé ìîìåíò,
q � âíåøíÿÿ ñèëà íà åäèíèöó äëèíû áàëêè.

Ïðè x < l èìååì q = w = const � ïîãîííûé âåñ áàëêè â
æèäêîñòè, èíòåãðèðóÿ ñîîòíîøåíèÿ (1) ïðè ãðàíè÷íûõ óñëîâèÿõ
θ(0) = θ∗, u(0) = 0, ïîëó÷èì

Q = −wx+Q0, M =
w

2
x2 −Q0x+M0,

θ = a−1

(
w

6
x3 − Q0

2
x2 +M0x

)
+ θ∗, (2)

u = a−1

(
w

24
x4 − Q0

6
x3 +

M0

2
x2
)
+ θ∗x.

Íà ó÷àñòêå ïðèëåãàíèÿ x > l ïåðåìåùåíèå çàäàíî: u ≡ h ⇒
q = 0, çíà÷èò, â íà÷àëüíîé òî÷êå åñòü ñîñðåäîòî÷åííàÿ ñèëà:

q(x) = −Rδ(x− l) ⇒ Q
∣∣∣l+0

l−0
= R = wl −Q0. (3)
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Â ýòîé òî÷êå íåïðåðûâíû ôóíêöèè u, θ, M :

w

2
l2 −Q0l +M0 = 0, a−1

(
w

6
l3 − Q0

2
l2 +M0l

)
+ θ∗ = 0,

a−1

(
w

24
l4 − Q0

6
l3 +

M0

2
l2
)
+ θ∗l = h.

Ýòî ñèñòåìà äëÿ îïðåäåëåíèÿ ñèëû Q0 è ìîìåíòà M0 â çàäåëêå,
äëèíû l è ñèëû R:

Q0 =
2

3
wl − 2

l2
aθ∗, M0 =

1

6
wl2 − 2

l
aθ∗,

h =
wl4

72a
+

1

3
lθ∗, R =

wl

3
+

2

l2
aθ∗. (4)

Íà ó÷àñòêå ïðèëåãàíèÿ âíåøíÿÿ ðàñïðåäåëåííàÿ íàãðóçêà

q(x) = w − Pcont,

ïîýòîìó êîíòàêòíîå äàâëåíèå ìîæåò áûòü íàéäåíî ïî ôîðìóëå

Pcont = w +Rδ(x− l). (5)

Äëÿ îöåíêè âëèÿíèÿ ïîïåðå÷íîãî ñäâèãà ðàññìîòðèì ìîäåëü áàëêè
Òèìîøåíêî. Â ñèñòåìå (1) ñîõðàíÿþòñÿ òðè ïîä÷åðêíóòûõ óðàâíå-
íèÿ, íî ÷åòâåðòîå çàìåíÿåòñÿ ñëåäóþùèì (ñì. [7]):

Q = b(u′ − θ), (6)

ãäå b � æåñòêîñòü íà ñäâèã. ×òîáû íàéòè êîíòàêòíîå äàâëåíèå íà
ó÷àñòêå ïðèëåãàíèÿ, âûïèøåì óðàâíåíèå äëÿ u:

a∂4u = q − Λ−2∂2q; Λ2 ≡ b/a.

Îòñþäà, ó÷èòûâàÿ òîæäåñòâî u(x) ≡ h, ïîëó÷èì ôóíêöèþ ðàñïðå-
äåëåíèÿ ñóììàðíîé âíåøíåé íàãðóçêè

x > l : q = q0e
−Λξ (ξ ≡ x− l) (7)
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âìåñòî ñîñðåäîòî÷åííîé ñèëû (3). Ðàñïðåäåëåíèå êîíòàêòíîãî äàâ-
ëåíèÿ íà ó÷àñòêå ïðèëåãàíèÿ äëÿ áàëêè Òèìîøåíêî

Pcont = w − q0e
−Λξ (8)

áëèæå ê ðåàëüíîìó, ïî ñðàâíåíèþ ñ ðàñïðåäåëåíèåì äëÿ êëàññè÷å-
ñêîé áàëêè (5).

Äëèíà l è âñå êîíñòàíòû èíòåãðèðîâàíèÿ ñèñòåìû ÷åòûðåõ óðàâ-
íåíèé ñ íàãðóçêîé (ñì. 7) îïðåäåëÿþòñÿ èç ãðàíè÷íûõ óñëîâèé.

Ðàñ÷åòû ïðîâîäèëèñü äëÿ òðóáîïðîâîäà ñ ñå÷åíèåì èç äâóõ êî-
ëåö (ñì. ðèñ. 2): âíóòðåííåãî ñòàëüíîãî è âíåøíåãî áåòîííîãî, ñ ðà-
äèóñàìè R1 = 0.565 ì, R2 = 0.6 ì, R3 = 0.7 ì. Ýòè ïàðàìåòðû ñîîò-
âåòñòâóþò òðóáîïðîâîäó êîìïàíèè Nord Stream [8], êîòîðûé ïðîé-
äåò ïî äíó Áàëòèéñêîãî ìîðÿ. Ñâîéñòâà ñòàëè: ìîäóëü óïðóãîñòè
E1 = 210 ÃÏà; êîýôôèöèåíò Ïóàññîíà ν1 = 0.28; îáúåìíàÿ ïëîò-
íîñòü ρ1 = 7800 êã/ì3; ñâîéñòâà áåòîíà � E2 = 27.5 ÃÏà; ν2 = 0.2;
ρ2 = 2450 êã/ì3. Ïëîòíîñòü ìîðñêîé âîäû ρh = 1028 êã/ì3.

Ïðè îïðåäåëåíèè æåñòêîñòåé ñîñòàâíîé áàëêè ñ÷èòàëîñü, ÷òî
ñòàëüíàÿ è áåòîííàÿ áàëêè ðàáîòàþò ïàðàëëåëüíî, ïîýòîìó èõ
æåñòêîñòè ñêëàäûâàþòñÿ:

a = a1 + a2, an = EnIn, In =
π

4

(
R4
n+1 −R4

n

)
,

b = b1 + b2, bn = µnSnK, µn =
En

2(1 + νn)
, n = 1, 2,

ãäå In � îñåâûå ìîìåíòû èíåðöèè ñå÷åíèé, Sn � èõ ïëîùàäè, µn �
ìîäóëè ñäâèãà ìàòåðèàëîâ, K = 0.5 � êîýôôèöèåíò ñäâèãà äëÿ
òîíêîãî êîëüöà [7].

×èñëåííûå ðàñ÷åòû ïîêàçàëè, ÷òî ïîäàòëèâîñòü íà ñäâèã çàìåò-
íî âëèÿåò òîëüêî íà êîíòàêòíîå äàâëåíèå. Äëÿ ãëóáèíû h = 50 ì
è óãëà çàêðåïëåíèÿ θ∗ = 0◦ äëèíà ñâîáîäíî ïðîâèñàþùåãî ó÷àñòêà
áàëêè l â ìîäåëè Êèðõãîôà îêàçàëàñü ðàâíîé 279.7 ì, ñî ñäâèãîì �
278.8 ì; çíà÷åíèÿ ñèëû è ìîìåíòà â ñå÷åíèè îòëè÷àþòñÿ íà äîëè
ïðîöåíòà. Äëÿ îïðåäåëåíèÿ êîíòàêòíîãî äàâëåíèÿ íà ó÷àñòêå ïðè-
ëåãàíèÿ âû÷èñëèì âåñ áàëêè â æèäêîñòè w = 4.09 êÍ è âåëè÷èíû
R = 0.38 ÌÍ, q0 = −0.39 ÌÍ, Λ = 1.04 ì−1.
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3. Ãèäðîñòàòè÷åñêàÿ íàãðóçêà

Îñîáîãî âíèìàíèÿ òðåáóåò îïðåäåëåíèå ãèäðîñòàòè÷åñêîé íà-
ãðóçêè íà ñòåðæåíü. Òî÷íóþ ôîðìóëó ìîæíî ëåãêî ïîëó÷èòü, èñ-
ïîëüçóÿ çàêîí Àðõèìåäà äëÿ ýëåìåíòà ñòåðæíÿ, ïîëíîñòüþ ïîãðó-
æåííîãî â æèäêîñòü.

Ââåäåì â ðàññìîòðåíèå äóãîâóþ êîîðäèíàòó s âäîëü äåôîðìè-
ðîâàííîé îñè ñòåðæíÿ. Çàïèøåì óðàâíåíèå áàëàíñà ñèë äëÿ âûðå-
çàííîãî êóñêà ñòåðæíÿ äëèíîé ds (ðèñ. 3), ðàñïðåäåëåííàÿ íàãðóçêà
âìåñòå ñ ñèëàìè íà òîðöàõ ðàâíà ñèëå Àðõèìåäà:

qds−Q(s) +Q(s+ ds) = −γFdsj, (9)

çäåñü F � ïëîùàäü ñå÷åíèÿ, γ � âåñ æèäêîñòè íà åäèíèöó îáúå-
ìà. Ñèëû ñî ñòîðîíû æèäêîñòè íà òîðöû íàéäåì èíòåãðèðîâàíèåì

Ðèñ. 3. Ýëåìåíò ñòåðæíÿ.

äàâëåíèÿ ïî ïëîùàäè ïîïåðå÷íîãî ñå÷åíèÿ ñòåðæíÿ:

−Q(s) = −n(s)
∫
F

p(y)dF = Fp[y(s)]t(s),

Q(s+ ds) = −Fp[y(s+ ds)]t(s+ ds)

îòêóäà ñëåäóåò

⇒ −Q(s) +Q(s+ ds) = − (pt)
·
Fds, (10)

ãäå p � äàâëåíèå æèäêîñòè, n � îðò íîðìàëè ê ñå÷åíèþ, t � îðò
êàñàòåëüíîé ê îñè ñòåðæíÿ, (. . .)· � äèôôåðåíöèðîâàíèå ïî s.
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Èç ôîðìóë (9), (10) ïîëó÷èì âûðàæåíèå äëÿ ãèäðîñòàòè÷åñêîé
ñèëû, äåéñòâóþùåé íà åäèíèöó äëèíû ñòåðæíÿ:

q = F
[
−γj + ˙(pt)

]
. (11)

Çàìåòèì, ÷òî â ðàñïðîñòðàíåííîé ôîðìóëå (èñïîëüçóåìîé â ïàðà-
ãðàôå 2) îòñóòñòâóåò âòîðîå ñëàãàåìîå, ó÷èòûâàþùåå ïåðåïàä äàâ-
ëåíèÿ â æèäêîñòè è èñêðèâëåííîñòü äåôîðìèðîâàííîé îñè ñòåðæ-
íÿ. Ôîðìóëà (11) ìîæåò áûòü ïîëó÷åíà áîëåå óáåäèòåëüíî, êàê ðå-
çóëüòàò èíòåãðèðîâàíèÿ äàâëåíèÿ ïî áîêîâîé ïîâåðõíîñòè òðóáû.

4. Òðóáîïðîâîä êàê êëàññè÷åñêàÿ áàëêà

â æèäêîñòè

Ðàññìîòðèì çàäà÷ó îá èçãèáå êëàññè÷åñêîé áàëêè â æèäêîñòè,
ó÷èòûâàÿ ãèäðîñòàòè÷åñêóþ íàãðóçêó ïî ôîðìóëå (11). Äîïóñòèì,
÷òî ïåðåïàä äàâëåíèÿ â æèäêîñòè îáóñëîâëåí òîëüêî åå âåñîì:

p = p0 + γu,

p0 � äàâëåíèå æèäêîñòè íà óðîâíå êðåïëåíèÿ y = 0.
Ïîëàãàÿ ïåðåìåùåíèÿ áàëêè ìàëûìè, ïðèäåì ê âûðàæåíèþ íà-

ãðóçêè íà ó÷àñòêå x < l:

q = w + F [p0u
′′ + φ (u, u′, u′′)] , φ ≡ γ

(
uu′′ + u′2

/
2
)
. (12)

Çäåñü w ≡ (mg − Fγ) � ïîãîííûé âåñ áàëêè â æèäêîñòè. Óäåðæà-
íèå ìàëîãî ñëàãàåìîãî φ îáÿçàòåëüíî, èíà÷å íå ó÷åñòü çàâèñèìîñòü
äàâëåíèÿ â æèäêîñòè îò ãëóáèíû.

Íà ó÷àñòêå ïðèëåãàíèÿ x > l áóäóò ñïðàâåäëèâû âûâîäû ïàðà-
ãðàôà 2:

u ≡ h, θ = 0, Q = 0, M = 0, Q (l − 0) = −R,

ãäå R � ïîêà íåîïðåäåëåííàÿ ñîñðåäîòî÷åííàÿ ñèëà.
Ñèñòåìó (1) ñ íàãðóçêîé (12), ãðàíè÷íûìè óñëîâèÿìè â çàäåëêå

è óñëîâèÿìè íåïðåðûâíîñòè ìîæíî ðåøàòü àñèìïòîòè÷åñêèì ìå-
òîäîì, ââîäÿ ôîðìàëüíûé ìàëûé ïàðàìåòð λ ïåðåä ñëàãàåìûì φ
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(ñì. [9]). Îäíàêî ýôôåêòèâíåå îêàçûâàåòñÿ èñïîëüçîâàíèå ìåòîäà
êîíå÷íûõ ðàçíîñòåé.

Ïîñëå ââåäåíèÿ êîîðäèíàòû ξ ≡ l−1x ∈ (0, 1) ñèñòåìà ÎÄÓ è
ãðàíè÷íûõ óñëîâèé àïïðîêñèìèðóåòñÿ ðàçíîñòíûìè óðàâíåíèÿìè
ñ ðàâíîìåðíûì øàãîì δ = 1/N ; ôóíêöèè Q, M , θ, u íåïðåðûâíî-
ãî àðãóìåíòà ξ çàìåíÿþòñÿ ñåòî÷íûìè ôóíêöèÿìè Qi, Mi, θi, ui,
(i = 0, . . . , N). ×èñëåííàÿ ñõåìà ïîçâîëÿåò âû÷èñëèòü ïðèáëèæåí-
íûå çíà÷åíèÿ ôóíêöèé â óçëàõ. Ñàìè ôóíêöèè çàòåì âîññòàíàâëè-
âàþòñÿ ïîñðåäñòâîì èíòåðïîëÿöèè [10, 11].

Ñèñòåìà ÎÄÓ çàäà÷è ïðåäñòàâëÿåòñÿ â âèäå

dY

dξ
= G (ξ, l, Y ) , Y = (Q,M, θ, u)

T
.

Äëÿ àïïðîêñèìàöèè ýòîé ñèñòåìû èñïîëüçóåòñÿ íåÿâíàÿ ñèììåò-
ðè÷íàÿ îäíîøàãîâàÿ ðàçíîñòíàÿ ñõåìà, èìåþùàÿ âòîðîé ïîðÿäîê
òî÷íîñòè:

Yi+1 − Yi
δ

=
Gi +Gi+1

2
, i = 0, . . . , N − 1. (13)

Ýòî ñèñòåìà 4N ðàçíîñòíûõ àëãåáðàè÷åñêèõ óðàâíåíèé. Îáùåå êî-
ëè÷åñòâî íåèçâåñòíûõ çàäà÷è ñêëàäûâàåòñÿ èç çíà÷åíèé 4 èñêîìûõ
ôóíêöèé â óçëàõ 4 (N + 1) è äîïîëíèòåëüíîé íåèçâåñòíîé l. Ñèñòå-
ìó óðàâíåíèé íåîáõîäèìî äîïîëíèòü ðàçíîñòíûìè àíàëîãàìè ïÿòè
ãðàíè÷íûõ óñëîâèé:

u0 = 0, θ0 = θ∗, uN = h, θN = 0, MN = 0.

Ðåøåíèå ïîëó÷åííîé ñèñòåìû àëãåáðàè÷åñêèõ óðàâíåíèé ïðîâîäè-
ëîñü ìåòîäîì Íüþòîíà, â êà÷åñòâå íà÷àëüíîãî ïðèáëèæåíèÿ èñ-
ïîëüçîâàíî ðåøåíèå çàäà÷è ñ óïðîùåííîé ãèäðîíàãðóçêîé. Èçëî-
æåííûé àëãîðèòì áûë ðåàëèçîâàí â ïàêåòå Mathematica.

Ðàñ÷åòû ïðîâîäèëèñü ïðè òåõ æå çíà÷åíèÿõ ïàðàìåòðîâ, ÷òî è â
ïàðàãðàôå 2, ñ èñïîëüçîâàíèåì äâóõ ïîäõîäîâ ê ó÷åòó ãèäðîñòàòè-
÷åñêîé íàãðóçêè. Íà ðèñ. 4 ïðåäñòàâëåíà äåôîðìèðîâàííàÿ ôîðìà
òðóáîïðîâîäà äëÿ çíà÷åíèé h = 50 ì, θ∗ = 30◦, p0 = 0.4 ÌÏà.
Äëèíà ó÷àñòêà l ïðè óïðîùåííîì ó÷åòå ðàâíà 204.5 ì, ïðè òî÷-
íîì � 232.7 ì.
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Ðèñ. 4. Äåôîðìèðîâàííàÿ ôîðìà.

Íà ðèñ. 5 ïðåäñòàâëåíû ãðàôèêè èçãèáàþùåãî ìîìåíòà äëÿ ðàç-
ëè÷íûõ çíà÷åíèé ãëóáèíû h. Èç ãðàôèêîâ âèäíî, ÷òî ñ ðîñòîì h
ðàñõîæäåíèå ìåæäó çíà÷åíèÿìè, ïîëó÷åííûìè ïî äâóì ïîäõîäàì,
óâåëè÷èâàåòñÿ.

Ïîñëå îïðåäåëåíèÿ èçãèáàþùåãî ìîìåíòà M â ñîñòàâíîé áàë-
êå íåîáõîäèìî îöåíèòü âîçíèêàþùèå íàïðÿæåíèÿ â ñòàëè è áåòîíå.
Èçâåñòíà èíæåíåðíàÿ ôîðìóëà äëÿ ðàñ÷åòà ìàêñèìàëüíîãî ïî ñå-
÷åíèþ îñåâîãî íàïðÿæåíèÿ:

|σmax
n | = |Mn|

In
Rn+1, Mn =

Man
a

, n = 1, 2. (14)

Ãðàôèêè ìàêñèìàëüíîãî íàïðÿæåíèÿ, âîçíèêàþùåãî â ñå÷åíèÿõ
ñòàëüíîé áàëêè, ïðè ðàçëè÷íûõ óãëàõ çàêðåïëåíèÿ θ∗ (äëÿ h =
20 ì) ïðåäñòàâëåíû íà ðèñ. 6. Ýòè ãðàôèêè ïîçâîëÿþò îïðåäåëèòü
óãîë óêëàäêè òðóáîïðîâîäà, ïðè êîòîðîì íå ïðåâûøàåòñÿ ïðåäåë
ïðî÷íîñòè ñòàëè: [σ1] = 400ÌÏà. Äëÿ çàäàííîé ãëóáèíû îïòèìàëü-
íûì óãëîì áóäåò θ∗ = 10◦.

Ðàñ÷åòû ïîêàçàëè, ÷òî ïðåäåë ïðî÷íîñòè áåòîíà íà ðàñòÿæåíèå
[σ2] = 1.35 ÌÏà çíà÷èòåëüíî ïðåâûøàåòñÿ âî âñåì ðàññìîòðåííîì
äèàïàçîíå óãëîâ.
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Ðèñ. 5. Èçãèáàþùèé ìîìåíò â òðóáî-
ïðîâîäå.

Ðèñ. 6. Ìàêñèìàëüíûå íàïðÿæåíèÿ â ñòàëè.
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5. Çàêëþ÷åíèå

Â ðàáîòå ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ ìîäåëü òðóáîïðîâîäà
êàê óïðóãîãî ñòåðæíÿ â ïðîöåññå åãî óêëàäêè íà ìîðñêîå äíî
S-ìåòîäîì. Ïîëó÷åíî è èñïîëüçîâàíî â ðàñ÷åòàõ íîâîå âûðàæåíèå
ãèäðîñòàòè÷åñêîé íàãðóçêè. Ïîêàçàíî, ÷òî óïðîùåííûé åå ó÷åò êàê
ñèëû Àðõèìåäà, äåëåííîé íà äëèíó ñòåðæíÿ, ïðèâîäèò ê çíà÷è-
òåëüíûì ïîãðåøíîñòÿì. Ñäåëàí âûâîä î òîì, ÷òî äëÿ àíàëèçà êîí-
òàêòíîãî äàâëåíèÿ ìåæäó òðóáîïðîâîäîì è äíîì ñëåäóåò îòäàòü
ïðåäïî÷òåíèå ìîäåëè Òèìîøåíêî. Ðåçóëüòàòû ðàáîòû ìîãóò áûòü
èñïîëüçîâàíû äëÿ îïðåäåëåíèÿ îïòèìàëüíîãî óãëà íàêëîíà òðóáî-
ïðîâîäà.

***
Àâòîð áëàãîäàðåí ïðîôåññîðó Â. Â. Åëèñååâó çà ñîâåòû.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÒÅ×ÅÍÈÉ
ÑËÀÁÎÑÆÈÌÀÅÌÎÉ ÂßÇÊÎÉ ÆÈÄÊÎÑÒÈ

ÌÅÒÎÄÎÌ ÑÃËÀÆÅÍÍÛÕ ×ÀÑÒÈÖ.

Â.À. Êî÷åðûæêèí, Á.À. Åðøîâ

Â ðàáîòå ðàññìàòðèâàåòñÿ ìîäèôèöèðîâàííûé ìåòîä ñãëàæåí-
íûõ ÷àñòèö WCSPH (àíãë. weakly-compressible smoothed particle
hydrodynamics) äëÿ ðåøåíèÿ íåñòàöèîíàðíûõ çàäà÷ ãèäðîäèíàìèêè.
�Íåñæèìàåìîñòü� ìîäåëèðóåòñÿ ïðè ïîìîùè âûáîðà ïîäõîäÿùåãî óðàâ-
íåíèÿ ñîñòîÿíèÿ è òåì ñàìûì çàìûêàåòñÿ ñèñòåìà óðàâíåíèé äâèæåíèÿ
æèäêîñòè. Ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ è èõ
ñðàâíåíèå ñ èçâåñòíûìè ðåøåíèÿìè. Ðàñ÷åòû ïðîèçâåäåíû ñ èñïîëüçî-
âàíèåì òåõíîëîãèè ìíîãîïîòî÷íûõ âû÷èñëåíèé Nvidia CUDA.

1. Ââåäåíèå

Ìåòîä ñãëàæåííûõ ÷àñòèö äàëåå SPH ÿâëÿåòñÿ îäíèì èç áåñ-
ñåòî÷íûõ èíòåðïîëÿöèîííûõ ìåòîäîâ, èñïîëüçóþùèõ ïåðåìåííûå
Ëàãðàíæà. Îí ïîçâîëÿåò ïðîâîäèòü ðàñ÷åòû òå÷åíèé ñ áîëüøèìè
äåôîðìàöèÿìè ãðàíèöû è ïîòåðåé ñâÿçíîñòè ðàñ÷åòíîé îáëàñòè,
òàê êàê îïðåäåëåíèå ñâÿçåé ÿâëÿåòñÿ ÷àñòüþ ìåòîäà. Ýòî ïîçâîëÿ-
åò ðàññìàòðèâàòü áîëåå øèðîêèé êëàññ çàäà÷ ïî îòíîøåíèþ, íà-
ïðèìåð, ê ìåòîäàì êîíå÷íûõ ýëåìåíòîâ, íå äîïóñêàþùèõ òîïîëî-
ãè÷åñêèõ èçìåíåíèé ñåòêè. Âïåðâûå ìåòîä áûë ïðèìåíåí äëÿ ðå-
øåíèÿ çàäà÷ àñòðîôèçèêè [1, 2]. Âïîñëåäñòâèè ñòàë èñïîëüçîâàòü-
ñÿ äëÿ ðåøåíèÿ óðàâíåíèé ìåõàíèêè ñïëîøíîé ñðåäû. Òàê â ðàáî-
òå [3] ðàññìàòðèâàåòñÿ òå÷åíèå íåñæèìàåìîé âÿçêîé æèäêîñòè ïðè
ìàëûõ ÷èñëàõ Ðåéíîëüäñà. Â ðàáîòå [4] ðàññìàòðèâàåòñÿ òå÷åíèå
ñî ñâîáîäíîé ïîâåðõíîñòüþ. Â ðàáîòå [5] ïðåäñòàâëåíî íåñêîëüêî
ìîäåëåé, ðåøåííûõ ñ èñïîëüçîâàíèåì ìåòîäà ñãëàæåííûõ ÷àñòèö.
Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå ìîäèôèöèðîâàííîãî

Äîêëàä íà ñåìèíàðå 26 àïðåëÿ 2011 ã.
c⃝ Â.À. Êî÷åðûæêèí, Á.À. Åðøîâ, 2012
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ìåòîäà ñãëàæåííûõ ÷àñòèö äëÿ ìîäåëèðîâàíèÿ òå÷åíèé ñëàáîñæè-
ìàåìîé âÿçêîé æèäêîñòè ïðè íàëè÷èè ñâîáîäíîé ãðàíèöû.

2. Ìåòîä ñãëàæåííûõ ÷àñòèö

Íàèáîëåå ïîäðîáíî ìåòîä îïèñàí â ðàáîòàõ [6, 7]. Íèæå êðàòêî
ïðåäñòàâëåíû îñíîâíûå ïîëîæåíèÿ ìåòîäà.

Â îñíîâå SPH èíòåðïîëÿöèè ëåæèò ñëåäóþùåå âûðàæåíèå:

A(r) =
∫
Ω

δ(r
′
− r)A(r

′
)dr

′
,∀r ∈ Ω, (1)

ãäå δ(r) � äåëüòà-ôóíêöèÿ Äèðàêà, r � ðàäèóñ âåêòîð, A(r) � ìàê-
ðîõàðàêòåðèñòèêà.

Äàëåå äåëüòà ôóíêöèÿ àïïðîêñèìèðóåòñÿ òàê íàçûâàåìîé ñãëà-
æèâàþùåé ôóíêöèåé èëè ôóíêöèåé ÿäðà W :

< A(r) >=
∫
Ω

A(r
′
)W (r

′
− r, h)dr

′
, (2)

ãäå < · > îïåðàòîð óñðåäíåíèÿ, h � ðàäèóñ ñãëàæèâàíèÿ.
Çàòåì èíòåãðàë àïïðîêñèìèðóåòñÿ íà àíñàìáëå ÷àñòèö:

A(r) ≈
∑
j

VjAjW (r− rj , h), (3)

èëè

A(r) ≈
∑
j

mj
Aj
ρj
W (r− rj , h), (4)

ãäå j ïðîáåãàåò ïî âñåì ñîñåäíèì ÷àñòèöàì, mj � ìàññà ÷àñòèöû
j, rj � ïîëîæåíèå ÷àñòèöû j, Vj � îáúåì ÷àñòèöû j, ρj � ïëîò-
íîñòü ÷àñòèöû j è Aj � ñîîòâåòñòâóþùàÿ ôèçè÷åñêàÿ âåëè÷èíà,
îïðåäåëåííàÿ â ÷àñòèöå rj .

Òàêèì îáðàçîì, SPH ðàáîòàåò ïóòåì äåëåíèÿ æèäêîñòè íà êî-
íå÷íîå ÷èñëî äèñêðåòíûõ ýëåìåíòîâ(÷àñòèö), êàæäàÿ èç êîòîðûõ
ÿâëÿåòñÿ íîñèòåëåì ìàññû, êîëè÷åñòâà äâèæåíèÿ è äðóãèõ ôèçè÷å-
ñêèõ âåëè÷èí. Ïîëå ôèçè÷åñêèõ âåëè÷èí â êàæäîé òî÷êå ïðîñòðàí-
ñòâà îïðåäåëÿåòñÿ ïóòåì èíòåðïîëÿöèè ñîîòâåòñòâóþùèõ çíà÷åíèé,
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îïðåäåëåííûõ íà ñîñåäíèõ ÷àñòèöàõ. Îïðåäåëåíèå êîëè÷åñòâà ñî-
ñåäíèõ ÷àñòèö íå äåòåðìèíèðîâàíî è çàâèñèò îò âûáðàííîé äëèíû
ñãëàæèâàíèÿ h.

Äëÿ ïîñòðîåíèÿ ôóíêöèèW ïîñòóëèðóþòñÿ îïðåäåëåííûå ñâîé-
ñòâà, êîòîðûì îíà äîëæíà óäîâëåòâîðÿòü â çàâèñèìîñòè îò ðàñ-
ñìàòðèâàåìîé çàäà÷è. Êàê ïðàâèëî, òàêèìè ñâîéñòâàìè ÿâëÿþòñÿ:
÷åòíîñòü, íîðìàëèçîâàííîñòü, êîìïàêòíîñòü, ãëàäêîñòü. Òàê, èìåÿ
÷åòíóþ ôóíêöèþ ÿäðà, ìû ãîâîðèì îá èíòåðïîëÿöèè âòîðîãî ïî-
ðÿäêà òî÷íîñòè.

Ìàññà è ïëîòíîñòü â óðàâíåíèè (4) ÿâëÿþòñÿ ñëåäñòâèåì òîãî,
÷òî êàæäàÿ ÷àñòèöà èìååò ñâîé îáúåì Vi = mi/ρi. Â äàííîé ðàáîòå
ìàññà êàæäîé ÷àñòèöû mi ïîñòîÿííà è îäèíàêîâà äëÿ âñåõ ÷àñòèö,
ïëîòíîñòü æå ρi äîïóñêàåò îòêëîíåíèÿ â îïðåäåëåííûõ ïîñòàíîâêîé
çàäà÷è ãðàíèöàõ è åå íåîáõîäèìî âû÷èñëÿòü íà êàæäîì âðåìåííîì
øàãå. Èñïîëüçóÿ óðàâíåíèå (4) ïîëó÷èì, ê ïðèìåðó, âûðàæåíèå äëÿ
ïëîòíîñòè â òî÷êå r:

ρ(r) =
∑
j

mj
ρj
ρj
W (r− rj , h) =

∑
j

mjW (r− rj , h). (5)

Äëÿ ðåøåíèÿ óðàâíåíèé ãèäðîäèíàìèêè òàêæå íåîáõîäèìî çíàòü
ïðîèçâîäíûå ñîîòâåòñòâóþùèõ âåëè÷èí. Â áîëüøèíñòâå ñëó÷àåâ
ãðàäèåíò A ìîæåò áûòü ïðåäñòàâëåí â âèäå:

∇A(r) =
∑
j

mj
Aj
ρj

∇W (r− rj , h). (6)

Â òîæå âðåìÿ ëàïëàñèàí A èìååò âèä:

∆A(r) =
∑
j

mj
Aj
ρj

∆W (r− rj , h). (7)

Íåîáõîäèìî îòìåòèòü, ÷òî ïðèáëèæåíèÿ, ïîñòðîåííûå ïî îïðåäåëå-
íèþ, òàêèå êàê (6, 7), íå âñåãäà ãàðàíòèðóþò ñîõðàíåíèå èíòåãðàëîâ
äâèæåíèÿ è ïîýòîìó òðåáóþò ìîäèôèêàöèè è ïðèâåäåíèÿ ê áîëåå
ñòðîãîìó âèäó.

Â êà÷åñòâå ïðèìåðà íèæå ïðèâåäåíà ôóíêöèÿ ÿäðà [6]:

W (r− rj , h) = αd

{
(1 + 3R)(1−R)3 ,R 6 1

0 ,R > 1,
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ãäå R =
|r−rj |
h , αd = 5

4h ,
5
πh2 ,

105
16πh3 ñîîòâåòñòâåííî äëÿ ðàçìåðíîñòè

ïðîñòðàíñòâà d = 1, 2, 3.
Çàìåòèì, ÷òî ïëîòíîñòü è äðóãèå ôèçè÷åñêèå õàðàêòåðèñòèêè

òîæå èìåþò ðàçìåðíîñòü çàâèñÿùóþ îò ðàçìåðíîñòè ïðîñòðàíñòâà.

3. Îñíîâíûå óðàâíåíèÿ è èõ SPH àïïðîêñèìàöèé.

Â èçîòåðìè÷åñêîì ñëó÷àå äâèæåíèå âÿçêîé íüþòîíîâñêîé æèä-
êîñòè îïèñûâàåòñÿ óðàâíåíèåì íåðàçðûâíîñòè è óðàâíåíèåì Íàâüå-
Ñòîêñà. Â äàííîé ðàáîòå ñèñòåìà çàìûêàåòñÿ óðàâíåíèåì ñîñòîÿ-
íèÿ:

dρ

dt
+ ρ∇v = 0; (8)

ρ
dv
dt

= −∇P + ρg+ µ∆v; (9)

P = B

((
ρ

ρ0

)γ
− 1

)
, (10)

ãäå ρ0 � íà÷àëüíàÿ ïëîòíîñòü, v � âåêòîð ñêîðîñòè, µ � êîýôôèöè-

åíò äèíàìè÷åñêîé âÿçêîñòè, B =
ρ0c

2
0

γ � ìîäóëü îáúåìíîãî ñæàòèÿ,
γ � ïîêàçàòåëü àäèàáàòû, c0 � íà÷àëüíàÿ ñêîðîcòü çâóêà.

3.1. Óðàâíåíèå íåðàçðûâíîñòè

Ïî îïðåäåëåíèþ SPH ïëîòíîñòü êîíòèíóóìà ìîæåò áûòü çàïè-
ñàíà òàê, êàê ýòî ñäåëàíî â (5). Îäíàêî, ïðè ðàññìîòðåíèè òå÷å-
íèé ñî ñâîáîäíîé ãðàíèöåé èëè òå÷åíèé â îãðàíè÷åííîé îáëàñòè,
ãðàíè÷íûå ÷àñòèöû áóäóò èìåòü ìåíüøå ñîñåäíèõ ÷àñòèö, à çíà-
÷èò ñîäåðæàòü îøèáêè èíòåðïîëÿöèè (ìåíüøóþ ïëîòíîñòü). ×òîáû
óñòðàíèòü òàêèå àðòåôàêòû, Ìîíàãàí [4] ïðåäëîæèë èñïîëüçîâàòü
óðàâíåíèå íåðàçðûâíîñòè äëÿ âû÷èñëåíèÿ ïëîòíîñòè:

dρi
dt

=
∑
j

mjvij∇iW (ri − rj , h), (11)

ãäå vij = vi − vj .
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Ïðè âû÷èñëåíèè ïëîòíîñòè ïî ôîðìóëå (11) çíà÷èòåëüíî óïðî-
ùàåòñÿ ïðîöåññ èíèöèàëèçàöèè ìîäåëè. Òàê, äîñòàòî÷íî ïðîñòî çà-
äàòü îäíî è òîæå íà÷àëüíîå çíà÷åíèå ïëîòíîñòè â êàæäîé ÷àñòèöå.

3.2. Äàâëåíèå

Ñëåäóÿ îïðåäåëåíèþ (4) âûðàæåíèå äëÿ ãðàäèåíòà äàâëåíèÿ
èìååò âèä:

−∇p(ri) = −
∑
j

mj
pj
ρj

∇W (ri − rj , h). (12)

Â äàííîì ïðåäñòàâëåíèè ñèëà, äåéñòâóþùàÿ íà ÷àñòèöó j ñî ñòî-
ðîíû ÷àñòèöû i, âîîáùå ãîâîðÿ, íå áóäåò ðàâíà ñèëå, äåéñòâóþùåé
íà ÷àñòèöó i ñî ñòîðîíû j. Ïîýòîìó, äëÿ òîãî, ÷òîáû ãàðàíòèðî-
âàòü ñîõðàíåíèå èìïóëüñà è ìîìåíòà èìïóëüñà, ñëåäóåò ïðèâåñòè
âûðàæåíèå (12) ê ñèììåòðè÷íîìó âèäó:

−∇p(ri) = −
∑
j

mj
pi + pj
2ρj

∇W (ri − rj , h). (13)

3.3. Âÿçêîñòü

Àíàëîãè÷íî ñëåäóÿ îïðåäåëåíèþ (4), âûðàæåíèå äëÿ âÿçêîãî
÷ëåíà â óðàâíåíèå Íàâüå-Ñòîêñà èìååò âèä:

µ∆v(ri) = µ
∑
j

mj
vj
ρj

∆W (ri − rj , h). (14)

Òàê êàê ñèëà âÿçêîñòè çàâèñèò òîëüêî îò îòíîñèòåëüíûõ ñêî-
ðîñòåé ÷àñòèö, à íå îò èõ àáñîëþòíûõ çíà÷åíèé, ñóùåñòâóåò åñòå-
ñòâåííûé ñïîñîá ïðèâåäåíèÿ âûðàæåíèÿ ê ñèììåòðè÷íîìó âèäó:

µ∆v(ri) = µ
∑
j

mj
vj − vi
ρj

∆W (ri − rj , h). (15)
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3.4. Èíòåãðèðîâàíèå ñèñòåìû óðàâíåíèé

Âìåñòå ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè çàäà÷à ñâîäèò-
ñÿ ê èíòåãðèðîâàíèþ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ïåðâîãî ïîðÿäêà äëÿ êàæäîé ÷àñòèöû:

dri
dt

= vi; (16)

dvi
dt

= −∇Pi
ρi

+ g+
µ∆vi
ρi

. (17)

Ïîñëåäíåå óðàâíåíèå âûòåêàåò èç óðàâíåíèÿ äâèæåíèÿ (9).
Øàã ïî âðåìåíè îïðåäåëÿåòñÿ óñëîâèåì Êóðàíòà-Ôðèäðèõñà-

Ëåâè:

△ t = CCFL
h

c+ |v|
, (18)

ãäå h � ðàäèóñ ñãëàæèâàíèÿ, c � ñêîðîñòü çâóêà, v � õàðàêòåðíàÿ
ñêîðîñòü ÷àñòèöû, CCFL ∈ (0, 1)

4. Ìîäåëüíûå çàäà÷è.

4.1.Òå÷åíèå Ïóàç¼éëÿ

Ðàññìàòðèâàåòñÿ ëàìèíàðíîå òå÷åíèå ìåæäó äâóìÿ áåñêîíå÷íî
äëèííûìè ïëàñòèíàìè, ðàñïîëîæåííûìè íà ðàññòîÿíèè y = 0 è
y = L. Ïåðâîíà÷àëüíî æèäêîñòü íàõîäèòñÿ â ïîêîå. Êîëè÷åñòâî
ðàñ÷åòíûõ ÷àñòèö 16 × 64 (16 âäîëü ïîòîêà). Ðàäèóñ ñãëàæèâàíèÿ
h = 6r. Òàêèì îáðàçîì, ó êàæäîé ÷àñòèöû îêàçûâàåòñÿ â ñðåä-
íåì ïî 25 ñîñåäíèõ ÷àñòèö. Ïîêàçàòåëü àäèàáàòû â óðàâíåíèè ñî-
ñòîÿíèÿ (10) γ = 1. Íà ãîðèçîíòàëüíûõ ãðàíèöàõ çàäàíû óñëîâèÿ
ïðèëèïàíèÿ ñ ïîìîùüþ òðåõ ñëîåâ âèðòóàëüíûõ ÷àñòèö Ìîððèñà
[3]. Äâèæåíèå æèäêîñòè ïðîèñõîäèò çà ñ÷åò ðàçíîñòè äàâëåíèé, çà-
äàííûõ íà ïðîòèâîïîëîæíûõ ãðàíèöàõ. Ïðåäïîëàãàåòñÿ, ÷òî ïðè
ìàëûõ ÷èñëàõ Ðåéíîëüäñà îòêëîíåíèå ãðàäèåíòà äàâëåíèÿ ïî îòíî-
øåíèþ ê ãèäðîñòàòè÷åñêîìó ãðàäèåíòó äàâëåíèÿ ìàëî [3]. Òàêèì
îáðàçîì, îáùåå äàâëåíèå ïðåäñòàâëÿåòñÿ â âèäå:

Pt = Pd + Ph, (19)
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ãäå Pt � îáùåå äàâëåíèå, Pd � äèíàìè÷åñêàÿ ñîñòàâëÿþùàÿ äàâëå-
íèÿ, Ph � ãèäðîñòàòè÷åñêàÿ ñîñòàâëÿþùàÿ äàâëåíèÿ.

Òîãäà ãðàäèåíò äàâëåíèÿ èìååò âèä:

−1

ρ
∇Pt = −1

ρ
∇Pd + F, (20)

ãäå F = −Pout−Pin

ρL � ìàññîâûå ñèëû.
Â ðàáîòå [3] ïðèâåäåí èçâåñòíûé ïðîôèëü ñêîðîñòè â àíàëèòè-

÷åñêîì âèäå äëÿ òå÷åíèÿ Ïóàç¼éëÿ:

vx(y, t) =
F

2ν
y(y − L) +

+
∞∑
n=0

4FL2

νπ3(2n+ 1)3
sin
(πy
L

(2n+ 1)
)
exp

(
− (2n+ 1)2π2ν

L2
t

)
.

Ñðàâíåíèå àíàëèòè÷åñêîãî ðåøåíèÿ è ðàñ÷åòîâ, ïîëó÷åííûõ ìå-
òîäîì ñãëàæåííûõ ÷àñòèö, ïðîäåìîíñòðèðîâàíî íà ðèñ.

ν = 10−6m
2

s
, L = 10−3m, ρ = 103

kg

m3
, F = 10−4m

s2
.

Ìàêñèìàëüíàÿ ñêîðîñòü òå÷åíèÿ v = 1.25 · 10−5 ì/c, ÷òî ñîîòâåò-
ñòâóåò ÷èñëó Ðåéíîëüäñà Re = vL

ν = 1.25 · 10−2. Ìàêñèìàëüíîå
îòêëîíåíèå ÷èñëåííîãî ðåøåíèÿ îò àíàëèòè÷åñêîãî íå ïðåâûøàåò
0.8%, ÷òî ñîîòâåòñòâóåò ðàáîòàì [3] (0.7%) è [5] (0.8%). Ðàñ÷åòû
äîñòóïíû ïî ññûëêå, óêàçàííîé â Ïðèëîæåíèè .

4.2. Îáðóøåíèå ñòîëáà æèäêîñòè

Ðàññìàòðèâàåòñÿ çàäà÷à îá îáðóøåíèè ñòîëáà æèäêîñòè. Â íà-
÷àëüíûé ìîìåíò t = 0 ñòîëá âÿçêîé æèäêîñòè íà÷èíàåò îáðóøàòüñÿ
ïîä äåéñòâèåì ñèëû òÿæåñòè. Äëÿ ðàñ÷åòà èñïîëüçóþòñÿ ñëåäóþ-
ùèå ïàðàìåòðû: µ = 10−3 êã/(ì · c) � êîýôôèöèåíò äèíàìè÷åñêîé
âÿçêîñòè, ρ = 1000 êã/ì 3 � ïëîòíîñòü æèäêîñòè, △ t = 10−4 c �
ïîñòîÿííûé øàã ïî âðåìåíè. Ðàäèóñ ñãëàæèâàíèÿ h = 6r. Äëÿ ìî-
äåëèðîâàíèÿ æåñòêîé ãðàíèöû èñïîëüçóþòñÿ âèðòóàëüíûå ÷àñòèöû
ïåðâîãî òèïà [6]. Íà ðèñ. 3 íà âêëåéêå ïðèâåäåíû êàðòèíû òå÷åíèé
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t=0.0225s t=0.045s t=0.1125s t=0.25s t=∞

Ðèñ. 1. Ñðàâíåíèå ðàñ÷åòîâ ïðîôèëÿ ñêîðîñòè, ïîëó÷åííûõ ìåòîäîì
WCSPH è àíàëèòè÷åñêè äëÿ òå÷åíèÿ Ïóàç¼éëÿ.

â ðàçëè÷íûå ìîìåíòû âðåìåíè äëÿ äâóõìåðíîãî ñëó÷àÿ. Èñïîëüçó-
åìîå êîëè÷åñòâî ÷àñòèö � 1024. Íàáëþäàåòñÿ õîðîøåå êà÷åñòâåííîå
ñîâïàäåíèå ðåçóëüòàòîâ ñ ðàñ÷åòàìè, ïîëó÷åííûìè â ðàáîòå [5]. Îä-
íàêî ïðè áîëüøåé ðàçðåøàþùåé ñïîñîáíîñòè ñ êîëè÷åñòâîì ÷àñòèö
16384 ìîæíî íàáëþäàòü êà÷åñòâåííî íîâûå êàðòèíû òå÷åíèÿ (ðèñ.
4 íà âêëåéêå). Íà ïîñëåäíèõ äâóõ êàäðàõ îò÷åòëèâî âèäíî îáðàçî-
âàíèå ïîëîñòè, ÷òî òàêæå ñîîòâåòñòâóåò êàðòèíàì, ïîëó÷åííûì â
ðàáîòå [9].

Ñëåäóåò îòìåòèòü, ÷òî áëàãîäàðÿ òåõíîëîãèè ìíîãîïîòî÷íûõ
âû÷èñëåíèé Nvidia CUDA âðåìÿ ðàñ÷åòà óäàåòñÿ ñîêðàòèòü ìíî-
ãîêðàòíî. Òàê, âðåìÿ âû÷èñëåíèé â çàäà÷å îá îáðóøåíèè ñòîëáà
æèäêîñòè ñ øàãîì ïî âðåìåíè 10−4 è êîëè÷åñòâîì ÷àñòèö 16384
ñîñòàâëÿåò 2.5 ìèíóòû íà 2 ñåêóíäû ðåàëüíîãî âðåìåíè, â òî âðå-
ìÿ, êàê ìîäåëü â ðàáîòå [9] èç 5000 ÷àñòèö è òàêèì æå øàãîì ïî
âðåìåíè ðàññ÷èòûâàëàñü 71 ìèíóòó.
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Äëÿ ñðàâíåíèÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè [8] èñïîëüçóåòñÿ
êîíôèãóðàöèÿ èç 128x256 ÷àñòèö. Ïðàâàÿ ïåðåãîðîäêà îòñóòñòâóåò.
Âûñîòà ñòîëáà æèäêîñòè H = 2W . Íà ðèñ. ïðèâåäåíû ñðàâíåíèÿ
c äàííûìè ýêñïåðèìåíòà ïåðåäíåãî ôðîíòà âîëíû è âûñîòû ñòîëáà
æèäêîñòè. Ëèñòèíã äîñòóïåí ïî àäðåñó http://cmag.googlecode.com

Ðèñ. 2. Ñðàâíåíèå ñ ýêñïåðèìåíòàëüíûìè äàííûìè. Ñëåâà � ïåðåäíèé
ôðîíò âîëíû, ñïðàâà � âûñîòà ñòîëáà æèäêîñòè.

5. Çàêëþ÷åíèå

Â ðàáîòå èññëåäîâàíû âîçìîæíîñòè ìîäèôèöèðîâàííîãî ìåòîäà
ñãëàæåííûõ ÷àñòèö WCSPH äëÿ ñëàáîñæèìàåìîé æèäêîñòè. Ïðî-
âåäåíî ñðàâíåíèå ðàñ÷åòîâ, ïîëó÷åííûõ ìåòîäîì WCSPH, è àíàëè-
òè÷åñêîãî ðåøåíèÿ äëÿ òå÷åíèÿ Ïóàç¼éëÿ. Ðàññìîòðåíà äâóõìåðíàÿ
ìîäåëü òå÷åíèÿ âÿçêîé æèäêîñòè ñî ñâîáîäíîé ãðàíèöåé è ïðèâå-
äåíû ñðàâíåíèÿ ðàñ÷åòîâ ñ äàííûìè ýêñïåðèìåíòà. Â äàëüíåéøåì
áóäåò èññëåäîâàíà âîçìîæíîñòü ïðèìåíåíèÿ ìåòîäà äëÿ ðåøåíèÿ
çàäà÷ ãèäðîóïðóãîñòè.
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Ðàññåÿíèå èçãèáíî-ãðàâèòàöèîííûõ âîëí

íà ñîñðåäîòî÷åííûõ ïðåïÿòñòâèÿõ â ïëàâàþùåé ïëàñòèíå

Äîêëàä íà ñåìèíàðå 5 îêòÿáðÿ 2010 ã.

Ì.Ã. Æó÷êîâà, Ä.Ï. Êîóçîâ

ÐÅÇÞÌÅ

Èññëåäóþòñÿ ïåðèîäè÷åñêèå âîëíîâûå ïðîöåññû â òîíêîé óïðóãîé ïëà-
ñòèíå, ïëàâàþùåé íà ïîâåðõíîñòè íåñæèìàåìîé æèäêîñòè. Ïëàñòèíà öåëèêîì
ïîêðûâàåò ñâîáîäíóþ ïîâåðõíîñòü æèäêîñòè è ñîâåðøàåò èçãèáíûå êîëåáàíèÿ,
ñîïóòñòâóþùèå ãðàâèòàöèîííûì âîëíàì. Ðåæèì ñâîáîäíûõ êîëåáàíèé ïëàñòè-
íû íàðóøåí âäîëü íåêîòîðîé ïðÿìîé èëè íàáîðà ïàðàëëåëüíûõ ïðÿìûõ. Èçó-
÷àþòñÿ ïðîõîæäåíèå è îòðàæåíèå èçãèáíî-ãðàâèòàöèîííîé âîëíû, íàáåãàþùåé
ïîä ïðÿìûì óãëîì íà ñîñðåäîòî÷åííûå ïðåïÿòñòâèÿ â ïëàñòèíå. Íàõîäÿòñÿ òî÷-
íûå àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ èçãèáíîãî ïîëÿ â ïëàñòèíå è âîëíîâîãî ïîëÿ
â æèäêîñòè, êîýôôèöèåíòû ïðîõîæäåíèÿ è îòðàæåíèÿ íàáåãàþùåé âîëíû. Ïî-
ëó÷åíû àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ ïîëåé â äâóõ ïðåäåëüíûõ ñëó÷àÿõ ìåëêîé
è áåñêîíå÷íî ãëóáîêîé âîäû. Ñíà÷àëà ðàññìàòðèâàåòñÿ îáùàÿ ñõåìà èññëåäî-
âàíèÿ ïðè íàëè÷èè ïðîèçâîëüíûõ ñîñðåäîòî÷åííûõ ïðåïÿòñòâèé â ïëàñòèíå.
Çàòåì, â êà÷åñòâå èëëþñòðàöèè îáùåé ñõåìû ðåøåíèÿ, èñïîëüçóþòñÿ òðè òèïà
ïðåïÿòñòâèé: æåñòêèé çàäåë, ñêîëüçÿùèé çàäåë è áåñêîíå÷íî òîíêàÿ òðåùèíà.
Ïî ïîëó÷åííûì ÿâíûì âûðàæåíèÿì ÷èñëåííî ðàññ÷èòûâàþòñÿ êîýôôèöèåíòû
ïðîõîæäåíèÿ è îòðàæåíèÿ, ïðîãèá ïëàñòèíû, âíóòðåííèå óñèëèÿ â êàæäîì çà-
êðåïëåíèè ïëàñòèíû. Âûÿñíÿþòñÿ óñëîâèÿ ïðèìåíèìîñòè ïðèáëèæåíèé ìåëêîé
è áåñêîíå÷íî ãëóáîêîé âîäû.
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Ìåòîäèêà ïîñòðîåíèÿ êîíòóðà òåêó÷åñòè

àíèçîòðîïíûõ ìàòåðèàëîâ

Äîêëàä íà ñåìèíàðå 19 îêòÿáðÿ 2010 ã.

È.Â. Åôèìîâ

ÐÅÇÞÌÅ

Äîêëàä ïîñâÿùåí àêòóàëüíûì âîïðîñàì îáðàáîòêè ýêñïåðèìåíòàëüíûõ èñ-
ñëåäîâàíèé. Öåëü � ïîñòðîåíèå êîíòóðîâ òåêó÷åñòè ðàçëè÷íûõ êîíñòðóêöèîí-
íûõ ìàòåðèàëîâ, èìåþùèõ ñëîæíóþ ðåîëîãèþ. Çàäà÷à ñâîäèòñÿ ê íàõîæäåíèþ
ìèíèìóìà öåëåâîé ôóíêöèè êîýôôèöèåíòîâ êîíòóðà è ÿâëÿåòñÿ êëàññè÷åñêîé
çàäà÷åé ðåãðåññèîííîãî àíàëèçà. Ðàññìàòðèâàþòñÿ òðè ìåòîäà ïîñòðîåíèÿ êîí-
òóðà òåêó÷åñòè ïî ýêñïåðèìåíòàëüíûì äàííûì: ðó÷íîé ïîäáîð, ìåòîä ïîêî-
îðäèíàòíîãî ñïóñêà, ìåòîä íàèñêîðåéøåãî ñïóñêà. Íà èõ îñíîâå ïðåäëîæåíà
ìåòîäèêà, ïîçâîëÿþùàÿ ñ íàèìåíüøåé ïîãðåøíîñòüþ äîñòè÷ü ðåçóëüòàòà. Ðàç-
ðàáîòàíà ïðîãðàììà, ðåàëèçóþùàÿ äàííóþ ìåòîäèêó.
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Ìîäåëèðîâàíèå ïëàâíûõ ïîäçåìíûõ êîíòóðîâ îñíîâàíèÿ

ãèäðîòåõíè÷åñêèõ ñîîðóæåíèé

ñ ó÷àñòêàìè ïîñòîÿííîé ñêîðîñòè îáòåêàíèÿ

Äîêëàä íà ñåìèíàðå 15 ôåâðàëÿ 2011 ã.

Ë.À. Àëåêñàíäðîâà

ÐÅÇÞÌÅ

Ðàññìàòðèâàåòñÿ ìîäåëèðîâàíèå ïëàâíûõ ïîäçåìíûõ êîíòóðîâ çàãëóáëåí-
íîé ïðÿìîóãîëüíîé ïëîòèíû, óãëû êîòîðîé îêðóãëåíû ïî êðèâûì ïîñòîÿííîé
âåëè÷èíû ñêîðîñòè ôèëüòðàöèè, â ñëó÷àå, êîãäà âîäîïðîíèöàåìîå îñíîâàíèå
ïîäñòèëàåòñÿ êðèâîëèíåéíûì âîäîóïîðîì, â ñîñòàâ êîòîðîãî âõîäèò ãîðèçîí-
òàëüíûé ó÷àñòîê. Âîäîóïîð õàðàêòåðèçóåòñÿ ïîñòîÿíñòâîì ñêîðîñòè îáòåêàíèÿ.
Ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ è äàåòñÿ ãèäðîäèíàìè÷åñêèé àíà-
ëèç âëèÿíèÿ îñíîâíûõ ôèçè÷åñêèõ ïàðàìåòðîâ ìîäåëè íà ôîðìó è ðàçìåðû
ïîäçåìíîãî êîíòóðà ïëîòèíû, à òàêæå âîäîóïîðà.
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Òðåòüÿ Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ

ïî âû÷èñëèòåëüíûì ìåòîäàì

â äèíàìèêå êîíñòðóêöèé è ñåéñìîèíæåíåðèè

25�28 ìàÿ 2011 ã. íà î. Êîðôó (Ãðåöèÿ) ñîñòîÿëàñü Òðåòüÿ Ìåæ-
äóíàðîäíàÿ êîíôåðåíöèÿ ïî âû÷èñëèòåëüíûì ìåòîäàì â äèíàìèêå
êîíñòðóêöèé è ñåéñìîèíæåíåðèè (COMPDYN2011), êîòîðàÿ ÿâëÿ-
åòñÿ îäíîé èç òåìàòè÷åñêèõ êîíôåðåíöèé Åâðîïåéñêîãî îáùåñòâà
ïî âû÷èñëèòåëüíûì ìåòîäàì â ïðèêëàäíûõ íàóêàõ (ECCOMAS)
è ñïåöèàëèçèðîâàííîé êîíôåðåíöèåé Ìåæäóíàðîäíîé àññîöèàöèè
ïî âû÷èñëèòåëüíîé ìåõàíèêå (IACM). Êîíôåðåíöèÿ áûëà òàêæå
ïîääåðæàíà Åâðîïåéñêèì êîìèòåòîì ïî âû÷èñëèòåëüíîé ìåõàíèêå
êîíñòðóêöèé è òâåðäûõ òåë (ECCSM). Ïåðâàÿ ïîäîáíàÿ êîíôåðåí-
öèÿ ïðîøëà â 2007 ã. íà î. Êðèòå, à âòîðàÿ � â 2009 ã. íà î. Ðîäîñå.
Îñíîâíûì îðãàíèçàòîðîì êîíôåðåíöèè âûñòóïàåò íàöèîíàëüíûé
òåõíè÷åñêèé óíèâåðñèòåò Àôèí, à ïðåäñåäàòåëåì îðãêîìèòåòà �
ïðîô. Ì. Ïàïàäðàêàêèñ.

Â ýòîì ãîäó â ðàìêàõ êîíôåðåíöèè ïðîøåë ìèíè-ñèìïîçèóì
�Ìåõàíèêà ìÿãêèõ îáîëî÷åê â áèîëîãèè è ìåäèöèíå�, ïîñâÿùåííûé
75-ëåòèþ ïðîô. Ï.Å. Òîâñòèêà � çàâåäóþùåìó êàôåäðîé òåîðå-
òè÷åñêîé è ïðèêëàäíîé ìåõàíèêè Ñàíêò-Ïåòåðáóðãñêîãî ãîñóäàð-
ñòâåííîãî óíèâåðñèòåòà, ëàóðåàòó ãîñóäàðñòâåííîé ïðåìèè ÐÔ, çà-
ñëóæåííîìó äåÿòåëþ íàóêè ÐÔ. Îðãàíèçàòîðàìè ìèíè-ñèìïîçèóìà
âûñòóïèëè ñîòðóäíèêè êàôåäðû òåîðåòè÷åñêîé è ïðèêëàäíîé ìå-
õàíèêè (À.Ë. Ñìèðíîâ) è ãèäðîóïðóãîñòè (Ñ.Ì. Áàóýð) ÑÏáÃÓ è
äåïàðòàìåíòà ìåõàíèêè Êîðîëåâñêîãî òåõíè÷åñêîãî óíèâåðñèòåòà
Ñòîêãîëüìà (À. Ýðèêññîí).

Èçó÷åíèå êîíñòðóêöèé èç ìÿãêèõ îáîëî÷åê è äðóãèõ òîíêîñòåí-
íûõ êîíñòðóêöèé âåñüìà âàæíî â íàñòîÿùåå âðåìÿ, îñîáåííî â áèî-
ìåõàíèêå è ìåäèöèíå, íàïðèìåð, ïðè ìîäåëèðîâàíèè îðãàíîâ çðå-
íèÿ è ñëóõà, êðîâåíîñíîé ñèñòåìû è ò.ä., à òàêæå ïðè èññëåäîâàíèÿõ
íà êëåòî÷íîì óðîâíå.

Â ðàáîòå êîíôåðåíöèè è ìèíèñèìïîçèóìà ïðèíÿëà ó÷àñòèå
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áîëüøàÿ ãðóïïà ðîññèéñêèõ ó÷åíûõ âî ãëàâå ñ àêàäåìèêîì ÐÀÍ
Í.Ô. Ìîðîçîâûì è äèðåêòîðîì Èíñòèòóòà ïðîáëåì ìàøèíîâåäå-
íèÿ ÷ë.-êîðð. ÀÍ ÐÀÍ Ä.À. Èíäåéöåâûì. Â ñîñòàâå ãðóïïû áûëè
àêòèâíûå ó÷àñòíèêè ñåìèíàðà �Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå
ñïëîøíîé ñðåäû�: ïðîôåññîðà Ï.Å. Òîâñòèê, Ñ.Ì. Áàóýð, Ñ.Á. Ôè-
ëèïïîâ, äîöåíò À.Ë. Ñìèðíîâ, êàíä.ôèç.-ìàò. íàóê Å.Á. Âîðîíêî-
âà, àñï. À.Ì. Åðìàêîâ (ñì. ðèñ. 5�6 íà âêëåéêå). Îñíîâíîé äîêëàä
ìèíè-ñèìïîçèóìà �Íåêëàññè÷åñêèå ìîäåëè â òåîðèè îáîëî÷åê ñ ïðè-
ëîæåíèÿìè ê ìíîãîñëîéíûì íàíîòðóáêàì� áûë ïðî÷èòàí ïðîô.
Ñ.Ì. Áàóýð â ñîàâòîðñòâå ñ àêàä. Í.Ô. Ìîðîçîâûì, àñï. À.Ì. Åð-
ìàêîâûì è Ñ.Â. Êàøòàíîâîé. Âñåãî â ìèíèñèìïîçèóì, â ïîäãîòîâ-
êå è ïðîâåäåíèè êîòîðîãî ó÷àñòâîâàëè ó÷åíûå Ðîññèè, Áåëîðóññèè,
Øâåöèè, Èòàëèè, Ãåðìàíèè, Èçðàèëÿ è ÑØÀ, áûëî âêëþ÷åíî 8 äî-
êëàäîâ. Ñòàòüè, íàïèñàííûå íà îñíîâå äîêëàäîâ, âîøëè â ñáîðíèê,
èçäàííûé ê êîíôåðåíöèè.

Ñëåäóþùóþ, ÷åòâåðòóþ, êîíôåðåíöèþ COMPDYN ïëàíèðóåòñÿ
ïðîâåñòè â 2013 ã.

Ñ.Ì. Áàóýð, Å.Á. Âîðîíêîâà, À.Ë. Ñìèðíîâ

24-é ñåìèíàð Ñåâåðíûõ còðàí

ïî âû÷èñëèòåëüíîé ìåõàíèêå

03�04 íîÿáðÿ 2011 ã. â Õåëüñèíêè (Ôèíëÿíäèÿ) ïðîøåë 24-é ñå-
ìèíàð Ñåâåðíûõ ñòðàí ïî âû÷èñëèòåëüíîé ìåõàíèêå. Îðãàíèçàòî-
ðîì ñåìèíàðà ÿâëÿëàñü Ñåâåðíàÿ àññîöèàöèÿ âû÷èñëèòåëüíîé ìå-
õàíèêè (NoACM, http://www.noacm.org/), ïðåäñòàâëÿþùàÿ èíòå-
ðåñû ìåæäóíàðîäíîé àññîöèàöèè (IACM). Ïåðâûé ïîäîáíûé åæå-
ãîäíûé ñåìèíàð ïðîøåë â 1988 ã. â Ãåòåáîðãå (Øâåöèÿ). Â ñåìèíàðå
òðàäèöèîííî ó÷àñòâóþò ïðåäñòàâèòåëè èç ñòðàí Ñåâåðíîé Åâðîïû:
Äàíèè, Ôèíëÿíäèè, Èñëàíäèè, Íîðâåãèè, Øâåöèè è Ïðèáàëòèêè
(Ýñòîíèÿ, Ëàòâèÿ è Ëèòâà). Â 2011 ã. â ñåìèíàðå ïðèíÿëè ó÷àñòèå
ïðåäñòàâèòåëè ðîññèéñêîé íàó÷íîé øêîëû, ïîñòîÿííûå ó÷àñòíè-
êè ñåìèíàðà �Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû�:
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Ñ.Ì. Áàóýð, Ë.À. Êàðàìøèíà, À.Â. Ëåáåäåâ. è À.Ë. Ñìèðíîâ (ÑÏá-
ÃÓ). Îðãàíèçàòîðàìè ñåìèíàðà ñî ñòîðîíû Ôèíëÿíäèè â 2011 ãîäó
áûëè ïðîôåññîðà Ðåéî Êîóõèà è Éîóíè Ôðîéíä èç Óíèâåðñèòåòà
Ààëòî (Aalto University).

Ñåìèíàð áûë ïîñâÿùåí âîïðîñàì, ñâÿçàííûì ñ âû÷èñëèòåëüíû-
ìè ìåòîäàìè èõ ïðèëîæåíèÿì ê øèðîêîìó êëàññó çàäà÷ ìåõàíèêè.
Â äîïîëíåíèå ê îáû÷íûì ïëåíàðíûì ëåêöèÿì NSCM áûëè ïðåä-
ñòàâëåíû äîêëàäû ñïåöèàëüíî ïðèãëàøåííûõ ó÷àñòíèêîâ, ïîñâÿ-
ùåííûå îäíîìó èç îñíîâàòåëåé ñåìèíàðà ïðîôåññîðó óíèâåðñèòåòà
Ààëòî Ìàðòòè Ìèêêîëà, îòìå÷àâøåìó ñâîå 75-ëåòèå. Òåìàòè÷åñêèå
ñåêöèè áûëè ïîñâÿùåíû èçîãåîìåòðè÷åñêîìó àíàëèçó, ìåõàíèêå ñè-
ñòåìû ìíîãèõ òåë, ìíîãîìàñøòàáíîìó ìîäåëèðîâàíèþ â ìåõàíèêå
òâåðäîãî òåëà. Êàæäàÿ ñåêöèÿ ñîñòîÿëà ëèáî èç îñíîâíîé ëåêöèè
ïðîäîëæèòåëüíîñòüþ 30 ìèíóò è ÷åòûðåõ äîêëàäîâ ïî 15 ìèíóò
ëèáî èç øåñòè ïðåçåíòàöèé ïî 20 ìèí. (ñì. ðèñ. 7�8 íà âêëåéêå).
Ñòàòüè, íàïèñàííûå íà îñíîâå äîêëàäîâ, áûëè âêëþ÷åíû â ñáîð-
íèê òðóäîâ ñåìèíàðà.

Íàó÷íûé óðîâåíü äîêëàäîâ áûë î÷åíü âûñîêèì, àòìîñôåðà íà
ñåìèíàðå � òâîð÷åñêîé è äðóæåñòâåííîé, ÷åìó ñïîñîáñòâîâàëè êîì-
ôîðòíûå óñëîâèÿ äëÿ îáùåíèÿ, ðàâíîïðàâèå ó÷àñòíèêîâ, îòñóò-
ñòâèå áàðüåðîâ äëÿ îáìåíà ìíåíèÿìè, îáñóæäåíèå àêòóàëüíûõ çà-
äà÷ è ïåðñïåêòèâû ïàðòíåðñòâà ïî èòîãàì êîíôåðåíöèè.

Ñëåäóþùèé, 25-é ñåìèíàð ïëàíèðóåòñÿ ïðîâåñòè â Ëóíäå � ãî-
ðîäå íà þãå Øâåöèè, â ïðîâèíöèè Ñêîíå 25�26 îêòÿáðÿ 2012 ã.

Ñ.Ì. Áàóýð, Ë.À. Êàðàìøèíà, À.Â. Ëåáåäåâ, À.Ë. Ñìèðíîâ
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SUMMARIES

Boyarskaya M.L. Frequencies and modes of a cylindrical shell
rotating on rollers.

This work continues the investigation initiated in [1] of the
problem of vibrations of a cylindrical shell with inextensible meridian
supported by absolutely rigid cylindrical rollers arranged around the
circumference. In [1] the shell length was assumed to be in�nite. The
formulas for determining the shell frequencies and mode shapes for
an arbitrary number of rollers were found and the concrete values of
the frequencies at �xed parameters are given. In the present paper the
problem of vibrations of a supported shell of �nite length with hinged
edges is solved. The equations of vibrations of cylindrical shells are
taken from [3].

First, vibrations of the shell without rollers are considered. In this
case the problem of searching for the vibration frequencies is reduced to
solving a biquadratic equation for the frequency. The numerical values
of the frequency in the presence of three and six rollers are given. The
vibration frequency of in�nite shell calculated with the same parameter
values is also given for comparison.

Next, a �nite shell supported by absolutely rigid rollers is
considered. The solution is represented as a Fourier series of
the circumferential coordinate whose time-dependent coe�cients are
chosen as generalized coordinates. This form of solution is used in
compiling the potential and kinetic energies of the system and then,
thereby, in deriving Lagrange equations. The constraint equations
caused by the presence of rollers are added to these equations. In
the case of a uniform arrangement of rollers the biquadratic equation
of vibration frequency are obtained. It turns out that some of the
modes of vibrations of a shell with rollers coincide with the modes
of vibrations of a shell without rollers. The results of calculations of
frequency for shells of various length and thickness in the presence of
three rollers and also the in�nite shell frequencies corresponding to
the same parameter values are given. It was found that the di�erence
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between the vibration frequencies of shells of �nite and in�nite length
becomes more signi�cant when reducing the length of the shell and
also when decreasing its thickness or the number of waves in the
circumrefential direction.
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Ermakov A.M. Evaluation of the mechanical parameters of
multilayered nanotubes by means of nonclassical theories of
anisotropic shells.

The investigation of the mechanical behavior of multilayered
nanotubes is an actual and important problem. In particular, the
de�nition of nanotube sti�ness has been studied by means of scanning
probe microscopy. The sti�ness is de�ned as the ratio of the value of
the local load (applied to a tube) to the value of the displacement.
The nanotubes made of natural chrysotile asbestos with di�erent
�lling materials are analyzed. Experiments show that the sti�ness
of a tube depends on the �lling materials. Tubes �lled with water
are softer than tubes without �lling materials and tubes �lled with
mercury are more rigid than tubes without �lling materials. It was
previously shown that the classical theory of beam bending could not
explain the experimental results, but the experimental results well agree
with the Timoshenko�Reissner theory (at least qualitatively) when the
interlaminar shear modulus of elasticity changes for di�erent �lling
materials. When additional factors such as lamination of structure and
cylindrical anisotropy are taken into account the theory of Rodionova�
Titaev�Chernykh (RTC) permits to obtain much more reliable results.
In this work the authors also applied one more nonclassical shell theory,
namely the shell theory of Paliy�Spiro (PS) developed for medium-
thickness shells and considered radial pressure. The comparison of
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nonclassical shell theories (RTC and PS) with experimental data and
�nite elements method calculations are presented in the report. An
estimation of the ratio h/R on the convergence of the obtained results
is done. By increasing the relative thickness of the shell, the de�ection
values obtained by the shell theory are closer to the values obtained by
the �nite element method.
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Ershov B.A., Kocheryzhkin V.A.Weakly compressible smoothed
particle hydrodynamics method for viscous �uid �ow.

Weakly compressible form of the Smoothed Particle Hydrodynamics
method (SPH) for �uid �ow based on the Tait equation is presented.
The basic smooth-particle approach is to represent all continuum
properties (the density, the velocity, the stress tensor etc.) as
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interpolated sums of particle properties, where the particles are
described by �weight functions�, expressing the range of in�uence of
the particles in space. WCSPH suggests user-de�ned small density
�uctuation (Tait equation) to overcome solving the time consuming
Poisson equation. Two problems are considered: plane Poiseuille �ow
and classical dam break.

A Poiseuille �ow between parallel in�nite plates was simulated to
check the accuracy of the SPH. In�nite plates where modeled using
periodic boundary conditions. Solid walls were modeled using virtual
particles. Simulation shows a close agreement with the analytic series
solution for plane Poiseuille �ow at low Reynolds numbers.

The original bursting dam 2D problem and impact against a vertical
wall was modeled. The proposed problem involves free surface �ow.
Method adaptation for free boundary condition were investigated and
discussed. Qualitatively new �uid �ow patterns were obtained. The
results are compared with experimental data.

Basic principles and restrictions of the method are described. Test
examples illustrate both the capabilities of the technique and the
relative ease with which the method can be applied to model complex
non-stationary hydrodynamic problems. The entire SPH models are
implemented using the Compute Uni�ed Device Architecture (Nvidia
CUDA), resulting in tremendous speed up in CPU time. The technique
is appropriate for medium-scale and small-scale simulation.
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Gavrilov D.N. On the generalized Gauss principle in the
problem of the console vibration damping.

The homogeneous constant cross-section cantilever in equilibrium
state is considered. The task is to �nd the control law, which allows to
move the cantilever base through a given distance in a given time and
the oscillations of the cantilever should be absent. It is supposed that
the movement is in a straight line and friction is absent. This means
that the oscillation arises because of inertia force. There is an in�nite
number of control laws, which allows to solve this problem. The choice
of the best control law here is the generalized Gauss principle. Some
advantages of this choice have been discussed and some comparisons
are made.

By using generalized Lagrangian coordinates and dimensionless
variables it is possible to get a system of equations which has an explicit
solution, but contains constants, which can be found from the boundary
conditions. In a major number of tasks it is enough to suppress the
�rst n frequencies. In this case the control law will be the solution
of an algebraic system of 2n + 2 equations. If n becomes large the
construction of the solution might be di�cult. To decrease the number
of equations it is proposed to use the symmetry property of the task.
The symmetry property means that there is no di�erence if we move
the cantilever forward or backward, because the control law will be
the same. As a result, the number of equations in the system can be
decreased to n+ 1.

The obtained results are compared with the minimization of the
full energy of the cantilever oscillation, which was suggested in article
[2]. Instead, putting conditions for the absence of oscillations in a given
time, it is proposed to put milder conditions, that is, the condition of
minimum oscillation energy in a given time. That allows suppressing a
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spectrum of natural frequencies. Because for time larger than the �rst
natural period of vibration the �rst frequencies have a signi�cant value,
the results are almost identical. It proves that for the major tasks the
number of suppressed �rst frequencies n should not be large.
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Karamshina L.A.Models of sandwich shells in ophthalmology.
On the deformation of a three-layer isotropic spherical shell.

The problem of the stress-strain state of isotropic three-layer
spherical shell composed of layers of di�erent thickness with di�erent
elastic properties under the in�uence of the intraocular pressure is
considered. For each of the layers the Lam�e problem is solved � the
stress-strain state of a spherical layer within the three-dimensional
theory of elasticity in spherical coordinates is governed. The conditions
of rigid contact of the layers are assumed. Analysis of the stress-
strain state of the eye is carried out taking into account the possibility
of the choroid to change its biomechanical properties. Tangential
stresses on the contact surfaces have discontinuities. The magnitude
of discontinuities is determined. The distribution of displacements and
stresses through-the-thickness for given values of the elastic constants
and pressure are presented in graphs. The change of the thickness
of each layer for di�erent values of Young's modulus is determined.
The results obtained for three-layered shell are compared with results
obtained for a homogeneous cornea with average values of the elastic
properties of its constituent layers for the same values of intraocular
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pressure. The obtained results can be used to simulate the deformation
of the eye, whose mechanical properties are determined by the
properties of the scleral, vascular and retinal eye shells. In particular, it
is possible to evaluate the in�uence of the elastic characteristics of the
scleral, vascular and retinal shells on the possibility of discontinuities,
and as a consequence, detachments of vascular and retinal shells under
increased intraocular pressure.
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Lakhman K.O. Hydrodinamic model of the intraeye liquid
motion caused by motion of the eyeball.

Nowadays there is a lot of surgeries on human eyes all over the
world. It is not well known what is preferable for the human eye: to
have a rest after the surgery or to apply some kind of tension on the
eyes immediately (reading, walking, etc).

In this article, an eyeball shell is considered. The shell rotates under
the in�uence of rotation moments. Three pairs of muscles attached to
the eye generate rotation moments. The rotation center of eyeball is
�xed.

Assuming that the intraocular liquid is ideal, incompressible and
homogeneous, the classical problem of vortex motion of such liquid
is considered. Accordingly, the equation which describes the vortex
motion of an ideal incompressible homogeneous liquid is found.
The homogeneous vortex motion of a liquid as a particular case is
considered. As a result, the obtained system of equations coincides
with the Euler equations for gyroscope motion. The Euler equations
have two quadratic integrals of motion: the kinetic energy and the
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kinetic moment. The dependence of the angular velocity of the eye
motion on time was experimentally found working in collaboration with
the Pavlov Institute of Physiology of the Russian Academy of Science.
The experimental data was obtained by the Polish system Jazz Novo
Standard. Based on this data, the energy consumption of the human eye
in di�erent types of actions such as reading a text, looking at a picture,
looking at a �xed point was calculated. According to calculations, the
most energy-intensive process is viewing a picture and the least energy-
intensive process is looking at a �xed point. The obtained results can
be used in ophthalmologic practice.
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I. V. Lihachova (Zaharenkova) Modeling of �ltration currents
from channels in the presence of transpiration from a free
surface

Flat erected �ltration in a ground from sprinklers through a soil
stratum with underlaying permeable pressure aquifer is considered.
In this hydrodynamic statement, the ground is homogeneous and
isotropic and a capillarity of the ground and transpiration from the
free surface are considered. The mixed multiparameter boundary-value
problem of the theory of analytic functions is stated. It is solved
by applying a method of P.J. Polubarinova-Kochina and methods
of a conformal mapping of areas of a special view, which meet in



120 Transactions of the seminar �Compiter Methods in Continuum Mechanics�

underground hydromechanics. On the basis of this model, the algorithm
for calculating a cappilary di�uence of water and the �ltrational
�ux rate is developed. Situations when at a �ltration of water from
sprinklers the ground capillarity is considered, transpiration from the
free surface of subsoil waters, and also skids from waters of underlaying
well pervious layer are viewed. The hydrodynamic analysis of the
structure and the prominent features of the modelled process, and also
the in�uence of all physical properties of the system on �ltrational
performances is carried out. The analysis is done by means of the gained
exact analytical dependences and numerical calculations. Limiting and
special cases are considered. They are related to the lack of one or
two of the three factors characterising the modelled process: a ground
capillarity, transpiration from the free surface, and also skids from
waters underlaying permeable stratum. At last, computed results are
compared at identical �ltrational performances with similar plans at a
�ltration from channels.
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Viktorov I.V. Stability of a cylindrical shell reinforced by
�bers.

A thin isotropic cylindrical shell reinforced by A system of �bers,
inclined at an angle θ to the generatrix is considered. It is assumed
that the �bers are equidistributed around the shell circumference and
located symmetrically about the middle surface. Such reinforcement
leads to a spiral anisotropy.

The method of local stability is used (see [3]), according to which
the buckling is de�ned as a doubly periodical function, and boundary
conditions are ignored. This method is applicable to the present
problem of stability of cylindrical shells of medium length under axial
compression and to the stability problem of su�ciently long cylindrical
shells under external pressure and torsion. It is assumed that �xing the
edges of the shell does not allow buckling modes localized near the edge
due to its weak support.

For the stability problem of a cylindrical shell with spiral anisotropy
under axial compression, an explicit approximate formula of the critical
load and buckling modes is obtained where the critical load does not
depend on the angle of inclination of the �bers θ to the generatrix.
Separately, three special cases of the location of the reinforcing �bers
are considered: �laments located on the middle surface, reinforcing
�laments uniform in thickness, threads located on the front surfaces
of the shell. For a shell with �bers only on the medial surface of the
increase of the critical load, in comparison with the isotropic shell, does
not occur in this case since the reinforcement only a�ects the buckling
mode.

For problems of torsion and uniform external pressure of shells with
spiral anisotropy, explicit approximate expressions of the critical load
and buckling modes are found. The results obtained are compared with
those for an orthotropic shell, i.e. basically isotropic shell symmetrical
reinforced with two systems of �bers.
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Zinovieva T.V.Modeling of o�shore pipeline laying by means
of the S-method.

The construction of sea gas pipelines is presently carried out with
high intensity. The safety of people, environment, and equipment is
one of the primary goals of the pipeline construction and maintenance.
Damage to the integrity of a pipeline can lead to gas leakage and
its further ignition. High safety standards pose high engineering
requirements to the design, which stipulates the relevance of researches
on the stress-strain analysis of a sea pipeline. Damage of a pipeline can
occur already in the process of its laying down on the sea bottom from
a vessel.

Contact analysis of a pipeline bending in laying it on a rigid seabed
is carried out. The pipeline is modeled by a semi-in�nite elastic beam.
The length of its sagging part is not known and is de�ned as a result
of calculations. A formula for hydrostatic loading of a rod is derived
in the paper; it is shown that, in some cases, simpli�ed accounting of
the loading by reduction of the rod's weight for the weight of the liquid
superseded leads to signi�cant errors.

An analysis of the pipeline stress-strain state is considered.
Analytical expressions are derived and numerical results are obtained
by �nite di�erence methods. The form of the sagging part is de�ned and
internal moments and stresses are shown to depend on the angle of the
pipeline �xing and the distance from the seabed. The seabed reaction
is found for two rod models: the classical and the Timoshenko ones.
The paper shows that it is preferable to use the Timoshenko model for
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the analysis of the contact pressure between the pipeline and the sea
bottom.
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ÐÅÔÅÐÀÒÛ

ÓÄÊ 532.546
Áîÿðñêàÿ Ì.Ë.×àñòîòû è ôîðìû êîëåáàíèé âðàùàþùåé-

ñÿ íà ðîëèêàõ öèëèíäðè÷åñêîé îáîëî÷êè. // Òðóäû ñåìèíàðà
¾Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû¿ 2010�2011 ãã.
Ñ. 71�80.

Ðàññìàòðèâàåòñÿ öèëèíäðè÷åñêàÿ îáîëî÷êà, ïîäêðåïëåííàÿ ðàñ-
ïîëîæåííûìè ïî îêðóæíîñòè àáñîëþòíî æåñòêèìè öèëèíäðè÷å-
ñêèìè ðîëèêàìè. Â ïðåäïîëîæåíèè øàðíèðíîãî çàêðåïëåíèÿ êðàåâ
ïîëó÷åíû óðàâíåíèÿ äëÿ íàõîæäåíèÿ ÷àñòîò êîëåáàíèé íåâðàùàþ-
ùåéñÿ îáîëî÷êè. Ïðèâîäÿòñÿ ÷èñëåííûå çíà÷åíèÿ ÷àñòîò ïðè íàëè-
÷èè òðåõ ðîëèêîâ.

Áèáëèîãð. 3 íàçâ. Òàáë. 2.

ÓÄÊ 539.3
Âèêòîðîâ È.Â. Óñòîé÷èâîñòü öèëèíäðè÷åñêîé îáîëî÷êè,

àðìèðîâàííîé âîëîêíàìè. // Òðóäû ñåìèíàðà ¾Êîìïüþòåðíûå
ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû¿ 2010�2011 ãã. Ñ. 52�65.

Ðàññìàòðèâàþòñÿ òðè çàäà÷è óñòîé÷èâîñòè òîíêîé öèëèíäðè-
÷åñêîé îáîëî÷êè, àðìèðîâàííîé îäíîé ñèñòåìîé ìàëîðàñòÿæèìûõ
íèòåé: ïðè îñåâîì ñæàòèè, ïðè âíåøíåì äàâëåíèè è ïðè êðó÷åíèè.
Ïðè ýòîì îãðàíè÷èâàåìñÿ çàäà÷àìè, ê êîòîðûì ïðèìåíèì ìåòîä
ëîêàëüíîé ïîòåðè óñòîé÷èâîñòè. Îáñóæäàþòñÿ îñîáåííîñòè, êîòî-
ðûå âíîñèò âèíòîâàÿ àíèçîòðîïèÿ ïî ñðàâíåíèþ ñ îáîëî÷êîé èç
èçîòðîïíîãî ìàòåðèàëà.

Áèáëèîãð. 7 íàçâ. Èë. 3.

ÓÄÊ 534.11
Ãàâðèëîâ Ä.Í. Ïðèìåíåíèå îáîáùåííîãî ïðèíöèïà Ãàóñ-

ñà ê çàäà÷å ãàøåíèÿ êîëåáàíèé êîíñîëè. // Òðóäû ñåìèíàðà
¾Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû¿ 2010�2011 ãã.
Ñ. 3-14.

Ðàññìàòðèâàåòñÿ âîçìîæíîñòü ïðèìåíåíèÿ îáîáùåííîãî ïðèí-
öèïà Ãàóññà äëÿ èññëåäîâàíèÿ çàäà÷ óïðàâëåíèÿ êîëåáàíèÿìè ìå-
õàíè÷åñêèõ ñèñòåì íà ïðèìåðå ãàøåíèÿ êîëåáàíèé êîíñîëè. Íàðÿäó
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ñ êëàññè÷åñêîé ïîñòàíîâêîé èññëåäóåòñÿ âîçìîæíîñòü ìèíèìèçà-
öèè ïîëíîé ýíåðãèè êîëåáàíèé êîíñîëè, êàê óñëîâèå ïðåêðàùåíèÿ
åå êîëåáàíèé. Ïðåäëàãàþòñÿ ñïîñîáû óïðîùåíèÿ ðåøåíèÿ çà ñ÷åò
èñïîëüçîâàíèÿ ñâîéñòâ ñèììåòðèè ñèñòåìû.

Áèáëèîãð. 5 íàçâ. Èë. 2. Òàáë. 2.

ÓÄÊ 539.3
Åðìàêîâ À.Ì. Èññëåäîâàíèå ìåõàíè÷åñêèõ ïàðàìåòðîâì-

íîãîñëîéíûõ íàíîòðóáîê ñèñïîëüçîâàíèåì íåêëàññè÷åñêèõ
òåîðèé // Òðóäû ñåìèíàðà ¾Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå
ñïëîøíîé ñðåäû¿ 2010�2011 ãã. Ñ. 36�51.

Â ðàáîòå èññëåäóåòñÿ íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå
ìíîãîñëîéíûõ àíèçîòðîïíûõ öèëèíäðè÷åñêèõ îáîëî÷åê, íàõîäÿ-
ùèõñÿ ïîä äåéñòâèåì ëîêàëüíîé îáëàñòè äàâëåíèÿ. Òàêàÿ çàäà÷à
ìîæåò ìîäåëèðîâàòü ïðîãèá àñáåñòîâûõ íàíîòðóáîê, íàõîäÿùèõñÿ
ïîä âîçäåéñòâèåì èññëåäîâàòåëüñêîãî çîíäà. Â áîëåå ðàííèõ ðàáî-
òàõ ïîêàçàíî, ÷òî ïðèìåíåíèå êëàññè÷åñêèõ òåîðèé áàëîê, äëÿ ìî-
äåëèðîâàíèè ýêñïåðèìåíòà, äàåò ðåçóëüòàò ïëîõî ñîãëàñóþùèéñÿ ñ
ýêñïåðèìåíòàëüíûìè äàííûìè. Ó÷åò æå äîïîëíèòåëüíûõ ôàêòî-
ðîâ, òàêèõ êàê èçìåíåíèå ìîäóëÿ ñäâèãà â ïîïåðå÷íîì íàïðàâëå-
íèè (ïî òåîðèè Òèìîøåíêî�Ðåéññíåðà), ñëîèñòîñòü ñòðóêòóðû àñ-
áåñòà è öèëèíäðè÷åñêîé àíèçîòðîïèè (òåîðèÿ Ðîäèíîâîé�Òèòàåâà�
×åðíûõà) ïðèâîäèò ê áîëåå òî÷íûì ðåçóëüòàòàì. Â äàííîé ðàáîòå
àâòîð äëÿ ðåøåíèÿ çàäà÷è ïðèìåíÿþò åùå îäíó òåîðèþ îáîëî÷åê
� òåîðèþ Ïàëèÿ�Ñïèðî, ðàçðàáîòàííóþ äëÿ îáîëî÷åê ñðåäíåé òîë-
ùèíû. Òàê æå ïðîâîäèòñÿ ñðàâíåíèå ñ ðåçóëüòàòàìè, ïîëó÷åííûìè
äëÿ òðåõìåðíîé òåîðèè ïðè èñïîëüçîâàíèè ïàêåòà ANSYS 11.

Áèáëèîãð. 10 íàçâ. Èë. 5. Òàáë. 3.

ÓÄÊ 532.546
Çèíîâüåâà Ò.Â. Ïðèìåíåíèå îáîáùåííîãî ïðèíöèïà Ãàóñ-

ñà ê çàäà÷å ãàøåíèÿ êîëåáàíèé êîíñîëè. // Òðóäû ñåìèíàðà
¾Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû¿ 2010�2011 ãã.
Ñ. 81�91.

Ïîñòàâëåíà è ÷èñëåííî ðåøåíà êîíòàêòíàÿ çàäà÷à îá èçãèáå òðó-
áîïðîâîäà ïðè åãî óêëàäêå íà òâåðäîå äíî. Òðóáîïðîâîä ìîäåëèðó-
åòñÿ ïîëóáåñêîíå÷íîé óïðóãîé áàëêîé. Äëèíà åå ñâîáîäíî ïðîâè-
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ñàþùåãî ó÷àñòêà íåèçâåñòíà è îïðåäåëÿåòñÿ â ðåçóëüòàòå ðàñ÷åòà.
Ïîëó÷åíî è èñïîëüçîâàíî â ðàñ÷åòàõ íîâîå âûðàæåíèå ãèäðîñòàòè-
÷åñêîé íàãðóçêè. Îïðåäåëåíà ôîðìà ñâîáîäíîãî ó÷àñòêà, ðåàêöèÿ
ìîðñêîãî äíà, ïîñòðîåíû çàâèñèìîñòè âíóòðåííèõ óñèëèé è íàïðÿ-
æåíèé îò óãëà çàêðåïëåíèÿ òðóáîïðîâîäà è ðàññòîÿíèÿ äî äíà.

Áèáëèîãð. 11 íàçâ. Èë. 6.

ÓÄÊ 539.3
Êàðàìøèíà Ë. À. Î äåôîðìàöèè òðåõñëîéíîé èçîòðîïíîé

ñôåðè÷åñêîé îáîëî÷êè // Òðóäû ñåìèíàðà ¾Êîìïüþòåðíûå ìå-
òîäû â ìåõàíèêå ñïëîøíîé ñðåäû¿ 2010�2011 ãã. Ñ. 15�26.

Ðàññìàòðèâàåòñÿ çàäà÷à î íàïðÿæåííî-äåôîðìèðîâàííîì ñîñòî-
ÿíèè òðåõñëîéíîé èçîòðîïíîé ñôåðè÷åñêîé îáîëî÷êè, ñîñòîÿùåé
èç ñëîåâ ðàçëè÷íîé òîëùèíû ñ ðàçëè÷íûìè óïðóãèìè ñâîéñòâà-
ìè ïîä äåéñòâèåì âíóòðèãëàçíîãî äàâëåíèÿ. Çàäà÷à ðåøàåòñÿ ñ èñ-
ïîëüçîâàíèåì òðåõìåðíîé òåîðèè óïðóãîñòè. Àíàëèç íàïðÿæåííî-
äåôîðìèðîâàííîãî ñîñòîÿíèÿ ãëàçà ïðîâîäèòñÿ ñ ó÷åòîì âîçìîæíî-
ñòè ñîñóäèñòîé îáîëî÷êè èçìåíÿòü ñâîè áèîìåõàíè÷åñêèå ñâîéñòâà.

Áèáëèîãð. 4 íàçâ. Èë. 5. Òàáë. 2.

ÓÄÊ 519.6:532.53
Êî÷åðûæêèí Â.À., Åðøîâ Á.À. Ìîäåëèðîâàíèå òå÷åíèé

ñëàáîñæèìàåìîé âÿçêîé æèäêîñòò ìåòîäîì ñãëàæåííûõ
÷àñòèö. // Òðóäû ñåìèíàðà ¾Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå
ñïëîøíîé ñðåäû¿ 2010�2011 ãã. Ñ. 92�101.

Â ðàáîòå ðàññìàòðèâàåòñÿ ìîäèôèöèðîâàííûé ìåòîä ñãëàæåí-
íûõ ÷àñòèö WCSPH (àíãë. weakly-compressible smoothed particle
hydrodynamics) äëÿ ðåøåíèÿ íåñòàöèîíàðíûõ çàäà÷ ãèäðîäèíàìè-
êè. �Íåñæèìàåìîñòü� ìîäåëèðóåòñÿ ïðè ïîìîùè âûáîðà ïîäõîäÿ-
ùåãî óðàâíåíèÿ ñîñòîÿíèÿ è òåì ñàìûì çàìûêàåòñÿ ñèñòåìà óðàâ-
íåíèé äâèæåíèÿ æèäêîñòè. Ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííîãî
ìîäåëèðîâàíèÿ è èõ ñðàâíåíèå ñ èçâåñòíûìè ðåøåíèÿìè. Ðàñ÷åòû
ïðîèçâåäåíû ñ èñïîëüçîâàíèåì òåõíîëîãèè ìíîãîïîòî÷íûõ âû÷èñ-
ëåíèé Nvidia CUDA.

Áèáëèîãð. 9 íàçâ. Èë. 2.



130 Òðóäû ñåìèíàðà Êîìïüþòåðíûå ìåòîäû â ìåõàíèêå ñïëîøíîé ñðåäû

ÓÄÊ 519.6
Ëàõìàí Ê.Î. Ãèäðîäèíàìè÷åñêàÿ ìîäåëü äâèæåíèÿ âíóò-

ðèãëàçíîé æèäêîñòè, âîçíèêàþùåãî ïðè äâèæåíèè ãëàçíî-
ãî ÿáëîêà.. // Òðóäû ñåìèíàðà ¾Êîìïüþòåðíûå ìåòîäû â ìåõàíè-
êå ñïëîøíîé ñðåäû¿ 2010�2011 ãã. Ñ. 65�70.

Â ðàáîòå ðàññìàòðèâàåòñÿ îáîëî÷êà ãëàçà, çàïîëíåííàÿ ñðåäîé
èç íåñêîëüêèõ êîìïîíåíòîâ, êîòîðàÿ âðàùàåòñÿ â æèäêîñòè ïîä
âîçäåéñòâèåì êðóòÿùèõ ìîìåíòîâ, ñîçäàâàåìûõ òðåìÿ ïàðàìè ïðè-
êðåïëåííûõ ê ãëàçíîìó ÿáëîêó ìûøö. Öåíòð âðàùåíèÿ ãëàçíîãî
ÿáëîêà îñòàåòñÿ íåïîäâèæíûì.

Äîïóñêàÿ, ÷òî âíóòðèãëàçíàÿ æèäêîñòü ÿâëÿåòñÿ èäåàëüíîé
íåñæèìàåìîé è îäíîðîäíîé, ðàññìàòðèâàåòñÿ êëàññè÷åñêàÿ çàäà÷à
î âèõðåâîì äâèæåíèè òàêîé æèäêîñòè âíóòðè ãëàçíîãî ÿáëîêà. Â
ïðåäëàãàåìîé ìîäåëè ðàññìàòðèâàåòñÿ ÷àñòíûé âèä äâèæåíèÿ æèä-
êîñòè - îäíîðîäíîå âèõðåâîå äâèæåíèå. Îáëàäàÿ ýêñïåðèìåíòàëü-
íûìè äàííûìè î çàâèñèìîñòè óãëîâîé ñêîðîñòè äâèæåíèÿ ãëàçà îò
âðåìåíè â ïðîöåññå ðàçëè÷íûõ òåñòîâ (ïðè ÷òåíèå, ðàññìàòðèâàíèè
êàðòèí è óñòðåìëåíèè âçãëÿäîâ â îäíó òî÷êó) ìîæíî îöåíèâàòü çà-
òðà÷åííóþ ýíåðãèþ â ýòîì ïðîöåññå. Äëÿ ïðîâåäåíèÿ èññëåäîâàíèé
èñïîëüçîâàíà ñèñòåìà ¾Jazz Novo Standard¿.

Áèáëèîãð. 7 íàçâ. Èë. 3.

ÓÄÊ 532.546
Ëèõà÷åâà(Çàõàðåíêîâà) Í.Â. Ìîäåëèðîâàíèå ôèëüòðàöè-

îííûõ òå÷åíèé èç êàíàëîâ ïðè íàëè÷èè èñïàðåíèÿ ñî ñâî-
áîäíîé ïîâåðõíîñòè // Òðóäû ñåìèíàðà ¾Êîìïüþòåðíûå ìåòîäû
â ìåõàíèêå ñïëîøíîé ñðåäû¿ 2010�2011ãã. Ñ. 27�35.

Â ðàìêàõ äâóìåðíîé òåîðèè ñòàöèîíàðíîé ôèëüòðàöèè (ïî çà-
êîíó Äàðñè) ðàññìàòðèâàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü òå÷åíèÿ èç
êàíàëà ïðÿìîóãîëüíîãî ïîïåðå÷íîãî ñå÷åíèÿ ïðè íàëè÷èè èñïàðå-
íèÿ ñî ñâîáîäíîé ïîâåðõíîñòè. Äëÿ åå èçó÷åíèÿ ôîðìóëèðóåòñÿ è ñ
ïðèìåíåíèåì ìåòîäà Ïîëóáàðèíîâîé-Êî÷èíîé, êîòîðûé îñíîâàí íà
ïðèìåíåíèè àíàëèòè÷åñêîé òåîðèè ëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé êëàññà Ôóêñà, ðåøàåòñÿ ñìåøàííàÿ êðàåâàÿ ìíîãîïàðà-
ìåòðè÷åñêàÿ çàäà÷à òåîðèè àíàëèòè÷åñêèõ ôóíêöèé. Â îòëè÷èå îò
ïðåäûäóùåé çàäà÷è, ãäå ó÷èòûâàëàñü êàïèëëÿðíîñòü ãðóíòà, çäåñü
ðàçðàáîòàí àëãîðèòì ðàñ÷åòà ðàçìåðîâ çîíû íàñûùåíèÿ â ñèòóàöè-
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ÿõ, êîãäà ïðè ôèëüòðàöèè ïðèõîäèòñÿ ó÷èòûâàòü óðîâåíü âîäû â
êàíàëå. Ñ ïîìîùüþ ïîëó÷åííûõ òî÷íûõ àíàëèòè÷åñêèõ çàâèñèìî-
ñòåé è ÷èñëåííûõ ðàñ÷åòîâ ïðîâîäèòñÿ äåòàëüíûé ãèäðîäèíàìè÷å-
ñêèé àíàëèç ñòðóêòóðû è õàðàêòåðíûõ îñîáåííîñòåé ìîäåëèðóåìîãî
ïðîöåññà, à òàêæå âëèÿíèÿ âñåõ ôèçè÷åñêèõ ïàðàìåòðîâ ìîäåëè íà
ðàçìåðû çîíû íàñûùåíèÿ.

Áèáëèîãð. 8 íàçâ. Èë. 4. Òàáë. 2.
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Ðèñ. 1. Àñáåñòîâàÿ íàíîòðóáêà íàä ïîðîé ëàâñàíîâîé ìåìáðà-
íû. (ê ñòàòüå À.Ì. Åðìàêîâà).

Ðèñ. 2. Ñå÷åíèå íàíîòðóáêè. (ê ñòàòüå À.Ì. Åðìàêîâà).
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Ðèñ. 3. Çàäà÷à îá îáðóøåíèè ñòîëáà æèäêîñòè (êîëè÷åñòâî ÷àñòèö 1024)
(ê ñòàòüå Â.À. Êî÷åðûæêèíà).
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Ðèñ. 4. Çàäà÷à îá îáðóøåíèè ñòîëáà æèäêîñòè (êîëè÷åñòâî ÷àñòèö 16385)
(ê ñòàòüå Â.À. Êî÷åðûæêèíà).



Ðèñ. 5. COMPDYN2011: äîêëàä ïðîô. Ï.Å. Òîâñòèêà.

Ðèñ. 6. COMPDYN2011: â ïåðåðûâå çàñåäàíèé àñï. À.Ì. Åð-
ìàêîâ, ïðîô. Ñ.Ì. Áàóýð, ê.ô.-ì.í. Å. Á. Âîðîíêîâà.



Ðèñ. 7. NSCM-24: Íà ñåêöèè �Óñòîé÷èâîñòü� ïðîô. Ñ.Ì. Áàóýð,
L. Feklistova, PhD (Estonia), àñï. Ë.À. Êàðàìøèíà, Prof. H. Hein
(Estonia), äîö. À.Ë. Ñìèðíîâ, Prof. Y. Zapomel (Czech Republic),
Chair.

Ðèñ. 8. NSCM-24: Íà ñåêöèè �Ïðèëîæåíèÿ� äîö. À.Ë. Ñìèðíîâ,
àñï. Ë.À. Êàðàìøèíà, ïðîô. Ñ.Ì. Áàóýð, ê.ô.-ì.í. Å. Â. Êðàêîâ-
ñêàÿ, ê.ô.-ì.í. À.Â. Ëåáåäåâ, Doc. G.Tibert (Sweden), Chair.


